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ON THE RELATION BETWEEN THE ANGULAR 

VELOCITY ABOUT AND THE ANGULAR VELOCITY 

OF THE INSTANTANEOUS AXIS OP A BODY 

REVOLVING SPONTANEOUSLY ABOUT A 

FIXED POINT, AND ON THE AXES OF 

GREATEST AND LEAST MOBILITY. 

By William Walton, M.A., Fellow of Trinity Hall. 

T ET \^ fjkj Vj he the direction-cosines of the instantaneous axis 
at the end of any time t in reference to a system of fixed 
rectangular axes of x^ y^ z^ passing through the fixed point 
Let a> be the angular velocity of the body about the instan- 
taneous axis, and let or, o^^, a>,, be the components of the 
angular velocity about the axes of coordinates. 

mi <0 <0 W 

Then co8X = — ^, cosa=— «, cosv = — ", 
a> (o (o 

and consequently, differentiating with respect to t^ we have 

dv 1 / rfw d(o\ 

Let r be a eiven length measured along the instantaneous 
axis from the fixed point. Then 

a? = r cosX, y = rcos/i, 2 = rcosF, 
VOL. XI. B 
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2 Belatian betwem the Aiyular Vdoci^ ciMmt a^ 

and therefore 

dx . ^ dk dy , dik dz , dv 

whence 

Let XI be the angular velodty of the instantaneous axis 
in space: then 

From the above relations we see that 
, /^/ ^/ d^\ 

But <»/ + «/ + «," = «*, 

, ., ^ rfw, rftt>^ c?« dm 

and therefore «._' + «,-^ + «.-^ = « ^: 

hence "^i = ^ + -J+-^- W 

Imagine the axes of coordinates to coincide with the principal 
axes of the body at the end of the time t^ and let o>j, o) , a>„ be 
the corresponding valuer of o)^, a)^, eo, : then, as is well known, 

fti'fl* — ^ 4- _ «- 4- a _ 

""" " cZ^ ^ (it* ^ de df' 

Let a, i, c, be the moments of inertia about the principal 
axes through the fixed point : then, by Euler^s formuldB, 
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Angular Velocity of the Inatantcmeous Axis, dec. 



hence 



." (1). 

Again, / and g being arbitrary constants, we have, as Is 
well known, as consequences from Enler^s equations, 



and 
Also 



Let 



am* 4 i«»,' + cm* =/ , 
/(^ + c)-/ _ 



(2), 
(3). 



-=X. 



• 



.(5): 



ca 

then, from the equations (2), (3), (4), we obtain 

be 
* {c — a) (a— J) ^ ' ' 

*'.=(a-5)(6-c)(^-"" 

From the equations (6), combined with Euler^s equations, we 
obtain, by the usual method, the known relation 



(6). 



«'^'=(X.-««)(X,-«')(X.-«»)... 
From the equations (1), (6), and (7], we see that 



(7). 



-^(^-»')(^-«*)(\-«')' 



B2 



,(8). 
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Angular Velocity of the Instantaneous Axis, dx, 5 

Agun, in the right-hand member of the equation (8), the 
coefficient of «>* is eqaal to 

fe(X,-fX,) ca(X. + X,) oft(X,4Xj jy.^.ys 
(c-a){a-b) {a-b){b-c) (6-c)(c-a) v^+^-^•>^.; 

be [ f{c + a)-9\f{a + h)-g^ 

{c-'a)(a'-b) \ ca ab ) 

(a-b){b-c)\ <a> be ) 

_ «^ \ f{i + c)-^ , /(c + a)-<;' 

{J> — c)(c-'a)\ be ca ) 

f{i + c)-g' f{c + a)-si' f{a-^b)-g' ^ 
be ca ab ' 

But. by obvious algebraical operations, it will be found that 
in tnis expression the coeflScients of g* and / are both zero : 
hence, in the right-hand member of the equation (8), the 
coefficient of a»^ is zero. 

Again, in the right-hand member of the equation (8), the 
coefficient of o>^ is equal to 

be ca ab t — a 

{c-a)(a-6)'*' (a -J) (J-c) "^ (6-c) {e-a) + ^ -^- 

Finally, the coefficient of -5 in the right-hand member of 

the equation (8) is equal to - X,XjXj. 

Hence we have, for the permanent relation between w' 
and fi', the equation 

"a'iiv {/(^+'')-^'} {/(<'+«)-/) {/(«+i)-/}".(9). 

Let us suppose that of the quantities a, &, c, no two are 
equal, and that they are in the descending order of magnitude* 
Then, from the formul» (6), it is evident that o*" is not <X„ 
»■ is not > \,, and cd* is not < \ ; and that consequently X, 
is not > X, ana X, is not > X,. 

Thus wo see, by (6), that the greatest value of a\* is 
equal to 

5c(ft>'-Xj 
(a-6)(«-c)' 
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6 BeUUton between the Angular Velocity about and the 

"when CD* Is greatest ; that is, that the greatest value of to^ is 
equal to 

Since »,* is necessarily positive, this result shews that ^ is 
not < cf. 

Again, the greatest value of o),' is equal to 

ob . ^ . 

when «* is greatest, %,e, when o)' = Xj,: thus the greatest 
value of ft>3* IS equal to 

[a-c)[b-c)^^^ ^"^^'cia^-cY 

and therefore g^ is not greater than af. 

Again, the greatest value of «,' is equal to 



(a-6)(6-c) 



when w* is least : thus the greatest value of to^ is equal to 
one or other of the values 

Again, ^»~^»"^c^ {ff'-V)' 

hence X, is not < \j, if ^' is not < 5/*; and Xj is not > X„ if 

ff* is not > bf. 

Suppose no two of the three quantities X,, X^, X,, to be 

^^.,«i. ^gjj^ as is evident by the equation (7), no one of 
]uantities X, — ©', X^ - q>*, X3 - w*, can cnange sign : 
X, is the greatest value of to* and the greater of the 
Quantities X,, X,, is the least value of eo*. Suppose 
m the following investigations X^ is not less than 
hich if equivalent to the hypothesis that g* is not less 
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Angular Velocity of the Iiistantaneous Aosts^ dkc. 7 

than hf] It follows therefore that the greatest value of oi,* 
Is equal to 

af-<f 

Next, suppose that X^sX^: then ^^cf^ which is not admis- 
sible since, by our supposition, ^ Is not less than hf. 
If Xj = X,, then ^= 5/, and the equation (7) becomes 

Thus X Is the greatest value of <»' and X, = X, Is the least 
value ot o)*. 

If X3 = \, then 

"»= (a-6)(6-c) (^'-'")' 

<^ i)>-t{a-c) ('""-''•)' 

and consequently <»* = X,, <»,**0, «i>j' = 0, whence also 
a>j* = tt)'='^. This case may be excluded from our con- 
sideration, since the Instantaneous axis degenerates Into a 
permanent one, viz. a principal axis of the body. 

Thus, under all circumstances which affect our investi- 
gation, the greatest value of a>' Is equal to X, and the least 

to \. ... 

Thus we see that, when co' Is a maximum, t.e., equal to X,, 

he X, — Xj 



wo /v- 


"«' 


(a- 


-6)(a-c)- \ 






c 
a — 


cY{c+a)-/' 


COS*^ 




= 0, 




coa*v 


.< 




ab \-\ 



«" (a — c) (6 - c) * X, 
a-c*/(c + a)-/' 
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8 BelcUion between the Angular Velocity about and the 
Again, when co* is a minimnm, ue. eqnal to \y 

«* (a — c) (o — i) ' X, 

COS> = -^ = 7 rrjT r . -\ 

'^ or (a — 6)(o — c) \ 
_^ a ^f^g* 

cos*v = -% = 0. 

To determine the value of XI*, when a>* is a raaximam, we 
have only to substitute X, for a»* in the equation (9), and, 
after a few obvious reductions, we shall get 

o«_(/ «-iy')(.y'-/o ) 
"-JM/(c+a)-/[- 

Similarly, when a>* is a minimum, the corresponding value 
of H* is given by the equation 

We proceed now to investigate the maximum and mini- 
mum values of X2^. 

From the equation (9) we have 

«*^| = ^ {/(J + c)-/} {/(c + o)-/} {/{a + b)-ff'] 

-^{i<^ + i + c)f-2g^ (10)- 

Assume the expression for -r^-^ to be zero : then 

,_ 2 {fib+c) -g") {/(c+a)-.9») {/{a+b)- g^} 
'^-abc' ^a + b + c)f'-2/g* "'^^'>' 

and therefore, by (9), 

**^* = 2i {(a + J + c)/-2y'} (12). 
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Angular Velocity of the Instantaneous Axis^ dkc. 9 

That tt»'fl* may be possible, 2^ must not be greater than 
(a + i + c)/. 

Again, since, as has been shewn above. ^ is not greater 
than fa^ it is less than either /(a + b) or f(c + a), and there- 
fore, by (II), g* must not be greater than/(6 + c). 

Again, since A. is the greatest value of ci>^, we see, by 
refemng to (11), that 

2 {/{b^cyg^nAc^ah gWia'^hyg^] > „,.. /('"^^^-^^ 
abc' {a-^b + c)f~--2fg' i8noi> ^ , 

and therefore, since /(c + a) — .y* and (a + 5 + c)/— 2^ are 
neither of them supposed to be negative, 

2{/(i + c)-/}{/(a + J)-/} not >A{(a + i-f c)/'-2/^«}, 

whence, by obvious simplifications, 

fa + J + c--^] not >(a + &-c) (a- 6- c)... (13). 

Again, the least value of w^ as has been shewn above, 
is equal to. 

/(a + ft)-^ 

^«~ ab 

hence, hj refeniog to (1 1) we see that 

_2 {/(^+o)-.9'H/(o+a)-/H /( a-^5)-/} f{a+byg' 

abc' (a + b + c)f'^2fg' ""^ ab ' 

and therefore, by obvious reductions, 

(a + b + c--^\ not <(i + c-a)(J-c- o)...(14). 

From (13) and (14) it is evident that 

(a + 6 - c) (a - i - c) is not < ( J + c — a) (i - c - a)* 

not < (i + c - a) { (a + i - c) + (6 - c - a) } , 

Onot <{b + c-a) (&-c), 

and therefore a is not < i + c. 

Thus we see that, unless a be not less than i + c, a maxi- 
mum or minimum value of SI* cannot be obtained by equating 

to zero the expression for r)- i( • 
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10 Relation between the Angular Velocity about and the 
If j[^ = 0, then, from (10), 

bat, as has been shewn above, (a + & + c] y* is not less than 2g*. 
Thus, when 2^' is less than (a + 6 + c) /, the value of «* given 
by (11) corresponds to a maximum value of ii". 

Let us now consider especially the case when (a-+i+c)/=2^. 
Then, by (14), we see that 

not < (a — J - c) (c + a - 5), 

not Ka-b — Cj 

J + c not < a. 

But, as has been shewn above, a is not < S + c. Hence 
a = J 4- c, and therefore, (a-\-b-\-c)f being equal to 2g*^ we 
have ^=^af. Hence, from the equations (2), (3), (4), we 

f 
easily ascertain that <»a* = 0, cy,* = 0, and Oj'* = co* = - . The 

Instantaneous axis therefore coincides with a principal axis 
of the body, and is therefore immoveable. The relation 

(a + J + c)/=29- 

may therefore be excluded from our investigations. 

If the maximum value of Xl* above obtained correspond 
to a maximum value of a>', then, as will be seen by referring 
to (13), 

(a + 5 + c-^) =(a + J-c)(a-i-c) ...(15). 

If the maximum value of £^ above obtained correspond to a 
minimum value of o)'*, then, by (14), 

(a + i + c--^j =(a-ft-.c)(c + a-J) ..,.(16). 

Again, from the equation (9), we have 
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Angular Velocity of the Instantaneous Axis^ dkc. 11 

Sappose next that the value of a>', derived from -rr-t! = 0, 
'^ ' a{(o) ^ 

not to be a maximum value of <»': then evidently, when 

y ' changes sign from + to — , the expression within the 

brackets does not change sign: thus we see that when 

\ changes sign from + to — , —7.— changes sign from 

+ to — or from — to +. Consequently the maximum value 
of a>* corresponds to a maximum or minimum value of 12^ 
Let us see wliether X2' is a maximum or a minimum. 

Substituting for w" its maximum value, viz. X,, the ex- 
pression within the brackets [ ] in the equation (17) becomes 

•^^^^^''[{/(a + J + c)-2<7T-/'(«+i-c)(a-6-c)], 

which expression, since it is not zero, is, in virtue of (13), 
negative. Consequently the maximum value of «* corre- 
sponds to a minimum value of X2^. 

Suppose next that the value of c»*, derived from -ft— ,t =0, 
'^'^ ' a(a)) ' 

not to be a minimum value of v? : then evidently the mini- 
mum value of Q)" corresponds to a maximum or minimum 
value of fl\ Let us see whether Gf is a maximum or a 
minimum. 

Substituting for ca' its minimum value, viz. X„ the ex- 
pression within the brackets [ ] in the equation (17) becomes 

•^,|^[{/(« + i + c)-2i,T-/Va-6-c)(c + a-i)], 

which expression, since it is not zero, is, in virtue of (14), 
positive. Conseaucntly the minimum value of q>* corresponds 
to a minimum value of 12'. 

From the equations (6) and (11) we majr easily infer the 
following expressions for cosX, cos/i, cosv, viz. 

o.o«^ ^x *^ {yia+&+c)-2/}V/*(a+^-c)(a-J+c)A 

cos Ar— — J = -r~i ?t: v • Tin ^ ■■> # /./ TT\ Ti 



«« 4(a-i)la-c)- {/(c+a)-/}{Aa+6)-i^} 
cos* =-•*= *" {/(a+ft+c)-2g''j''+/''(i+c-o) (6-c+a) 



0,'- 4(J-c)(i-«)' {/(«+*)-y'} {/(i+c)-/) 



.(18). 
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Angular Velocity of the Instantaneous Axts^ &c. 13 

the instantaneous axis has four positions of maximum mo- 
bility, the corresponding angular velocities of the bodjr being 
neither inaxima nor minima; two positions of mmimum 
mobility, the corresponding angular velocities of the body 
being maxima ; and two positions of minimum mobility, the 
corresponding angular velocities of the body being minima. 

(2) If/(J + c)>5'', a>5 + c, and 

Ta + J + c--^] not <(a + J-c) (a-5-c), 

the instantaneous axis has two positions of maximum mo- 
bility, the correspondinff angular velocities of the body being 
maxima ; and two positions of minimum mobility, the corre- 
sponding angular velocities of the body being minima. 

(3) If /(6 + c) > ;7', a > J + c, and 

\a-{-h-\-C'--Y) not > (a- 6-c) (c + a- J), 

the instantaneous axis has two positions of maximum mo- 
bility, the corresponding angular velocities of the body being 
minima ; and two positions of minimum mobility, the corre- 
sponding angular velocities of the body being maxima. 

(4) If f[h ■\-c)>g^ and a<h'\'C^ the Instantaneous axis 
has two positions of maximum mobility, the corresponding 
angular velocities of the body being maxima ; and two posi- 
tions of minimum mobility, the corresponding angular velo- 
cities of the body being minima. 

We have in the preceding researches fully investigated 
the circumstances of the general jjroblem on the hypothesis 
that Xg is not <X„ which is equivalent to the supposition 
that g* is not < If. Suppose next that X, is not < X,, and 
that accordingly <f is not >hf. By obvious adaptations of 
the preceding formulas to the new hypothesis, we should 
easily arrive at the following conclusions: 

1. If/(J + c) >/, a>i + c, and Ta + ft + c — ^\ be less 

than [a-\-h'-c){(i-'h-'c)^ the instantaneous axis has four 
positions of maximum mobility, the corresponding angular 
velocities of the body being neither maxima nor minima; 
two positions of minimum mobility, the corresponding 
angular velocities of the body being maxima; and two 
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14 Relation between the Angular Velocity^ &c. 

positions of maximum mobility, the corresponding angular 
velocities of the body being minima. 

2. If /(i + c)>/, a>J + c, and 

(a-k-b + c — -^) not <(a + i — c)(a — J — c), 

the instantaneous axb has two positions of maximum mo- 
bility, the correspondinff angular velocities of the body being 
maxima ; and two positions of minimum mobility, the corre- 
sponding angular velocities of the body being minima. 

3. If /(J + c)>(7* and a<b + c. the instantaneous axis 
has two positions of maximum mooility, the corresponding 
angular velocities of the body being maxima, and two posi- 
tions of minimum mobility, the corresponding angular velo- 
cities of the body being minima. 

If 25r' be > (a + 6 + c)/, the value of aJ'Q^ in the equation 

(12) is impossible : consequently , . J. cannot be equated to 
zero. The equation 

dt ■"rf(a)»)' dt '^ 

shews that in this case the only maxima and minima of Sl^ 
are contemporaneous with those of oo^ as given by equating 

to zero the fy^ctor \^ ' . 

December 16, 1869. 
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ON THE QUARTIC SURFACES (*X?7, F, W)'^0. 

(Continued from Vol. x,, p. 34). 
By Professor Cayley. 

A MONO the surfaces of the form in question are included 
the reciprocals of several interesting surfaces of the 
orders 6, 8, 9, 10, and 12, viz. 
Order C, parabolic ring. 

„ 8, elliptic ring. 

„ 9, centro-surface of a paraboloid. 

„ 10, parallel surface of a paraboloid. 

„ „ envelope of planes through the points of an ellipsoid 
at right angles to the radius vectors from the 
centre. 

„ 12, centro-surface of ellipsoid. 

„ „ parallel surface of an ellipsoid. 
I propose to consider these surfaces, not at present in any 
detail, but merely for the purpose of presenting them in 
connexion with each other and with the present theory. It 
will be convenient to use homogeneous equations, but for 
the metrical interpretation the coordinate W or to may be 
considered as equal to unity : I have not thought it necessary 
so to adjust the constants so that the equations shall be 
homogeneous in regard to the constants; tnis can of course 
be done without difficulty, and in many cases it would be 
analytically advantageous to make the change. 

I take throughout (X, Y, Z, W) for the coordinates of 
a point on the quartic surface (so that (J7, F, W) in the 
equation («X?7, k, Wy = are to be considered as auadric 
functions of (X^ F, Z, IF)), reserving (a?, v, «, w) for the 
coordinates of a point on the reciprocal surmce of the order 
6, 8, 9, 10, or 12. The reciprocation is performed in regard 
to the imaginary sphere a^ + y* + «* + u?' = : the relation be- 
tween the coordinates {Xj Yj Zj W) and l^J/i^j ^) is then 
Xx + Yj/-\-Zz-{-Ww = Oj and the equation (X, r, Z, Wy = 
is the equation in point-coordinates of the quartic surface, or 
in line-coordinates of the reciprocal surface: and similarly 
the equation (a?, y, «, tr)" = is the e(|uation in point-coor- 
dinates of the reciprocal surface, or in hne-coordinates of the 
quartic surface. 
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16 Oh the Quartic Surfaces («3[Z7, F, TF)« = 0. 

Parabolic ring^ or envelope of a sphere of constant radius 
having its centre on a parabola. 

Taking k for the radios of the sphere, and is = 0, y = iax 
for the eauations of the parabola, then the coordinates of a 
point on the parabola are a^, 2a^, ; where ^ is a variable 
parameter. The equation of the sphere therefore is 

(x - aff'wy + (y - 2aewY + «* - ^^^ = % 

and the rinpf is the envelope of this sphere. 
The reciprocal of the sphere is 

A:* (Z* + r« + Z«) - (a^X+ 2a<? r+ IF/ = ; 
writing this in the form 

a^X+ 2atf r+ PT+ifc V(-;f«+ F* + Z«) =0, 
and taking the envelope in regard to 0^ we have 

or, what is the same thing, 

for the eqnation of the qnartic surface. This has the line 
X=0, ir=Ofor a tacnodal line, but I am not in possession 
of a theory enabling me thence to infer that the parabolic 
ring is of the order 6. 

To shew that it is so, I revert to the equation of the 
variable sphere 

(a? - aB'wy + (y - 2atf m?)' + «' - A:*m7« = 0, 

or what is the same thing 

where A = 3a V, 

5= 0, 

C = a (^aio* — xw)y 

i> = — SayWj 

E= 3(a:*+y* + 2'-iV). 

Then I^Sa^wU\ J^afu^J". and the equation is i'^- J'» = 0, 
VIZ. this IS 

{4iB' + 3y'-4aan^? + 4aV + 3(«*-A;V)}' 

-{(2aM;-x) [8ai*+9y'+4a»M?- 4aV+9{«*-A'tr')]-27ay*tr}'=0, 
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On the QuaHic Surfaces {%JU^ F, Tr)* = 0. 17 

or as this may also be written 

- {- 8a? - 9a?y* + I2aa?w + 12a'a^ - 8a"io" 

-9(aj-2aii7)(«"-AV*)}* = 0. 

Deyeloping, the whole divides by 27, and the equation of the 
ringfiiuJly is 

(y - 4aaw)* {y* + (aj - aw)'} 

+ {3y* + y* (2aj* - 2a«t(7 + 200*^") 

+ %aafw + 8a"a?w^ - Z2a*xuf + 16aV} («• - Tfvf) 

+ (3y* + «* + 8aa?w-8a»i(?') («"-i'ii?7 

Elliptic ring^ or envelope of a ephere of constant radius 
having its cemJtarc on an ellipse. 

Taking k for the radios of the sphere, and is=sO, -^ + ^ssi 

for the equations of the ellipse, the coordinates of a point on 
the ellipse are a cos 9, &sin^; hence the equation of the 
variable sphere is 

(aj-att; cos^' + (y-&wsin^*+«'-i'w^ = 0. 

The reciprocal of this is 

**(-r+r« + Z*)-(aXcos(? + 6rsind+TF)« = 0. 

▼is. writing this under the form 

aXcos^ + 6rsInd+Tr+A:V(-r + i^ + ^ = 0, 

and taking the envelope in regard to 0^ the equation of the 
reciprocal sur&ce is 

vis. this is 

that is {(a«-*0J?+(6«-*«)r«-A:'Z«}« 

which is a quartic surface having the nodal conic IFsQ, 

(a* - *") J? + (&• - *«) y « - *"Z« = 0. This singularity alone 

would only reduce the order of the reciprocal surface to 12 ; 

VOL. XI. c 



Digitized by VjOOQIC 



18 On the Quarttc Surfaces {*$JJ^ F, Wf^O. 

the reciprocal surface or elliptic ring is in fact (as I proceed 
to show) of the order 8. 

For this purpose reverting to the equation 

(a?-aii7 costf)'+(y-6w sin^)' + a"-A:*M?" = 0, 

this maj be written 

-4cos2^ + J?sin2tf + (7co8tf-fZ)8intf + ^=0, 

where ^ = (a* - V) w% 

jB= 0, 

(7 = — ^(xxwj 

E^ (a* + y)u7« + 2(a:* + y« + «*-A:V), 
and the equation is 
{12 {A^ +5*) - 3 (C* + />•) + 4^}* 
- [21 A [G^-iy) + 54502?- [72 (^• + jB') 4 9 ((?« + />»)] J? 

or say 

{I2^«-3((7'-h2>*) + 4^}' 

- [27 A {C - 2)') - [72^« + 9 (C7« + 2>»)] E+ BE*}* = 0. 

This is of the order 12, but it is easy to see that the terms in 
E* and jE*(C* •+/>*) disappear from the equation, all the 
other terms divide by w* ; and the equation is thus of the 
order 8. 

The equation may be obtained somewhat differently as 
follows. The equation of the variable sphere is 

(«-aw?)*+(y-/8u?)" + «" - A:*!^* = 0, 

where (a, fi) vary subject to the condition -5 + ?j = !• We 
have therefore ^ ^ 

OLW 

x — aw — X — J = 0, 
a* ' 



and thence 






ax \x 
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On the Quartic Surfaces (»XJ7, F, Tr)'' = 0. 
Conaeqaentlv 

(o» + X)» ■*■ (i' + X)' "^ X" ""' 



19 



fty 



^+X)*^(6''+X)« 



»• =0, 



from which X is to be eliminated. The second equation mty 
be replaced bj 

which has the first for its derived equation in regard to X. 
Hence, writmg this last equation in the form 

tt' (a' + X) (i» + X)X- (6» + X)Xa?- (0* + X) Xy* 

- [a* + X) (i" + X) («» - J^a*) » 0, 

we have to equate to zero the discriminant of this cubic 
function of X. Calling the equation 

we have A = Sw*, 

C = aVvf' - JV - ay - (a* + i'O («" - ^«'*)) 

2) = -3aV(«*-;f»''). 

The required equation then is 

A*Ty + 4^C» + 4B'i>- 3B»0»- 6^£CZ?=0. 

The developed equation (Salmon's Conia Sections, Ed. v., 
p. 325) is 

{6V+ ay - o'iW)» {(a; - cw)* + y*} {(a; + ctr)" + y}, 

' 2i''(a»-2j»)»*-2(a*-aW + 3y)a;y \ 

- 2 (3o*- a'6'+ J*) aj'y*+ 2a» (6»- 2a«) y* 
-i''(6a*-10a''i'+66*)xV 

+ (4a« - 6aV - Sa"** + 46«) a:»y»w* I («* - *'«") 

-a»(6o*-10oV+66*)yV 

+2c'(3a*-aW+J*)a!»w*-2c'(a*-3o'6''+3iV«'* 
-2a»iV(o'' + fc')tt^ 

C2 
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20 On the Quarttc Surfaces {%JU^ T, Wy=^0. 

(o* - 6a»y 4 6J*) «* + (60* - lOaV + 66*) ay 
+ (6a«-6aW + y)/ 
-(2c'(a«-o'y+36*)a:'ic'+2c'(3a*-a''J«+i«)yw» ^* ^^^ ^ 
+ c*(a* + 4aV + J*)io* 

I remark that the before-mentioned nodal conic TF=0, 
(a*«ft»)X' + (6«-A:*)r*-A^Z« = is the reciprocal of a 
qoadric cone, which is a bitangent cone of the rin?: this 
is a cone, vertex at the centre of the ring, and which is 
the envelope of the right cone, vertex the same point, cir- 
cnmscribed abont the variable sphere which generates the 
ring. 

Centro-Burface of a paraboloid. 

For the paraboloid ^ ~r " 2ZPr= 0, it may be shewn 

that the centro-snrface is the envelope of the quadric 

The quartic surface is consequently the envelope of the 
quadric 

a ' 

viz. this is 

Hence the quartic surface is 

or, what is the same thing, 

J!C-r'(a-i)*-2ZPr(JX«+arO -2ai^(X«+ Y^) - aJZ*=0. 
This has four conic nodes ; viz. considering the equations 

a b ^ ' 
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On the Quarttc Surfaces («3[I7, F, Wy^O. 21 

these ^ve the point X = 0. Y=^0^ Z=0 four times; and 
four other points which are the nodes in question : the point 
(jr=0. F=0, Z=0) is a singjular point of a higher order; 
the reduction caused bj these singularities should be = 8 + ]9| 
so as to make the order of the surface of centres » 9 ; that is 
the reduction on account of the point (XssO, F=0, Z=0) 
must be =19; but it is not hj anj means obvious how 
this is so. 

Parallel surface of ^paraboloid. 

This is given, Salmon^ Solid Oeometryj 2nd Edit., pp. 146 
and 148, for the paraboloid a-r + 6r* + 2rZTF«0, as the 
envelope of the quadric surface 

The reciprocal quartic is thus the envelope of 

that is 

(jP+r.+z«)+ J (^\ ^\ Hzpf) + ^ ^z«-o, 

whence the equation is 

viz. this is a quartic having the nodal line-pair Z^ 0. 

J- — = ; and a further singularity at the point -?= 0, 

Fs 0, Z^ 0. It would require some consideration to show 
that the order of the parallel surface is thence =10, as it 
should be. 

Envelope of the planes through the points of an ellipsoid 
€U f^ht angles to the radius tectorsfrom the centre. 

This is given in my paper ^* Sur la Surface, &c." in the 
Annali di Matematicaj t. ii., (1859), as the envelope of the 
quadric surface 

2—— 2—- 2— — 
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22 On the Quarttc Surfaces («3[rr, F, Wy^O. 

The reciprocal quartic surface Is thus the envelope of 

(>-«)x.+(«-»)r.+(2-*)z--JiF-=o, 

or, what is the same thing, 
viz. this is 

which is ia fact the inverse surface 
/ X Y Z , Y y 7\ 

JT' y« ^« 

of the ellipsoid -^ + -rr + "t = 1 > *Ws is obvious geome- 

tricallj inasmuch as the reciprocal of the variable plane is 
the inverse of the point on the ellipsoid. 
The quartic surface has the nodal conic 

TF=0, X' + r« + Z* = 0; 

and also the node XsO, F=0, Z=0; there is consequentlj 
in the order of the reciprocal surface a reduction 24 + 2 = 26, 
or the order of the reciprocal surface is = 10. 

Centro-^urface of the ellipsoid. 

Writbg the equation of the ellipsoid in the form 

•^+^ + -1 — 1(7* = 0, the centro-fiurface is given as the 
a b \ 

envelope of the quadric sur&ce 

(Salmon, p. 400) and hence the reciprocal quartic sur&oe is 
the envelope of 

(.+D'i'+(j+«)' !-+(.+?)• Z'-IF'.a, 

in regard to the variable parameter d, viz. the equation is 
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On the Quartic Surfaces (tJiU, T, Wy = 0. 23 

(see Salmon, p. 144). It hence at once appears, that the 
qnartlc surface has 12 nodes, viz. these are the four angles of 
the fundamental tetrahedron {XYZW), and the eight points 

X* Y» Z*_ 

■? ''■ J" "*" c" ~ ' 

a" j:* + 6" y + c»-^» - IP = 0, 

or writing as it Is convenient to do 

(«,/3,7) = (J*-c', c'-o»,a»-i*); 
and therefore 

a + i8 + 7 = 0, a*a+J'/8 + cV = 0, a'a + b*fi + c^y^- afiy] 
these are the eight points 

Zl-«^ 21-^^ ?L^^£^ 

the order of the reciprocal of the quartic surface is thus 
36 — 2.12, = 12, which is in fact the order of the surface of 
centres. 

The equation of the centrorsurface is given, Salmon, p. 151, 
and QwxrU Math. Jour.^ t. II., (1858), p. 220, in the form 

where f , 17^ f, a> stand for ax^ hy^ czj iw ; it b therefore of the 
degree 18 m regard to a, i, c. 

Parallel surface of the ellipsoid. 

This is given, Salmon, p. 148, as the envelope of the 
quadric surface 

^' y* «* (. ^\ ^ ^ 

a^re^^rre-'TTe^V^'e)''^''^ 

The reciprocal quartic is thus the envelope of 

or writbg £*+ ^=X, this is 

(a»-*'+X) Jr+(6''-A»+X)r»+ (c'-*»+X) Z*- {\-^ IF»=0, 

or, what is the same thing. 
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24 On the Quartio Bur/acea (^Uy F, Wy=0. 

whence the eqaation is 

Tiz. this IB a qoartlc haying the nodal conic 

Tr=0, (a«-*^JP+(J«-*»)r«+(c'-ifc»)Z« = 0. 

The order of the reciprocal or parallel surface is thas 
86 — 24| = 12, as it shoula be. The nodal conic of the quartic 
surface is the reciprocal of a bitangent or node-couple quadric 
cone, vertex the centre, in the parallel surface : this cone is 
ima^narj for the ellipsoid, but real for either of the h^per- 
boloids, and its existence in the case of the hjperboloid is 
readily perceived. 

Beverting to the equation 

or say 

This is (^, -B, (7, 2>, JEJ0^ 1)* = 0, 

where putting for shortness 

i8 = &V + c'a* + aV + Jfc»(a« + y + c»), 

and jp=a5" + y* + «*, 

we have A = 12w^, 

-B=:3att7"-3p, 
(7 = 2i8w»-2j, 

jE: = 128to». 
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On the Quarttc Surfaces («3[i7, F, Wy^O. 25 

The eqaation of the parallel surface Is of course 

{AE^ ^BD-i-SCry - 27 {A CE^ AD'S^E-^^BCD - C»)'=0. 

It is remarked (Salmon, p. 148) that there is in the plane 

is s 0, a nodal conic + ^^ ( 1 + — ) u?* = 0, the com- 

plete section being made up of this conic twice, and of the 
curve of the eighth order which is the parallel curve of the 

ellipse -^ + ^ — tD* = ; the like is of course the case as to 

the sections by the other two principal planes a; =: and y = 0. 
For the section by the plane u? = (or plane infinity) we have 
at once^V* (4pr — j') = 0, where observe that 

j»-4in- = {(i* + 0«' + (c' + a')y«-h(a* + J«)«T 

= (1, 1, 1, -1, -1, - lX(i"-o')a:", (c--a-)y», [cf^V)zy 
= norm, {x ^{V - c") + y V(c' - a») + « V(a* - J')}. 

The section is thus made up of two conies, each twice, and of 

four right lines ; viz. the conies are a:* + v^ + »* = 0, the circle 

a? V* «* 
at infinity and — , + ?i + "t = ^} tt© section at infinity of the 

ellipsoid. And the lines are 

X V(i'-c^)±y V(c*-a*)±« V(a'-i*) = 0. 

viz. these are the common tangents of the two conies. The 
circle at infinity is a nodal conic on the surface| which has 
thus 4 nodal conies. 
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GENERAL SOLUTION AND EXTENSION OF THE 
PROBLEM OF THE 15 SCHOOL GIRLS. 

By Akdrew Fbost. 

T*HIS problem, generally stated, requires that a certain 
namber of girls walk so placed in groups of 3 or more 
that no 2 girls appear together on any of the days for which 
such different arrangements are possible. 

The following general solution may be interesting to 
readers of the Journal as by it the particular case investi- 
gated in Vol. VIII., p. 236, may be extended to cases in which 
the method adopted by Mr. Power, and previously in the 
Lady 8 Maaazine^ would be too complicated. 

Let p denote one of 15 girls, and afl^<^ 6,i , '"ffiff^y ^^^ ^^ 



the various ways in which the remaining 14 girls walk 2 and 2 
with p on the 7 days for which alone the requirements of 
the problem can be satisfied. 

We have to investigate and place below the 7 triads 

7 different sets of 4 triads composed of afi^'^ff^g^ in such a 
manner that no 2 appear together in more than one triad. 
Let a be the general representative of a^ and a, and so on. 
Now the 7 letters a, 6, c, ...^, can be arranged variously 
in 7 triads, so that no 2 letters come together in 2 of them. 
Let us take one such arrangement as 

abcj adcj afg^ bdf^ %, cdg^ cef^ 

and call these fundamental triads. 

Each of which, as ahc^ represents 4 triads, such as 

«i*i^t) «iVf) «i*A> «A^i> 
which is one of the various arrangements of the subscripts. 

Hence the 5 triads arranged for each of the 7 days may 
be thus written in general form : 



iw.«. 


Pf>h 


i»i«. 


jpdA 


i«A 


PfJ. 


P9^x 


w 


cdg 
Me 


ade 
heg 


oibc 

afff 
heg 
cef 


abc 
cag 


abc 
ade 
beg 
cdg 


abc 
ade 

bdf 

cef 
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Solution of the Problem of the 15 School Oirls. 27 

Here each of the 7 fundamental triads occurring 4 times, 
it remains only to investigate arrangements of subscripts 
for each consistently with the requirements of the problem. 

Commencing with the triad bd/j we may regard it as 
representing the 4 triads 

Vi/i? Mf/» Mi/fj Mi/i- 

If we write these subscripts in the 4 vertical columns in 
which bdf appears, and observe, that as J, occurs in b^d^f of 
the 1"^ column, the other b in the same column must have 
the subscript 2, and so throughout, we have 



P«A 


pK\ 


i^.c. 


pdA 


i^A 


pAA 


V9^9^ 


cd^g 


cdg 
cef 
ade 

ofg 


adf 

fA 

\eg 


abc 

«/& 
beg 

cef 


cd^ 


abc 
ade 
beg 
cog 


abc 
aae 



Again, if we take the triad cdg we find 

crf^, cdg^ cdjg^ cdg^ 

their remaining subscripts may be thus written 

c^djj^, c^d^^^ c^d^^j c^d^g^j 
thus we have 



/»!«. 


Pbh 


pc,c. 


pdA 


^,e. 


pAA 


Pff^ff, 




ad^e 


ad,e 
Keg 


abc 

ofg 

beg 
cef 


ab,c^ 


abc^ 
ad^e 
beg. 


ab^c 
ad.e 

KU 

cef. 



Again, if we take the triad beg^ we find 

the remaining subscripts may be thus written 

Vi^t) K^tffiy Vi^i) ^x^tff%i 
thus we have 



i».«. 


p*A 


i^'.c. 


pdA 


pe,e. 


>/./. 


l>9x9t 


K^jSs 


ad^e 


ade, 

p. 


Ke,ffi 
cej 


aKc, 

fA 


abc, 
ad^,e, 

hf9t 


ah,c 
ad.e 
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The triads of the form ade stand thas 
ad^^ ad^e^j ad^e^j adfy 
the subscripts of which may be thus written 



thus we have 



«i^A» ^A^i) «i^A) ««^j^.i 



pafi^ 


pbfi. 


pcfi^ 


p^xA 


P^x^% 


P/./. 


i^i;7. 


^9, 


oAx9i 


'>AJ, 


dbe 
\ex9i 




a.Jc, 





The triads of the form afg stand thus 

their remaining subscripts must be thus written 

«t/«5'i) ^Jx9%'i <^Jt9t'i <^ififfii 
and we have 



iw,o. 


i'iA 


PCA 


Mrf. 


i^.«. 


Pfxf, 


m9t 


cAt9x 












afic 



The triads of the form abc stand thus 

a,J,c, a,J,c„ «A^,) <'A<^i 

in which the subscript of c in the first and fourth triad must 
be 2, thus we have 



l^«. 


pbxK 


pc,c. 


pdA 


i«A 


Sfxf, 


P9x9, 


Wx 

hfj9t 


<:,^,9t 

«aX 

a,de. 


p. 

K^t9x 


afie, 

<\xf^t 

h«x9i 


afie, 
<^An9t 







The grouping of 15 girls for 7 successive dajs^ 

Agabi let each of the 15 letters represent correlative pairs 






Digitized by VjOOQ IC 



Problem of the 15 School Girls. 29 

then the 35 triads expand into 4 x 35 or 140 triads of the 

30 letters i . ^ i , ^ t , 

Pkcing a 3l8t letter q before each of the 15 correlative pairs, 
we have 155 or 5x31 triads of the 31 letters, and if the 

31 letters be replaced by the series 

abcdefghyklmnopqr8tuvtoxyz/3yBd<f>y 
we have the 155 triads which may be thus arranged : 
^oi, <l>cdj if^efj i^hj if>ijj <l>klj ^mn^ ^op^ if>qrj ^t^ ^uv, 
^iDX^ ifyzy <f>fiyj <l>BO — acBy adOj bcO^ bdB — a«t, affj bef\ hfi — 
agk^ ahlj hgl^ hhk — ainj, anr^ bmr^ bnq — aoa^ aptj boty bps — 
aufij avyj buy^ bv^^-axz^ awy^ bxy^ bvoz — oci, cfl^ delj dfk — 
cgiy chjy dgjy dhi — cww, cnty dna^ dmt — coj, g>r, cfor, dpq — 
ci*y, cvzy duz^ dvy — cajy, cwfi^ dx/3y dwy — egB^ ehO^ fgd^ fhS — 
emuy enVy finVyfnu — eowy epXy foXy Jpw — eqPy er^yfqyyfrP — 
eetfy etZy fsZy fty — gmvoy gnxy hmXy hnw — gou^ gpvy hoVy hpu — 
gqy^ grzy hqzy hry—gapy gi/iy hsy^ htfi—ikSy iWy jk0y jlS— 
imfiy inyy jmyy jn0—toyy ipZy joZy Jpy—tqUy irvy JqVy Jru— 
tawy ttXy J8Xy jtio — TcMyy hnzy ImZy Iny — Jcofiy hpyy foy, Ipfi^- 
JpqWy hrXy IqXy Irw — ksuy ktVy IsVy Uu — moS, mp0y nody nph — 
qsiy qtOy rsOy rtS — uwBy uxOy vwOy vxB — yfiBy yydy zfidy zyB. 

Let these 15 successive pairs be thus denoted : 

dby Cdy efy ghy ijy hly mriy OPy qTy sty UVy tOXy yZy /3yy BOy 

«1 «i «B «4 «B «e ^ '^ fix fit fit ^4 fit fit fifi 

and each of the above quaternions of triads be represented thus : 

acBy adOy bcOy bdS by ol^ol^^j &c. 
Hence the 155 triads will be thus written : 

«|^) «8^) «8^) *4^) *5^> ^d^l ^^) 

^^1 ^1^) ^t^) ^,^1 ^4^1 fit4>} fit4>} fi,i>i 
Vs««--^.«A— «A^.— «M— ««^A— <^A— «««A— 

a,a^,—a,\fi,—aAfi-^A—<'.^fi-<^^fit—o^Afi- 

aAfit-^t^A-<^.^fi.-^^fit-<^Afit-<^tfiA-<^t^fit- 
a,\/3-aAfi-(^tfiA-<^fi-fi^fiA-fitfiA-fi^A' 
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In each of the above 35 triads of the symbols OLfl^..X...fi^j 
no two letters occur together twice. 

If we select 5 of these triads so as to include each of the 
15 symbols such as 

«i«A-«s«7/3,-aA/3.-a,^A-«e^i9e (^), 

observing that a triad ol^ol^j is composed of 2 of the 6 letters 
a, J, c, <f, S, 6. 

Then these 5 triads contain 2 of each of the 30 letters 

a^ bj Cj ...o^ 0. 

Let each of these letters and <f} the 31st represent correlative 
pairs such as a of a^a*, &c. 

Introducing a 63rd letter /a to these 62 new letters, we 
get the 31 triads fwiV, fjLb^b*...fi<f>^<f>'*. 

If we place under fi(l>^<f>* the 5 triads (-4), we have a 
column of 20 triads of the 30 letters a, (. ...^, each of which 
occurs twice, no 2 occurring together in aifferent triads. 

We have now to assign to the pairs of a's, J's, &c. their 
values aV, &c. so that no 2 of the 60 letters aV...d*^ 
occur together in different triads, and so to obtain the 20 
triads that are to be placed under (f>^(f>*fij and then to obtain 
the groups of 20 triads for the other 30 columns. 

ui order to find the 20 triads for fia^a* and /aJV since 
a and b occur twice in the 4 triads 

acSj ad0y bdSj bc0 of ttjOgS,, 

after writing below /wi'a' and /ii'J* the 20 triads of the 
5 Quaternion symbols (^), we must replace the 2 triads under 
/wiV containing a, and the 2 under /iA*i" containing b by 
the 2 triads cd4> and h64>» 

Thus the 2 columns of 20 triads below /iaV, /ii'J" con- 
tain aj0u8, once, the other 4 triads of (-4) twice, and a?<^, 
0hff> twice. 

To form the 2 columns under fic^c*^ fid^cP take a different 
group similar to [A) containing a,ag/8,. Adoptmg a similar 
process we should use a^a^, once, 4 other triads twice, and 
oi^, ^S^ twice. 

Similarly for the columns under fiB^SPj /tS'S* taking 
another different group similar to [A) containing a,a^,, we 
should use a^a^, a tnird time, 4 other triads twice, and 
abit>jcd<tf twice. 

Hence 3 different groups of 5 quaternion triads com- 



Digitized by VjOOQ IC 



Problem of the lb School Otrls. 



31 

meDcing with a,aj8, furnish the 20 representative triads for 
the 6 columns under 

/AaV, /Mb'b\ fic'c% fjurd", fjLB'8% fi0'0'. 

The same process with the other 4 groups of [A) will furnish 
the columns under the remaining 24 triads. 

In order to form these groups we must ohserve that as 
each component triad of the quaternion triads, consisting of 
representative letters resolves itself into 4 triads, each triad 
of aj...\...)8, may be used 4 times. Hence we can take the 
table of triads of these quaternion symbols and mark each 
triad as we use it that it may not occur more than 4 times. 

Then selecting the triads in the order of the letters, we 
obtain the foUowmg sets of 3 columns for each of the triads 
of(^): 



a.«^,- 


a.aA 


a.aA 


«,a,/3. 


«.a,/3. 


«.«,/3, 


«^A 


<h^A 


«A^. 


<^fiA 
«.«A 

/9A«. 




«««.«. 

#• 

w. 



«A^. 


«A/3. 


«A^. 


«./3A 


«^A 


a^A 


'^1- 

^^A 




«.«A 

IK 






/3A«. 



aM 






«M 






aM 






From these 15 columns of triads and the 5 base triads 
under At0^</>* the 31 required columns of 21 triads may be 
formed by applying the same process as that used in the in- 
troductory simple problem, for fixing the letters of the 4 re- 
presentative triads of each of the quaternion triads a,aj8jj, &c. 

The triads containing abcdB6(f> will be determined in the 
same manner. Thus we are able to write down all the 
columns which furnish the solution of the problem of 63 ^irls 
who are to be so arranged as to walk for 31 successive days 
in groups of 3, no 2 girb bemg twice together. 
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/ioV ith'b* fusV 



bve" 


oV5« 
a*d*0' 


a'd'O" 


/V/3' 

/Yt* 








X'nV 
A'mV 


AW 


i'oy 
JoV 


J0« 










ixd'd* 
oV8' 




a*b*4>* 
e'd*<l>' 










AV0' 


A'«V 
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ZVm» 


Z'nV 


i*ny 

TmV 


i'jV 


^V 


M/y 


/trn'm* 


fnW 


eWu* 


e*nV 


/'»iV 


e^iV 


fn^u' 


wVA* 


mVA' 


«•/'*• 


ttV^' 


ttV^" 


ttV^* 


i^''^" 


i^,>^' 


cVi- 


(;.'^. 


^''7* 
W 


ifhf 
d'hS' 


AVt* 


AVy 


d'fr 


tTS* 


.'•A?S» 




CVff^ 


t'Vff' 


fn' 


ivs* 


ZVw' 


fj^e" 


j'T^e" 


lya? 


c'oY 


cW 


y/3's* 


it- 


dW 


yy^ 




cfa^z' 


aWz* 


aV*" 


aVy» 


a'wY 


bW 


jvy 


jvy 


6V«* 


J'wV 


/tnV 


M«'w* 


fiv'v' 


c'm'tt' 


c'nV 


e'»nV 


rm%' 


/»«V 


/'«•«' 








d'h'P 


JhT 


Ah* 


JW/fe' 


JTA* 


dVf 


byi' 


hyv 


Wu^ 


tvy 


i'oy 

i'pV 


Jc^r'as' 


jVz* 




rou XI. 
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yV^ q't'd' oV^ 

«V8' rVS' rVS" 

«'j3'tf» r"*'^ rVd' 

a'oV cW^" c'u>*^' 

aye CV7' cV7* 

iW rfV3' dV/3^ 

6Vt' d'wV d'wy 

HiY M'y /tgy 

Avy i^yy Avy 

A'oV oW oVs* 

o^r'^" }V^' oW*' 

yV0' y'«>* y«V 

oVt" a'e*t* tW/S" 

aTf aYY t'nV 

bys' v/i* y'mV 

JfaV *•«'«• cV/fc" 

i^fV A;'e'»« cyv* 

iVtt* Z'<'tt» dVA' 

P«'»» Z'»V d'eH' 

rnVB' frtV8« oW 

wiV^' mye* aye 

nVS* n>'S' i'pV 

nW «V6i' JV«» 

c'w»3» cV3' «VS' 

cV7' c'x'7'' uV0' 

<ZV0' d'x'li' vwe* 

d'wy d'wy . vvs' 

fLT^r' /*yy /taV 

W ?w i^'yy 

I'jV A'ov Avy 

fl'AV o'A'0' yA'i^." 

yV^» r'j>» jVy 

t-«'7' tV'd* t7'^ 

/n'/i' jV'8' yvs* 

jWy' fk'0' fk'd' 
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cV*' eVw* 



c'n* c'pV eVx* 

tiy'A* /Vw' jyuf' 

dVl' y'oV /w 



o»oV c'mV cWs' 

aye eye eye 

Vp^a* rf'nV dyt? 

ttV8' o'm'0» o'k*/3* 

uVd« «V7' ovy 

vVS* 6V/3' JV/i" 

«w<?' j'ttV jVt* 

M» » /yl; M»v 

jVw' tVw' j'Vw» 

y'«v tVx» t'<v 

«•<>* «V*' tV'*' 

wVf wV^« wV^' 

cVil» cV>t" A^mV 

c'/*/' cyZ' A'n»2' 

rfy«A' <iy'A» ?ny 

tZ'eV rfV/' Z'mV 

o'n'r* o'nV cW 

i»nV y«V <iW 

6'w.V 6*mV <i^V 

^o*u* i^o'u' a»tt*3* 



p V a'p'v avy' 

AV»* AW J'ttV 

y*0*S* y»/3'8' «*/«» 

yV^' yy^ «W 

«V5' «VS* /W8' 

**/3'^ «'^*^ /yd* 



yVo!* tVo" tVw' 

t*«'w' j'«V »••<'»» 

«!;"*• »T*' i*tV 



D2 
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Z'nV 


aWe 
bVk' 

byi* 


ayk' 

am-' 
bwlli' 
byi' 


2? 


mVS" 


wV8' 

mwe' 

nVS* 


aV/3' 
aWy* 


AV 






c'«y 

tfcV 
rf'aV 


c'«y 

c'rV 
cPvY 


M'** 


M?T 


tioV 




k'pY 


Ayy 

kHY 


VnW 
VmV 




A'n'w' 






jV8' 




t>VS* 


rf'»y 


dVf 


cVt" 
dVf 


b\y 
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i^pY 


m3'^' 


mVt* 


Voy 


AW 




g'm^to^ 

'A'nV 
h'mW 


©•mV 
(TnV 


c'mV 
d*nV 

dwe 




iVu* 




cVz* 
rfVy* 


a'xV 


aWtl' 
bW 
bW 


aVt" 


/•A'S" 




H>^' 






aVS' 
a'd'0' 
b'd*B' 

bve' 






eWv* 


iW 





Avy 

The same process leads to the higher problem of 255 girls 
for 127 days, the general problem bemg of 2** — 1 girls 
for 2*^*-l days. 



Digitized by VjOOQ IC 



1. 



( 38 ) 



MATHEMATICAL NOTES. 

By W. H. Besant, M.A. 

QN a Dynamical Problem, 

Imagine a particle moving in a curve under the 
action of a force directed lo a centre which is coincident with 
the centre of curvature at an apse ; and observe that, when it 
reaches the apse, the force, mF^ is normal, and therefore 

The velocity at the apse is therefore the velocity which is 
requisite for circular motion about the centre of force, and the 
question naturally arises ; " If the particle be projected from 
tne apse with this velocity, what will be its subsequent 
path?" The following considerations will shew that the 
path is a circle. 

In any central orbit, in which the force is an unique 
function of the distance, there can be only two apsidal ais- 
tances, so that if 8 be the centre of force, and SAj SB^ two 
consecutive aspidal distances, the whole path will consist of 
a series of arcs, identical with the arc -4J5, but reversed in 
position at every apse. 

Hence, if be the centre of curvature at j4, and 8 be 
supposed m AO produced, and be moved towards (?, the 
arc AB will be diminished, and as 8 approaches to coinci- 
dence with 0, will become infinitesimal. The orbit will 
therefore be the limit of the figure formed by the infinitesimal 
arcs ABj and this limit is clearly a circle. 

If, however, the particle be not projected from the apse, 
but travel along the curve in a direction CB (fig. 1) towards 
-4, and if, before arriving at -4, it reach a point -B, such that 
8B is normal, then the subsequent path will be not the arc 
ABj but the arc BC^ supposed to be turned over, about /SjB, 
through two right angles. In this case, when 8 approaches 
the point 0, the arc AB becomes infinitesimal, and the 
particle will apparently describe the whole curve, if the point 
^ be a true apse, although in fact it does not pass over the 
arc AB. 

Again, if the point 8 lie between A and 0, the particle will 
arrive at -4, and will pass on, describing the whole curve. 

We infer then, that if the centre of force be at the centre 
Af curvature of an apse, the particle, if travelling along the 
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curve, will coutiniie to move in the curve ; .but, if projected 
from the apse, will move in the circle of curvature. 

We may remark in general, that a curve cannot be de- 
scribed by a particle under the action of an attractive central 
force, which id an assigned function of the distance, unless the 
centre of force lie in one of the normals dividing the curve 
symmetrically, and between the curve, and the corresponding 
vertex of the evolute. If the centre of force lie in any other 
position, the curve cannot be described, unless it be conceived 
that the law of force is different on opposite sides of any point 
at which the direction of motion is perpendicular to the radius 
vector. 

2. On Aberration. 

The explanations usually given of aberration appear to 
me to be sonoewhat Incomplete, and I therefore venture on 
the following remarks. 

If we are splashed in the face by rain, while we are either 
at rest or in motion, we can draw no inference as to the 
direction of the rain, except that it is somewhere in front 
of us; and similarly, the mere impact of light on an im- 
pressible surface would not of itself give us any information 
about its direction. 

The introduction of a straight tube, which is sometimes 
employed in the explanation, is hardly satisfactory, seeing 
that we do not constantly carry straight tubes for the purpose 
of obseiVmg natural phenomena. 

We may observe, however, that in the space between the 
pupil of the eye, and the retina, we have the equivalent of a 
tube, and the explanation of aberration is then, I think, 
complete, if we bear in mind that the apparent direction of 
an object is given by the line joining its image on the retina 
with the centre of the pupil of the eye. 

In (fig. 2), suppose A the centre of the pupil of the eye, 
and A C the axis of a pencil, which, if the eye be at rest, 
falls on the retina at C. 

Then if the eye be moving in the direction ABj the pencil 
will impinge on the retina at a point Z>, and will therefore 
give the impression of a light travelling in the direction BD. 

Hence the angle ADB is the aberration, and 

smADB AB velocity of the eye 
sin^-&D "" AD "" velocity of light 

Thus, if the motion of the eye be the earth's motion about 
the sun, ADB is very small, and its circular measure = a sin ^, 
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where is the earth's way, and a the ratio of the velocities 
of the earth and of light. 

The question thus treated is simply one of Formal Astro- 
nomy, no account heing taken of any possible effects on the 
transit of light, of the motion of the medium through which 
it is passing. 

3. AJvrmula in Olissettes. 

If a right angle slide on the arc of a curve, ^=/(0), the 
motion is equivalent to that of rolling the curve 

«=/(i+|)-/(0), y=/W+/'(*+f), 

upon the curve 

For (fig. 3) if P and ^ be the points of contact, the in- 
tersection j&, of the normal is the instantaneous centre, and if 
TP=^x. TQ^y^ X and y are the coordinates of the carried 
locus of Ej and smce 

2T=/'(^+^) and <2r'=/' (^ + ^) . 

Ilence the first two equations follow at once. 

For the fixed locus of E let fall the perpendicular EN on 
the initial line from which is measured ; then if 0N= x' 
and EN=y\ the second pair of equations is obtained. 

As an example, let the given curve be a three-cuspcd 
hypocycloid, so tnat 

p^a cos 30. 

Then it will be found that 

a:» + y« = 16a* and a;'*+y'' = 9a', 

so that the motion is produced by rolling a circle of radius 
4a, with internal contact, on a circle of radius 3a. 

This result can be obtained from direct Geometry. 

For (fig. 4) if t\ (r, be two positions of the centre of the 
rolling circle on a diameter QuQ^ the tangents TP, TF at 
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the points P and P' of the curve will be at right angles ; 
and the normals QP. QF will meet at a point E on the cir- 
cnmference of the fixed circle. It will be easily seen that 
the line TE passes through 0, and is four times the radius 
(c) of the rollmg circle, so that while the fixed locus of E is 
the circle of radius 3c, the carried locus is a circle of radius 
4c, and having T for its centre. 

In my Notes on Roulettes and Glissettes, I have given 
for the formulae in the general case 

dx dy , , 

it will be seen that these follow at once from the preceding 
equations. 

4. A property of pedal lines. 

Hie orthocentre of a triangle^ and any point on the circum" 
scribing circle, are equidistant from the peaal line correspond- 
ing to that point. 

Let 5 DC the point (fig. 5) from which perpendiculars 
fi/T, 8L are let fall on two of the sides, so that KL is the 
pedal line. If K8 produced meet the circle in F, and A8 
De joined, the angle 

VCL^ASK^ALK, 

and CF is therefore parallel to KL. Also, the point being 
the orthocentre, and Xi meeting OC in (7, 

^CC'-'VS-'20D^SK 
^2SK'-8K^SK', 

hence 0G8K is a parallelogram, and therefore and 8 are 
equidistant from Ga. 

This gives a proof of the known theorem, that if a para- 
hola Umch the sides of a triangle^ its directrix passes through 
the orthocentre. 

For, if 8 be the focus, which must be on the circum- 
scribing circle, KL Is the tangent at the vertex, and therefore 
is a point in the directrix. 

We may remark that P. the intersection of 08 and KL 
is on the nine-point circle of the triangle. 

For the middle point F of OE is the centre of the nine- 
point circle, and, obviously, FP is half of E8. 

April, 1870. 
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NOTE ON A BINARY EVECTANT FORM. 

By Samuel Roberts. 

1. IF U denote the function a^x" -\-na^x^^y +...-{- a j/"^ 
the form 

{'■■(s;)"-"''--(£;)"(l",)''-K"'^''*'|)'^ 

where jo + y = w, represents a covariant of U of the degree w, 
and is the first evectant of the invariant 

{"■©■-"-.©"(I)--} • 

''{'■■(s;)"-""--(s;r|;+-}("'S+*4)'^ 
" ('.s^^.|)'.^ w- 

as may be shewn in the following manner. 

Indicating the evector operator by v, and (according to 
Professor Sylvester's nomenclature) the devector operator 

, by A, we find, if C is the m^ evectant of 7, 



{ 






Therefore, generally, if C is the rti^ evectant of 7, 7 is the 
m^ devectant of C. 

Consequently, if {A) is a first evectant, it is derived from 
the form [Bj. It is to be shewn that the coefficient of ixP in 

[A) is of the form -^— to a numerical factor prfes. 

In order to obtain the rc-source of (-4), that is to say, 
the coefficient of x" therein, we may operate on 

to which the factor 2 has been added for the sake of symmetry. 
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This, again, may be written in the form 

^■(«^i'+ )?«i^ry. 

^■Ky,' + )p<^^<"yx 

+ r 

+ («Ayi'+ )«.y.' 

+ (^7^/+ )«.y;- 

Instead of actually performing the operations indicated by 
the deveclor operator, we may write a^ for a;", - o^_, for 
x^^tfy &c., and to avoid ambiguity of sign, we will suppose 
that n and q are odd, and consequently, that p is even ; the 
same result will be arrived at on any other supposition rela- 
tive to this point. Also j», q are > 0. We have then 

[a,a, -i?a^.,a,^, +...+ a,a, ) a, 

+ 

This is the ar-source required. 
Now take the form 

j -h (a^o:^ -^pa^x^'y +...4 a,,, y^) ^a;,'-*^, + &c. V 

+ (a,a;' + qa^x'-^j +...+ a,^y)pxf'y^ + &c. V. 
Upon this, which represents to a numerical factor pria 

the devector symbols relative to a?, y ; a:,, y, ; but since we 
shall have to diflferentiate with regard to a^, it is only neces- 
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Bary to collect the terms which may give rise to terms con- 
taining a^. We thus obtain 

+ , 

+ («o^ H- pa,arV +. . .+ ay ) /y>t' 

- a*x\''. 

We have now to write a^ for iP,", and a?", — a^_j for x^'^'^y^ 
and a;*~'y, &c., and we obtain 

where ^ is the same as the covariant source previously ob- 
tsuned. Calling the invariant, of which the above expression 
in part (B). we nave 

Consequently 4> is the source of the first evectant of (J5). 

IS pzzzfiy then 9 = 0, and rnce versdy and the function 
operated on is U. U^. If n be odd, the covariant and invariant 
both vanish. If w be even, the covariant is Z/x (quadratic 
invariant), which is the evectant of (quadratic invariant)*; 
so that the foregoing result is true generally. 

The invariant (^) is not generally the same for different 
positive values oip^ q consistent with p -f j = w. In the case 
of the quintic, however, since the order of the invariant is 
four, it is unique, viz. J, In the case of the sextic, it is 
of the form 

since we have the terms 



p.p-l.q.q-l ^^ 
in the covariant source. 



o tt + — ^ ^^ — a ' 

• 2 2 
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2. By what precedes a generalization is suggested, which 
can he most readily arrived at hy the aid of the symbolical 
notation chiefly used by Continental mathematicians. 

Let U be equally represented by {ax + 6 y)*, {a"x + i"yTj 
&c, (^'a;4 JBy)" (^"a? + jB"y)", &c, with the understanding 
that in the formal development a'*, a"*, &c., -4"*, A"*^ &c. are 
to be replaced by a,; a'^^ a^^'^b", &c., A'^-'B', A"*"B", &c. 
by Oj and so on. 

Assume now the invariantive form 

{a'B' - VAJi [a'B" - 6'^"^...(a'5^*>' - b'A'^Yk 
X {a"B' - b"Ay* {a"B" - VAJ*... 

x{a"'B'^V"A'y»... 

x&c (I), 

where the indices follow the cyclic order 

PiiPtJ Pk 

Pti Psi Pki Pi 

Pzl Pkl Pli A 



Pn Pii Pt^^ Pk^i 



and 

In order to obtsdn the first evectant of (I) we may operate 
with 



(^^ 



d d\' 



where the symbol of summation covers all the quantities 
a\b'; a", 6"; ...A\ JB'; A'\ JB"; ..., the combinations of 
wnich are to be ultimately assimilated to a^, a^^ &c. 
The result of the operation is of the form 

S' {A'x + B'yYi {A''x-\'B"i/)\..{A^'''x + B^'^'yy^ 

(-)*"r {a'x + b'yYi {a"x + b"yY*...{a''>'x 4 b^'^'yY' 

x{A"b'^B"a'Yt,&c. 

the successive forms under the symbols 2' and 2" having the 
same ultimate significance. 
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If k and n are both odd, the eveetant Tanisbes identically 
and the invariant, from which it is derived, also vanishes. 
For n even or k even, the eveetant does not vanish, and is 
represented by 

x(a"5'-y'^7^&c ((7), 

provided that this form does not itself vanish identically. 

Bat the form ^C) is equivalent to the result of operating 
with 

(«"|,-*"A)"(""*r'"=4)"-(°'"^-^"^)"' 

on the form 

Bepr^senting {«. (|)"-«a. {^^f (^) +...} by A„ 
y/e have, as an equivalent form, 

id d\''t( d d\K / d dV* 

(c')- 

Consequently the co variant (C) in which the indices satisfy 
the cyclic order 

P,)P«) i>« 

and l>.+A^••••+i>*-«* 

U a first eveetant when A; or w is even. When k is odd and 
n is odd, the invariant (1) vanishes identically by virtue of 
oppoaite signs. 



Digitized by VjOOQ IC 



Electro-Dynamics. 47 

The preceding result may be regarded as a generalisation 
of the theorem which we meet at the outset of the theory 
of forms, that the quadratic invariant of an odd function 
vanishes and an even function is the evectant of its quad- 
ratic invariant. This case corresponds to A:=l. The case 
developed at length in § 1 corresponds of course to A; = 2. 



ELECTRO-DYNAMICS. 
AMPERE'S TUEORY OF THE SOLENOID. 

By Percival Frost, M.A. 

TN this paper I have endeavoured to obtain some of the 
formulas necessary for the calculation of the action of 
a solenoid in a simpler manner than has been given in any 
of the treatises with which I am acquainted. The subject 
Itself is so interesting that I may venture to include the 
fundamental proposition concerning the action of elements of 
two electric currents upon one another, so as to make the 
paper as complete as I can without describing fully the ex- 
periments by which the law of the mutual action can be 
established, which experiments may be found in any ele- 
mentary treatise. 

In obtaining the formula for the mutual action of the 
two elements, 1 have employed only the experiments which 
Ampere himself considered rough, in consequence of friction 
and unavoidable mutual actions of portions of currents neg- 
lected in the application of the results of the experiments, 
but it may be considered that the formula so obtained has 
passed safely through the severe ordeal of Weber's Electro- 
Dynametevj as well as the severer one of comparison of 
results of calculations, made upon supposition of its truth, 
with observation, 

1. Muhml action of elements of two electric currents. 

The mutual action of two elements of currents of different 
intensity is assumed to vary as the product of the measures 
of the intensity, and the lengths of the two elements, which 
product is supposed to represent the product of the quantities 
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of electricity which pass through the elements in an unit of 
time. 

The action Is also supposed to act in the line joining the 
elements, and to be some function of the distance of the 
elements and of their position relative to each other and 
the joining line. 

Experiment proves that the mutual action of two wires 
is unaltered if any portion of either be removed and replaced 
by another bent m any manner, so long as no part of it is 
far removed from the line which was occupied by the re- 
moved portion. (Ganot's Physics^ Art 755). 

This allows us to consider the action of a straight element 
as the ag^egate of the actions of broken elements termi- 
nating in its extremities. 

Oersted having shewn that the action all about a con- 
ducting wire at any section was the same, Liouville deduced 
from symmetry and the law of equal reason the following 
facts, {An. de Cb. et Ph., 1829) : 

^l) That the action of two elements lying in the same 
straight line takes place in the line joining them, to which 
experiment adds that it is repulsive or attractive according 
as the direction of the currents is in the satne or opposite 
direction. 

(2) That the action of two parallel elements, each per- 
pendicular to the line Joining them, takes place in that fine, 
to which experiment adds that the action is attractive if the 
direction of the current is the same in both elements, repulsive 
if in opposite directions. 

(3) That there is no action between two elements lying 
in the same plane, the direction of one of which intersects 
the other at right angles. 

(4) That there is no action between two elements which 
are each perpendicular to the line joining them and also to 
each other. 

Assume the law of action of two elements at a distance r 
in the same direction, as in case (1), to be /(^), and the law 
for parallel elements, case (2), each perpendicular to their 
distance to be 6 (r). 

Let PQj FQ (fig. 6) be the elements ds^ ds of arcs of 
two electric currents in which the measures of the intensity 
are i, % respectively, PP = r. 

QM^ QM' perpendiculai* to PP. the line joining them, 
QN' perpendicular to the plane MQP. 



Digitized by VjOOQ IC 



Ampere^ 8 Theory of the Solenoid. 49 

The action of PQ, PQ may be replaced by tbose of tbe 
broken lines PMQ and FM'N^Q'. 

By (3) and (4) there is no action between Pilf and ATN'Q'j 
or between QM and P'Jf' , Q'N'. The whole action is re- 
duced to those of PM and PM' and QM and J/'iV", which, 
assuming the direction of the currents to be that indicated 
by the arrows are represented by it.PM.PM'.F{r)j and 
fV. QM. M'N\ 4> (r), both attractive. Now 

PM^^ds, PM:^%d8\ 
as ' as 

dr 
Also cosQPJr = -^j 

and cos QPQ differs from cos QPN' ty a^ quantity of the 
second degree in da'^ and 

M'N* 
QPN'^QPM'-^^f^i 

therefore sm QPM^. = — ^tj ds : 

r dads ' 

therefore QM.MN' ^^r ^*J^ deds\ 

Hence the whole mutual action (attractive) 

The mutual action is now fully determined when ^ (r) and 
f[r) are found. 

K ds^ ds' be elements of two closed currents^ the whole 
action of these currents is 

VOL. XI. E 
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Ampere^ 8 Theory of the Solenoid. 61 

For the action upon ds estimated parallel to Its direction 

between limits commencing and ending at the same point, 

-i^{-'(7 5)"-(«*-') ]?©■*}• 

The first term vanishes and the second must be made to 
vanish for all forms of the closed circuit ; therefore 

and the complete expression for the mutual attraction is 
tt'dsda' d (I dr' 



da' \Pf ^ j • 



2. To calculate the direction in which the resultant action 
of a closed current upon an element of a current takes place. 
Since the action of ds* 4)n da estimated in the direction 

^^^*» ii'dsdJ d (I dr\ dr 

ti~ ds' [TidsJ ds* 
the action of the »rhole current is 

iVds fl (dr\'\ 

between limits which are the same on the two extremities. 

The resultant action is therefore perpendicular to the 
element, this baling led to the determination of k. 

Take the element at the origin of coordinates and coin- 
cident with the axis of x^ and let Oz be taken for the direc- 
tion of the resultant action. 

The action parallel to the axis of a 

.„, Cds' d (I x\ z . dr x 

= ^ii-dsj^^f^^=^ii-d3J^ (1), 

E3 
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where a is the area of the projection of OP'Q^ on plane zx^ 
and similarly since the action is Oy = 



/; 



^ = (2). 



If a J. a^', a/ correspond to a^, a^y a, for a riven system of 
rectangular axes through the element and 7, m, n be the 
direction cosines of the direction of action with respect to 
these axes 

therefore Z f^? + r/i [^4 n ft "=0, by (2). 

Hence, if a line drawn through the element whose 
direction cosines, independent of the direction of ds^ are 

proportional to I— ^ , 1-^ , 1—^ be called the directrix^ the 

direction of the resultant is fully defined by being perpen- 
dicular to this directrix and to the element. 

Beferring to (1) since the normal to the area a^, the 
elements da^ and the directrix all lie in the plane perpen- 
dicular to the direction of the force, it follows that, if e be the 
inclination of the element to the directrix, ana i be the 
projection of OFQ on the plane perpendicular to the directrix 

a^ — h sine. 
Writing A^ -B, C for /-/ , /-/ , /-J , and making 

^ AaJ + B a J + Ca J 
^" J) ' 

therefore the magnitude of the resultant is 
iCda /-^ sine 

^itdsD sine. 

If ds be referred to any axes, and X, fAj v be its direction 
»sines, the component of the action on dsy parallel to the 



Digitized by VjOOQIC 



Ampere^ s Theory ofihe Solenoid. 53 

axis otxj is the sum of the actions on <& cos/* and da cosi^i 
and these, as bj (l), are equivalent to 

in'(c& cosm/^^^4 C& cosv/?^^) 

= n" ((7 cos/*- 5 cosy) & (3). 

3. Action of a small plane dosed current upon an element 
of a current. 

Let lx-\'my-\'nz =^p (fig. 8) be the equation of the plane 
of the current, and let the current and its projection be cut 
by two planes parallel to s^ at distances y and y + dy^ P| 
P' being the intersections of the first plane with the current, 
Qj Q with its projection on the plane of xy^ and let (a?, y, z) 
and (a? + &r, y, « + hz) denote P and P', we have to obtain 



2C7-/?fci^, 



the summation being taken round the curve. 

If JS^ be the section of the projection by the. plane 
{y-¥dtf\ take QR and QR together, the current being in 
opposite directions in these elements, then 

where f^ = a? + t^ + z\ 

therefore r8r = ir&r + «&?, 

and =s /£a; + nSz ; 

therefore rSr^lx j 8a?, 

squares of &r, &c being neglected ; therefore 

8x 3xSr Sxf 3ai* 3lz\ 

Let X be the area of the small current 
fbxdy=»\n; 
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Bat if ^ be found for the directrix in the case of the 
action of X' on an element at xyz 



2A^{^y ry)^^'^^^-^)^yr 



therefore X=in'XV ^ . (^) , 

18 the whole action parallel to Ox given bj Nemnann. 

Def. A system of equal small plane closed currents ranged 
at equal distancesi with their centres of gravity on an^ 
arbitrary Ime to which their planes are perpendicular \6 
called by Ampere a Solenoid. 



5. Action of a solenoid on a small element of a current. 
Let (T be an arc of the solenoid ud to a point xyz^ X the 
area of a section, dp^dc^ and if ^ be the distance of the 



currents^ — is the number of currents in the space dp^ the 

action of the solenoid upon the element at the origiui is 
obtwied firom 



MO.-(p)}' 



and similar expressions for 2B and 2(7, which are independent 
of the form ol the axis of the solenoid between given ex- 
tremitiesi denoted by subscripts 1 and 0. 

For a solenoid indefinitely extended in one direction 

2^ = ^^,, 2J0 = ^i 
g r^^ g r^^ 

and the directrix is the line joining^ the element with the end 
of the solenoid, the whole action being 

Xsin(^)^ 

The action of a finite solenoid is the resultant of the actions 
of two solenoids beginning at the two extremities and con- 
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tmaed esA to an infinite distance, the latter action being 
reTeraed. 

6. Action of a solenoid on a amall plane closed current. 

The action of the element of the solenoid \d<r on the 
cnrrent, whose plane area is \\ and p' the perpendicular on 
it, estimated parallel to the axis of a? is 

therefore the whole action of an infinite solenoid is 



parallefto Ox. 



' g dp T* 



7. Action of one solenoid upon another. 

If X, X' be the two areas of section ; a^ jf the distances of 
the currents, the whole action parallel to Oo; is, if both 
solenoids be infinite, 

99 ^ 

By considering a finite solenoid as the difference between two 
infimte solenoids, we obtain the action parallel to Ox 

^"'^ffff'l r.' r; r," +"17'-}' 

a?,, x^ and a?/, x^ corresponding to the extremities* of the two 
solenoids. 

The last articles are given more fully by Wiedemann, 
whose work should be, if possible, read by the student 

I hope on a future occasion to discuss some of the objec- 
tions wnich can be justly made to Ampere's Theory of the 
Mutual Action of Currents. 
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ON THE ALGEBRA OF MAGIC SQUARES. No. I. 
By Joseph Hobneb, M.A., Clare College. 

TF from each term of any arithmetical progression, €^ a + bj 
^ ...a + (r - Ij 6 the half sum of the extremes be subtracted| 
yfe have tne series 

r-1, ^-3, ^-3, ^-Ir 
-"2"*' 2~*'- -2"*' "2"*' 

which having zero for its sum may be called a zero arithme- 
tical progression. In a similar sense we may |peak of a 
* zero senes/ a * zero pair/ and so forth. 

Dividing each term by i If r be odd, or by - if r be even, 

we have the respective zero arithmetical progressions 



2 ) 2 ••* A, V, 1... 2 » 2 



-r-1, -r-3,..., -3, -1, 1, 3, r-3, r-1. 

Inversely, since a and b are any quantities, every arithme- 
tical progression of an odd number of terms may be obtained 
from the former of these two series by multiplying its terms 
by a certain quantity, and then adding to each new term 
another certain (j^uantity. In the like manner, every arith- 
metical progression of an even number of terms may be 
formed from the second series. 

Assuming then that a magic 8(]^uare is' an arithmetical pro- 
gression of n* terms, so arranged m a square figure that the 
sums of each of the n rows and n columns, and likewise of the 
two diagonals are the same, and calling any square in which 
this common sum is zero, a zero square, it readily follows 
from what has been said, that every magic square can be 
obtained from a corresponding zero ma^c square formed of 
one of the two zero aritnmetical progressions above, by mul- 
tiplying the terms, by one quantity and then adding another 
quantity, both of which are readily determined. As to the 
mechanical operation, this amounts to affirming that, having 
given a zero ma^Ic square, we may substitute for its terms 
taken in order of algebraical magnitude those of any other 
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arithmetical progression taken in order* To zero squares and 
zero magic squares we may therefore confine the discussion. 
The sum or difference of the similarly situated elements of 
two zero squares of equal sides will of course form a zero 
square of the same side ; but its elements will not necessarily 
constitute an arithmetical progression, or even be all different 
from each other. 

The extremes of a zero arithmetical progression of (2n + 1)' 
terms are - 2{n* + n) and 2(w'* + n), which may be written 
— n(2n+l)— n and ti(2n+l) + n. These expressed arith- 
metically in the scale of notation (2n + 1) will be n n and nUj 
where the negative sign is superposed for convenience. e.g. 
The extremes of a zero arithmetical progression of 5' terms 
are 2 2 and 2 2 in the scale of 5. The first (2n+ 1) terms 
expressed in the scale of 2n -t- 1 will be equivalent to the series 

n n, n(n — 1) ...n 1, n 0, n 1, ...n(n— 1), n n, 

e.g. 2 2, 2 1, 2 0, 2 1, 2 2. 

The next (2n+ 1) terms will be obtained from these by 
writing — (n- 1) for -n, as the first digit of each number, and 
so on throughout the whole (2n+ 1)* terms, as in the table 
following : 





— n - 


-(n-l 


) 


-1 





1 




«-l 


n 


-n 














.. .. a • 






(n-1) 




























-1 





































1 




























I 




















1 
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wbere each compartment is to be filled up with the numbers 
standing at the nead of (1st) the row and (2Qd) the column 
to which it belongs ; or vice verad. e.g. 





2 


1 





1 


2 


2 


2 2 


21 


20 


21 


22 


r 


12 


11 


ro 


ri 


12 





02 


Ol 


00 


01 


02 


1 


12 


IT 


10 


11 


12 


2 


22 


2l 


20 


21 


22 



In like manner, a zero arithmetical progression of 
(2n^* terms has for its extremes - (4n* — 1) and 4n* — 1 . 
which may be put into the form — (2w - 1) 2n — (2n - 1) ana 
(2n - 1) 2n + (2n - 1), and therefore expressed arithmetically 
in the scale of rotation 2n by (2n- l)(2n- 1) and (2n-l)(2n-l) ; 
and as before the table will be 



-(5 


te-l) 


-(2« 


-8) 


-1 


1 




2n-8 2n-l 


-(2«-l) 


















-(2n-8) 




























-1 


















1 




























2u-8 


















2n-l 















< 
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Thus, if n =^ 3, the table becomes 





5 


3 


1 


1 


3 


5 


5 


66 


63 


6l 


61 


53 


55 


3 


36 


33 


31 


31 


33 


35 


1 


15 


13 


il 


II 


I3 


T5 


1 


15 


13 


11 


11 


13 


15 


3 


35 


33 


31 


31 


33 


36 


6 


56 


63 


51 


51 


53 


55 



Here we call attention to the fact, that these tables consist 
of all the permutations with repetitions formed bj taking in 
pairs the elements 

- n^ — n- 1, ... - 1, 0, 1, ...n — 1, w,* 



and — 2n— 1, — 2n— 3, ...—1, 1, ...2n— 3, 2n— 1, respectively. 

It is manifest that each of the tables may be separated 
into two. the columns of the one being the same as the rows 
of the other. For instance, that to the side 5 above written 
consists of the two identical squares 

22222 2I012 

iTlll 2I012 

00000 and 2I012 

11111 2 1 1 2 

22222 21012 

We may therefore endeavour to form zero squares with the 

* It may be shewn as in the text that the extremes of a zero arith- 
metical progression of (2ii -k \f terms may be written arithmetically 
nnn and n n n ; and those of a zero arithmetical progression of (2fi)' 
terms (2n - 1 ) {*in - 1) (2n - 1) and (2fi - 1 ) (2ii - 1) (2n - 1), and that 
the progressions may be arranged m tables analogous to the aboTe. 
The same is true generally for zero arithmetical progression of (2n -f 1/ 
and {^ny terms. 
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odd series — w, — n— 1, ... n — 1, n, which when the similarly 

situated elements are added together by being placed in 

juxtaposition in the notational sense, shaU exactly restore to 

us all the permutations above mentioned, and consequently 

be magic squares. So likewise with the even series - 2n - 1, 

-2n-3, ...2n — 3, 2n-l. We are not, however, entitled 

to assert, that no magic squares can be formed except on 

this principle. The problem of magic cubes, &c. may* be 

treated in the same manner. 

Dealing then first with the odd series, let us consider the 

ax "f uv 
remainders of the fraction — jr=r-^ , where N^ 2n + I, a and b 

are given integers, and a;, y may take various integer values. 
We suppose a, 5, ^to have no common measure; also since 
if a or o be negative or greater than N^ we may evidently 
replace it by a positive number less than N without affecting 

the remainder of ■ xr ^ t we assume a and b to be positive » 

and less than N. 

Assume ax^by^ mN-^ r, where mN is the multiple of N 
which is nearest to ox + iy, and consequently r admits of any 
values from - n to w, zero includea. Now let Byox + by 
represent r, and suppose that while x remains constant, y 
takes any N consecutive values, of which any two are repre- 
sented by y, and y,. Then 

Byax+by^-Esax-^by^^IijJ) (y, -yj. 

First suppose neither a and Nj nor b and N have a com- 
mon measure. Then because y^ — y^ is numerically less than 
N. we cannot have lijfb{y^'-y^)^0. Consequently as y 
takes any N consecutive integer val ues, B j^ax + by receives 
aU the n values of the series — w, — n- 1, ...0, ...n- 1, w, 
the sum of which is zero. The same is true, if y remains 
constant and x takes any ^consecutive values. 

But suppose b and iv to have a greatest common measure 
e, so that i = c6, and N^ eN^. Then Ilj/b (y, - y^) becomes 
Bireb^ fy, - y,), which will be zero when liy^ (y, -yj is zero. 
Now tnere are e values of y, -y, which are divisible bj N^ ; 
hence Bjiox + by will consist of e sets of the same remamders 
for a given value of a?, the sum of which will not necessarily 
be zero. The same considerations apply to y. 

We shall have to consider separately the cases, when N 
is prime to a and b. and when it nas a common measure with 
one or with each of them separately. 
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Taking the former case, put y = any integer Talue 17 and 
give X the N successive values f, f + 1, ... f + ^— 1, where 
f is any integer. Thus we have the row 

Under this arrange corresponding rows by writing for y 
successively instead of 17 the terms of the series 

17 + 1, 17 + 2, ...17 + iV-l. 

The sum of each of these rows is also zero. So likewise is 
the sum of each column formed by taking the corresponding 
terms of each row ; e,g. 

-Bi»raf + 6i7 + 5j^raf+*(i7 + l)+*..5.vaf + J(i7 + iV-l)=0. 

If then we jgive to x and y all integer values from f to 
( + N—1 and from 17 to 17 + ^'—! respectively, we form a 
square, the rows and columns of whicn are all zero series. 
Tne values of x and y at the centre of the square will be 

fH — - — and 17 H — — - ; and therefore, proceeding as in 

coordinate geometiy, for the diagonab we have the conditioBB 

N-\ I ^ N-l\ 

the upper sign applying to the grave ( \) and the lower to the 
acute ( / ) diagonaL G>nsequently their general terms arc 

Iiy{a + b)x^b{^'-v) and i?j^(a-«)a:+6(f + 17-I), 

where x receives all values from f to f -h N- 1 ; and by what 
has preceded the diagonals are, generally speaking, both zero 
series, and therefore a zero square has been constructed. 

If, however, i^ be a composite number (^cr, a and b must in 
general be such that neither a + & nor a — & is commensurable 
with N. For, if a + 6 = c<r, then 



iij^ + 6(x + C)-f6(i7-f) 



= -Biva + 6aj + c^ 4-6 (17- f) 



«-Biya + 6ic + 6 (17- f). 

Consequently the grave diagonal consists of a period of (f 
terms repeated a times, which may not be a zero period. 
And so tor the other diagonal. 
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e.g. R^x-k-ly^ ^=: l, 1; = 1 has In the acute diagonal the 
non-zero period 2 3 7; and in the grave the zero period 
6 3 3 6 0. 

If, however, 5jfa + 6 = 0, we must have ^jv^(f — t;) = 0; 
OT if a — ft = 0, we must have Rjf^ 4. 1; — i = 0, and f and »; 
mnst be so assumed as to satisfy these conditions. 

It will be noticed that if the values of x be taken in any 
order, the demonstration holds good for the rows, columns, 
and cUagonals ; so likewise if the values of y be taken in anv 
order. This, however, cannot be done with both x and y. If 
the order of both be varied it must be in a manner consistent 
with the conditions for the diagonals. 

Examples. If a = 2, 6 = 3, JV=5, we must have 17 = 5, 
and the general terms of the diagonals become and 
B^ - ojf 3 (2f - 1) ; giving the two series and 
2 10 12. 

If a = 2, 6 = 2, JV=5, we must have 17 = — f -f 1. Conse- 
quently the general terms of the diagonals are ^^4a;— 2(2f-l) 
and ; giving the two series 2 10 12 and 0. 

The complete squares are 

02112 21120 

20211 I1202 

12021 and 12021 

11202 20211 

21120 O2I12 

There are, however, in general only N different squares 
obtainable from a given expression Ryox + by. For if the 
first element of the square be fi=iBya^'{'bfij the rest of the 
first row may manifestly be derived as follows : 

and the rest of any column headed with fi^ or v (say), 
y^^Byy^bj y^^Bjfy^+b^ ...v,=-Bj^v^j+6, ...vj^.j=-Bj^Vjir^+J. 

Consequently there are as many squares as different values of 
fA or Bjfox + 6y, which are N in number. 

The reader may easily convince himself that no like process 
18 aimlicable to the formation of even zero squares. 

We have next to enquire how the similarly situated 
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elements of two of the above zero squares can be combined 
into magic souares. 

Suppose Bija^x -h hy to be the general term of a second 
square, the corresponding values of x and y being the same 
in both. In order to produce a magic square, or rather a 
pair of magic squares, from two zero squares, the similarly 
situated values of B^ax-^by and By^a^x-^-hy must when 
placed in juxtaposition produce exactly all tlie N^ permu- 
tations of N thmgs taken in pairs with repetitions. Now as 
by the process there will be A * pairs formed, it is necessary 
and su£Scient that no two of these pairs be repeated. Sup- 
pose then we have 

Bsax^-\-hy^ — h and Bsa^x^ + hjf^^l^ 
then we cannot also have both 

Rj^ctx^-^hy^^^h and Bya^x^-^\y^^L 

That is Bjfa {x^^x,)+b ly,-y,) = 0, 

and Bjfa^ (a?, - arj + J, (y, - y J = 0, 

cannot be simultaneous conditions, whether x^ = x^y or y, =yj, 
or QD. and y, both differ from x^ and y, respectively. 

First, if x^ = a;,, Byb (y, - y,) = and Byh^ (y, - y,) = are 
incompatible. Now y^ — y^ is necessarily less than N] con- 
sequently if -AT be a prime, as h and b^ are by hypothesis less 
than Ny neither of these conditions can exist. But if N be 
the product of any two factors r and P, then as among the 
values of y—y are included all numbers less than N^ and 
consequently all the factors of Nj consider that value of 
y, — 3^ which is equal to r; whence it anpears that Bpb^O 
and llpb^ ^ are incompatible, or b and \ must not contain 
in common a factor of N. That is i, b^ and N must have no 
common measure. In the same way it can be proved that a, 
a, and N can have no common measure. 

Next, 
Assume a\ 
Whence 



suppose that x^ and x ^ y, and y^ are different. 
1 [x^ - a?j) 4- i {y^ - y^ = ^iy where i is an integer. 



« ^j^ («*!-«,*) (yi-y.)- 

Since this remainder cannot be zero, though y, - y, can be 
any factor of N^ another necessary condition is that ab^ — ajb 
should be a finite integer prime to N. 
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Examples \, Byox-^-^g and BNOX-vPy cannot form a 
magic square ; for here ab^ - afi = a)8 — ayS = 0. 

Neither can R ff?±|y and R ^^±f^ ; since here 

2. ^g2aj + 3y and^^aj+Sy whereaj=l, 2...andy=l, 2... 
give the magic squares 

Ol 20 11 12 22 LO 02 iT 21 22 

22 02 21 10 11 22 20 \2 01 11 

10 21 02 22 11 and 01 12 20 22 11 

12 ll 20 01 22 2l 11 02 10 22 

21 12 12 21 00 12 2l 21 12 00. 

These expressed in the decimal scale are 

110 4712 524 1ir2 

82956 sfoaie 

59286 and 131086 
74101 12 11415 12 

llisHo 79970 

Adding 13 to each term we clear negative numbers ; thus 

12 23 9 20 1 8 15 17 24 1 

5 11 22 8 19 21 3 10 12 19 
18 41521 7andl41623 5 7 

6 17 3 14 25 2 9 12 18 25 
24 10 16 2 13 22 24 4 6 13 

in each of which the common sum is 65. 
Ererton Vicarage, near St. Neots. 
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NOTE TO THE ARTICLE ON PORISMS, 
QUARTERLY JOURNAL, No. 30. 

By Joseph Woijstenholhe, M.A. 

THE equationa 

tan 2 tan I + tan i tan - + tan - tan - 

By yd d B ^ 

= cot| cot|+cot^cot- + cot-cot^=A;, 

are equivalent to the system 

(A.tanftan|)(*.cot|cot|) 

= (taii| + tan|)(cot| + cot|), &c., 

that is, to the system 

2 (1 - A) cos)9 C0S7 + (*■ - 1) sin^ smy=2 (1+A:), &c...(^). 

But, if the equations of two concentric conies referred to 
their common system of conjugate diameters be 

and if a triangle circumscribe 8j the points of contact being 
(a cosa, b sina), (a cos^, b sin/S), and (a cosy, b siay)^ the 
conditions that its angular points may lie on 8' are 

(- ^ + j;i + ij cos)9 C0S7 + f ~ " yii+ ^) ^^^ ^y 

= ^ + ^-l,&c (B). 

The systems (-4), {B) will coincide if 

{mP T""(l-A;)«^ 

which lead at once to the condition ^ ± 77 ± 1 = 0. 

a 
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Now if A be the area of the triangle formed by joining 
the pointB of contact, and A' that of the circumscribed triangle, 

A ^ /8 — 7 7 — a a— )8 
—, = ±2 cos — — ^ cos ^ cos— -— 
A 2 2 2 

(lH-mn)(l4n ? )(l-h/fii) 
"^^ (l + P)(l+iii')(l+n«) ' 

denoting tan - , tan - , tan^ bj 7, nt, n. 

But, subject to the conditions 

17 1 1 1 7 

fnn + nl+lm^ 1-— +y— =sA;, 

mn nl Im ' 

(1 + mn) (1 +nQ (1 + &n) = (l + i) (1 + PmV), 

(1+?) (l + m«) (l + n«) =*(!-*)• (I + ?mV), 

A 2(1+Jfe) A» 4(1 + A)* a*6» 

whence -=±.^^— ^, or — = .^^-_^ = -^. 

It follows that if two concentric conies be such that triangles 
can be inscribed in one and circumscribed to the other, and 
ABC be anj such triangle, A\ B\ C the points of contact 
of the sides, then AABC : AA'B'C is a constant ratio, which 
is also the ratio of the areas of the conies when they are 
ellipses, and is the ratio of the areas of the triangles mter- 
cepted Dctween any tangent and the asymptotes, when thej 
are hyperbolas. 

We also see that the system of equations 

cos)8 C0S7 . Bm/3 sin7 ,1 . ^ 

—J— + — B— + 3TB=^' *«•' 

is eqalTalent to either of the systems 

(1) tan|t8n^ + tan|tan?+tan?tan| 

= cotfcot| + cot|cot| + cot|cotf = -(l + H^), 

(2) 8b08 + 7) + 8m(7+o) + sm(a + /8) = O, 

/3-7 7-a a-fi AB 

2cos-^co, — cos^ ^^-j-gj,. 



F2 
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ON THE STRESS EXERTED BY A RIGID BODY ON A 

FIXED POINT RIGIDLY CONNECTED WITH THE BODY, 

WHICH IS REVOLVING SPONTANEOUSLY 

ABOUT THE POINT. 

By William Walton, M.A., Fellow of Trinity Hall. 

THE object of this article is to prove that the square of the 
stress on the fixed point is, throughout the motion, equal 

to u + v(—jy where u and v are certain constants, a> the 

angular velocity of the body about the instantaneous axis, 
and p the portion of the instantaneous axis which is inter- 
cepted between the fixed point and a certain centric quadric 
surface, fixed in the body, of which the fixed point is the 
centre. 

Let the body be referred to a system of fixed rectangular 
axes passing through the fixed point. Let cd be the angular 
velocity of the body about the instantaneous axis at any time 
tj and let «^, cd^, oo,, be the components of the angular velocity 
about the axes of coordinates. 

Let M denote the mass of the body, X, F, Zj the com- 
ponents of the reaction of the fixed point, and a, )8, 7, the 
coordinates of the centre of gravity of the body. Then 

X,M^. Y=3,% Z^mQ. 

yj da o d^ dy ^ 

Now ^ = fi>^7-«A ■;^=«.«-«*7, -^ = ft>^-a>,a; 

hence -if =7-|r-^ J. + «^(a,^-.«^a)-a).(a).a-a).7), 

with analogous expressions for -^-5- , -^ . 

Imagine the axes of coordinates to coincide with the prin- 
cipal axes of the body at the end of the time t] and let 
«,, 0),, «,, be the corresponding values of 00^, w^, «, : then, as 
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is well known, —^^ , -j^ , -~ , are respectively equal to 

dcj. do> dcO rm r> i • i i» 

"^ ) -^ > -^ • Thus, 0, p, y, now denoting the coordinates 

of the centre of gravity in relation to the principal axes as 
axes of coordinates. 



.11 . i. d^& , d}^ 

* with analogous expressions for -^ and -^ • 

L9t a, 5, c, be the moments of inertia about the principal 
axes through the fixed point : then, by Euler's formulee, 

Hence ^ = (* + ^ - «) • ^ • (*^«f + ^«s) - « (<»/ + «a')) 

^= (a + J-c). ^ .(aa», + JiSo),) -7 (»,* + »,■). 
Let ^ be the resultant pressure on the fixed point : then 

fa+6 — c / Tr»\ /• tx^* 

+ |— ^j — .»,.(aao», + J^o»,)-7« + o»,')|. 

In the expression for -yr the coefficient of a' is equal to 
or, since to^ + o),* = »' — a>,*, to 

O) + », -^Olj H ^ ^ CD, + ji CD, - <J» J- . 
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But, as b well knowD, 

where /(t + c)-^' 

^» ^ • 

Thus o», + i -3 — i- «, + -i — -p — - », — 2o> 

_ ^«( ^ , a{c + a-hy a{a + b-cy ] 

~ \{c-a){a-b)'*' c{a-b){b-c)^ b{b-c){c-ay i 

\bc \a{c+a-bY \ a{a + h — cf 

"•" {c-a) {a-b) ■•■ c (a-6) (i-c) "'' F(i-c) (c-o) ' 

But, as may be ascertsdned by the performance of obvious 
algebraic operations, the coefficient of - ot* in this last ex- 
pression Lb equal to 

(a-b)ia-c) 
be 

Hence the coefficient of a* in the expression for j^i is equal to 

^«, ^« f \^ , \a(e + a-by 

' \{c-a){a-b)^ c{a-b){b-c) 

\a{a + b-cy _ {a-b){a-c) ,\ 
^ b{,b-c){c-a) be j 

_^»f \hc , \a{e + a-hy \a{a + b-cy \ , 

""• \{c-a){fl-b)'^ c{a-b){Jt>-c) ^ 6(6-c)(c-a)P'^'* 

+ ac (a- 6) (a + 6-c)"\3} + X^. 



I 
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Now, substituting for \j \, \^ their values, we easily see that 
6V(6- c) \'^cA{C''a) {c-^-a-byx^-^-ac (a- i) (a+ 6-c)"\ 
is equal to 

-^{6V(J-c) + 6»(c-.a)(c + a-6)* + c"(a-i)(a + &-c)«}. 

The coefficients of £^ and — f- in this es^ression may, by the 

performance of obvious algebraic operations, be proved to be 
equal respectively to 

(i-c)(c-a)(a-J){a"(6 + c)-a(J-c)*-5c(&+c)}, 

and (6-c)(c-a)(a-J){a(& + c)-(J* + c»-5c)}. 

J? 
Hence the coefficient of o^ in the expression, for jf^ is equal to 

But .^(*i^.««- V -i^::^^) {/(J+o) -/} «- 

hence the coeffident of a* is equal to 
K + ^[f{a'{b + c)-a{b-cy-bc{h-\-c)] 
-g' {a (jb + c)~{b* + <?-hc)] 

-5^(a + J-c)(a4c-J)). 

pi 

Agam, the coefficient of 2/37 >° ^^ ezpresnon for ^ is equal to 



c».a», 
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+ Jc (a + 5 - c) 0)3*- 2aic®*} 
( (b-^-c-ay ,. ^ , c{c + a~b) , ,. 

Mo + J-c) 
(fl-c)(c-a)^ • 

+ c (0 - a) (c + a - J) (\ - 0)*) 

-2(i-c)(c-a)(a-J)o)*}. 
But the expression 

(6-c)(J + c-a)" + c(c-a)(e + a-i) + 6(a- J)(a + J-c) 

+ 2(J-c)(c-a)(a-6) 

may be shewn, by the performance of obvious algebraic 
operations, to be equal to zero. 

Consequently the coefficient of 2j3y is equal to 

{{b-c){b + c-ay\ 

c + a'-b)\ + b{a' 

■[/{a(6«-o«)(J + c-a)« 



+ c[c-a){c + a-b)\ + b{a"b)[a'\-b'-c)\} 



abc{b — c)[C''a){a''h)^ 

+ bc{c^-a'^{c + a''b) + bc{a*''b'^{a + b'-c)] 

^f[a{b-c){b^c--ay 

+ Jc (c - a) (c4- a- ft) + 6c (a- J) (a + J - c)}]. 

Now, by obvious operations, we may shew that the coeffi- 
cient of y* in the brackets [ ] is equal to 

(6«c)(c-a)(a-fr){6« + c«-a(6 + c)}, 

and that the coefficient of ^g* within the same brackets is 
equal to 

(J-c)(c-a)(a-J)(J + c-a). 

Hence the coefficient of 2/87 is equal to 

^•^{/(i' + c--aJ-ac)-i^(6 + c-a)}. 
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Thus, finallji in virtue of symmetrj, we see that 

+ ^* {2a/(ai + ac- y-c*) -g* [a-^h-c] [a + e- h)] 
+ ^l \2bf{hc + ha-<?-a*)-g'{p-\-e-a){h + a-c)] 
+ W {2f/(m + c6-o»-6»)-/(c + a-J)(c + i-a)} 
+ ^-^^{f[h*-\-c'-ab-ac)-g'{h + c-a)} 
■^^^^f^^ {/{<? ^■a*-bc-ba)-g\c + a-h)\ 
■^^^^^f^ {n<^' + i*-ca-cb)- a' {a-Vh-c)\. 

IP 

The expression for jp , which originally presented itself in 

a biquadratic form in oo^ c^^, o)^, has been therefore finally 
transformed into an equivalent quadratic form. 

Suppose that b^a: then, q> being supposed to be finite, 
the equation 

shews that each of the quantities a>^, a>,, a>,, must also be finite. 
Therefore either of the equations 

fe { fib + c)-ff' .] 

'"•~(c-a)(a-A) t 6c j' 

eg | /(c+a)-/ I 

*'«~{a-J)(6-c) t CO " j' 

shews that »* =-^ + 5Ll£ , 

a ca 

Hence ^._ °& [ /(a + 6)-g' .) 

_ «/-/y' 

~c(a-c)» 
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74 Stress Exerted by a Rigid Body on a Fixed Point 
and therefore o/ + w/ = »* — oi,' 

a oc c (a — c) 

_/ «/-/ 

a a(a — c)* 

Next suppose that cs=0: then, since q>* is finite, the 
equation 

a ca 
shews that -^^^ — 2_ ig finite, and therefore that af^g*. Hence 

+ -^-^ (2a -^ + (7« - 2a/j . 

Since, however, c = 0, every material particle of the body 
brresponding principal axis: it follows therefore 

f = : hence, — — ^ bebg finite, 
c 
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But, patting af^g^ In the expression for fi),'H-tt)g', we see 

f 
that o " + c» * = - : hence 
^ ■ a 

The hypothesis implied by the relation c = 0, is equivalent to 
limiting the general problem to the following case : 

"A rigid body, every portion of which is immaterial, 
except a thin linear filament of which the mass is M^ revolves 
about one of its points regarded as fixed : to find the pressure 
on the fixed pomt." 

The result R^M^ [<o^ + a>,") 

shews that the pressure is, as it plainly ought to be, inde- 
pendent of ft)/. In fact, the rigid body is substantially a 
straight rigid rod attached to a fixed pomt, and our general 
expression for ^ is a generalization of this simple case of 
centrifugal pressure. 

The general expression for-,^. Is of the form 

^ = ^0)/ + -Ba),»+ (7<+ 2^'ft>,ft>,+ 25'fi>,ft>, + 2 C'ft),ft),+ ^^ , 

whence, putting a>,=ft) cosX, o>,=ft> cos/i, ft)g=o) COS7, we have 

, >a ^ =A cos'X + £cos*ii + C7cos*K 

+ 2-4' cos/A cosK + 25' cosk cos\ + 2C cosX cos/i. 

Thus — ^ [IP - u) varies as the square of the reciprocal of the 

radius vector p of the quadric surface 

Ax^ + By" + Cz^ + 2Ayz + 2B'zx + 2 C'xy = 2>, 

referred to the principal axes as axes of coordinates; and 
therefore 

where u and v are constants throughout the motion. 
January 17i 1870. 
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NOTE ON EUCLID, BOOK VI., PROP: 7. 

By J. F. Wolff, Jun. 

TUB. Walton, in No. 35 (March, 1868) of the Quarterly 
Journal^ gives a different demonstration of the 7th Pro- 
position of the 6th Book of Euclid. 

There is still a more direct demonstration, which shews 
the whole bearing of the proposition and reduces it to a case 
of ambiguous equality. 

Let the triangles ABCj DEF (fig. 9) have one an^le 
of the one equd to one angle of the other; namely, 
lBAC=lDEF^ and the sides about two other angles ABCj 
jEDi?' proportionals, so that AB\BC=EDi 1)F. 

In the triangle ABG^ produce BG to any point Z, and 
from the vertex A make AO equal to -4(7, and the angle 
OAL equal to the angle ABC. 

From the point A make A M equal to DE^ and from M 
draw MN parallel to BL. 

Then L BCA = lAGL^ and L ABG^ l GAL. 

Therefore the triangle A GL is similar to ABG. 

But the triangle AGL is similar to the triangle AMO^ 
because MN is parallel to BL. 

Therefore the triangle ABG is similar to the triangle 
AMD J and AB : BG== AM : A 0, but we have also 

ABiBG^EDiDF. 

Therefore AM lAO^EDi DF. 

But AM=^ DE] therefore AO = DF. 

AO is also equal to AN by construction, and the angle 
AMD being equal to BA C must also be equal to the angle 
BEF 

Therefore in the triangle AMOj as well as in the triangle 
AMNj we have two sides {AM and AO in the one, and AM 
and AN in the other) eaual ta the two sides BE and BF 
in the triangle BEF ana adjacent an^le AMN in each of 
the triangles equal to the adjacent angle BEF of the given 
triangle. 

The question now arises whether the trianrfe BEF is 
equal to the triangle AMO^ or to the triangle AMN. (We 
know already that AMO is similar to BAG). 

The second condition given in Euclid discards all am- 
biguity in this case, and it is easily proved that the triangle 
AMO and not AMN mnst be equal to the triangle BEF. 

If the remaining angle is a right an^le, AN and AO^ or 
A G and A G coincide ; and the equality is obvious. 
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THEOREM ON THE ACTION OF AN ELECTRIC 

CURRENT IN A HELIX WOUND ON A CYLINDER OF 

ANY FORM UPON THE POLE OF A MAGNET. 

By Percival Frost, M.A. 

T ET jST (fig. 10) be the north pole of a magnet acted on by 
a helix wrapped round a cylinder of any form, PQ an 
element of the helix, h the aistance of the threads, NO 
perpendicular to the plane of the turn of which PQ is 
an element, the action of PQ takes place perpendicular to 

the plane QPN and is measured by — — j^pt — j where 

t is the intensity of the current and fi the magnetic fluid in N^ 
and the conrponent parallel to the axis of the cylinder by 
ifi.PQ^inQPN UO.^^j,, ,. , , p^ 

-^- — ja^pi^ — *~fm ^ ^^ "® perpendicular to PQ. 

Consider the action of the portions of the wires lying in 
the rectangle PP'QQ^ whose sides are parallel and perpen- 

PP' 
dicular to the axis, the number of elements is — ^ ; there- 
fore, the whole action of these portions is 

tfi.PQ.PP' sinQPN.UO 
h.NP\UN 

With N as centre describe a sphere of radius a and project 
PP'QQ upon it into ppqq* The inclination of the areas is 
that of OU and AT, which are normals to their planes; 
therefore 

area PP'QQ. ^: area pp'^q : : NP' : a"" ; 

therefore the action parallel to the axis is 

ifi.NPsinQPN , , ifi 

^,pry xsie;ij>pqq = j^,Xt^eappqq. 

Hence the following curious theorem is true : 
The whole action of a cylindrical helix on the pole of a 
magnet in the direction of the axis of the cylinder varies as the 
projection upon a sphere of all the parts of the cylinder on 
which the helix lieSj doubled if they overlap. 
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As an application of the theorem take the cyclinder cir- 
cular and the pole in the axis. 

The projection is the area generated by be (fig. 11) round 
the axis 

= 27ra* {coBcNa - cos J-Na), 

if r be thcTradius of the cylinder, 2l its length, the action on N 

if n be the number of turns, or nh = 2Z, and N bo supposed 
to be within the cylinder; which is the formula used by 
Haedenkamp, Pogg. Ann. Bd. 78, 1849. 
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ON THE EVOLUTES OF CUBIC CURVES. 
By Henby M. Jefpekt, M.A. 

1. T'HE evolute of a curve of the second class (w« = 0) can 
be expressed in the form (Wjt?,= 16A*), if (« =0) 

denote the equation of the reciprocal curve {Journal^ Vol. x., 
^. 332-336). It has been explamed that this form exhibits the 
x)ci of the conic and its reciprocal as common to the evolute. 
Also, if u =0=/i,itj, + iic(4A'), i?,=0 = fA^^ + \(4A"), so that 
fAjA^jMsM* aenote the foci, this conclusion readily appears from 
the equation to the evolute. In like manner, if (Wg^^) (^6=^) 
denote the equations to a cubic curve of the third class, 
and its reciprocal curve (continiious for Spherical Geometry, 
but degenerating into pomts for Plane Geometry), the eaua- 
tion to its evolute may be written ujo^-^- 16A*.m?^ = 0, it w^ 
denote an auxiliarv curve of the fifth class. It will also bo 
shewn that a simple adaptation of this form will exhibit the 
evolute of a cubic of the third order. 

2. To investigate the equation to the evolute of a non- 
singular cubic of the third class. 

Let the equation be written in the canonical form 

«/'■*■ V+ cA'+ Wgh^O (1). 
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The equstion to the erolute Is the eliminant of this and two 
others, which denote the point of contact and the perpen- 
dicularity of the normal : 

(of + 2dgh)j> + [bg' + 2dfh) q+{ch*+ Ufg) r = ... (2), 

fP-^gQ-\-hB = (3), 

if P denote a{ap-hqixaC—cr coaf ), and Q, R are similarly 
interpreted, so that />P+ qQ-\-rB= 4 A*. 

For the convenience of the analysis, write (1) in the form 

AP*f* + BQ^/ + C^h* + 6DPQBJgh = (4). 

Also use the sabsidiaiy qaantities L, if, N, H thus defined : 

L = AI^ + D{I^-Qq-Br) 

M=BQq-{-D{Qq-Br-Pp) 

N=CBr-\-D[Br-Pp- Qq) 

-H^MN+NL +LM. 

The following ratios of /P, gQ, KB may be obtained from 
(2) and (3), 

fP[L->J[n)^gQ{M-^,l{H)], 

gQ{M-^/(H) = hB{N+>^{H)], 

hB{N-sl{H)^fP{L^,f{H)]. 

Hence ^ ^~ ^ 

nence ^_^ ^^^ - ^ _ ^^^ Z + Jlf ' 

By substituting these ratios in (4) 

-A{{M-\-.J{H)]*-B[L-^[n)Y + C{L + M)' 

+ 6i){l/+ V(S)} [L- >J{B)] (X + J/) = 0. 
By symmetry, 

-B{N-v^[H)Y-C[M-^[H)Y + A{M+NY 

+ 6Z> {JV+ ^/(H)] {M-^{H)] {M+N) = 

-C{L + ^{H)}'-A {N-^{H)Y + B{N+Ly 

+ eD{L + V(i7)} {N- V(S)} {N+ L) = 0. 

By adding the three last equations 

^|[H][A{2P-^P)■\■Bi,D-N^^■C(_^r-U)] 

=A (M+N){H-MN)-tB{N+L){H-NL)-i- C {L+M){H-LM) 

-6D{M+N) {N+ L) {L + M). 
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l-JT S-LM)} 



■mtkii |(e- 






a h c 



'^.^^'^5* + crP'<?') 

•,!*>< --.T G«»-ff) md (in Spherics) 

« ^-.WHMttiuii)|p tvigfiitial coordinate of 
...^ «i%« -^mrod to tbe polar triai^le 

n^^^ t*i ^EW fitttor (Sd^-^abc) is the 

— i :t» ottbfc. If the factor be 

^ ,. . .»»c»^ tki9 tbe three given comcident 
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3. To determine the equation to a non-sing^ar cubic of 
the third order. 

By interchanging the variables p, j, r. with P, Q^ R in 
the resulting equation of §2, we may ootain the required 
equation to tne evolute of the cubic 

The principle of the process is best seen in Spherics^ where 
both the pnmitiye ana reciprocal curves are fimte. 

4. To investigate the Boothian equation to the evolute 
of a non-singular cubic of the third class. 

The equations to the curve and a point of contact} and 
the condition of perpendicularity of the normal, are 

*(/,«/)»o, (f-/)^+(,-^)^|=o, y?+iri;=o. 

Their ellminant determbes the evolute. 

A noa-smgular cubic of the third class is thus denoted : 

<»/* + V + « + ^& = 0' 
The equation to its evolute is 

^* (P - V)* - 3crffv (f - ff) (if + a-n) + cu?f,* - WP 

= [^ (r - V)* - Wf, - cf, (ai, + J?)) 

This may be otherwise expressed ; 
(a{» + V + c + 6<ff9) { JVf* - 2 (oJc + 1(W) fff + aV} 
- (f 4 ffy (8d' + ale) {- 6«iPi,'+ aff{fi*- 2^) + Jf (f- 2i,')}. 
Cheltenham, JioM 1» 1870. 

(To be continued). 
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NOTE ON A RELATION BETWEEN TWO CIRCLES. 

By Professor Caylbt. 

poNSiDEB any two circles 0, Q ; and let A (7, BD^ AU^B'C' 
^ (fig. 12) be the common tangents touching the circles in the 
points A^ ^', -B, jB', (7, C\ D^Ui the locus of a point P 
such that the pidrs of tangents from it to the two circles 
respectively form a harmonic pencil, is a conic through the 
8 points A^ A\ jR B\ (7, (7, 2>, 2>'; but this conic may 
break up into two unes, viz., if (as in the figure) the points 
-4, B\ ly^ D are in a line, then the points (7, C\ A\ 5, will 
be in a symmetrically situated line, and the conic breaks up 
into this pair of lines, meeting, suppose in K. The condition 
for this, if a, d are the distances of the centres from a 
fixed point in the line of centres, and if the radii are c, c' 
is reaoily found to be 

(a-a')* = 2(c'' + 0. 

Suppose in general, that (given any two conies) the point 
P* is the intersection of the polars of P in reg^ard to the two 
given conies respectively ; then if P describes a line, the locus 
of P' is a conic passing through the three conjugate points 
of the given conies ; if, however, the line which is the locus 
of Ppass through one of the conjugate points, then the conic 
the locus of P' breaks up into a pair of lines, one of them 
a fixed line through the other two conjugate points, the 
other of them a line through the first mentioned conjugate 
ipoint. That b, if the locus of P be a line through a 
conjugate point, the locus of P' is a line through the same 
conjugate point ; but in every other case the locus of P is 
a conic. 

Reverting to the figure of the two circles, in order that 
it may be possible that the two lines AB and BG may 
be loci of points P, P', related as above, it is necessary 
that K shall be a conjugate point of the two circles ; that 
is, if the two circles intersect in points A, A' lying symmetri- 
cally in the radical axis, which meets, suppose, the line of 
centres in if, then it is necessary that A shall be one of 
the anti-points of A, A'; or what is the same thing, the 
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distance KM must be = t Into 3fA or MA* ; this condition, 
if as above (a — a')* = 2 (c' + c'*), iraplies c^^c*^^ and we have 
then (a — a')* = 4c", that is, the circles must be equal, and 
the distance of the centres must be twice the radius, or what 
is the same thing, the circles must be equal circles touching 
each other; when this is so, the two lines ADy BO being 
then lines at right angles to each other intersecting in the 
point of contact, have, in fact, the above mentioned relation. 
And it thus appears that given two circles, the necessary 
and sufficient conditions for the coexistence of the properties 
mentioned in the theorem are that they shall be equal cirdea 
touching each other. 



ON THE PORISM OF THE IN-AND-CIRCUMSCRIBED 

POLYGON, AND THE (2, 2) CORRESPONDENCE OF 

POINTS ON A CONIC. 

By Prof. Caylbt. 

THE present paper includes, as will at once be seen, much 
that is perfectly well known ; but the separate tneories 
required, it seemed to me, to be put together; and there are, 
particularly as regards the unsymmetrical case afterwards re- 
ferred to, some results which I believe to be new. 

The porism of the in-and-circumscribed polygon has its 
foundation in the theory of the symmetrical (2, 2) corre- 
spondence of points on a conic ; viz. a (2, 2) correspondence 
is such that to an^ given position of either pomt there 
correspond two positions of the other point ; and in a sym- 
metrical (2, 2) correspondence either point indifferently may 
be considered as the first point and the other of them will 
then be the second point of the correspondence. Or, what 
is the same thing, it x, y are the parameters which serve 
to determine the (wo points, then x, y are connected by an 
equation of the form (») (x, I)' (y, 1)* = 0, which is sym- 
metrical in regard to the two parameters (a;, y). In the 
case of such symmetrical relation it is easy to show that 
the line joining the two points envelopes a conic. For the 
relation may be expressea in the form (»3([1, x + y, a?y)'' = 0; 

.0 2 
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we may un»g«»e ^ oKwdiiiates (P, a J?) fixed b soch 
manner that for the point (x) on the firet conic we have 



manner tn»v *^* "-^ /-•"* v-/ ".« uw nrw come we bave 
p.^:5«l:^:^, and for the point (y),P:C:JJ=l:y:y. 

the eqii»tioiirf™™ejo"»ing the two points is, then, 

1, x,a^ 

h y, J^ 

that is P^" 9(a? + y) + J? = 0, 

or repreaenting this by 

we have f :i?: jr== «y- "f r^ " ^ 5 ?°d consequently (f, 17, f) 
are connected by a qoadnc eqaation; that is, the enyelope 
is a conic 

The relation (♦Xa:, l)'(y, 1)* = 0, whether symmetrical or 
not, leads as will be presently shown to a differential eqaation 
of the form 

dx dy 

where X, F are quartic functions of a?, y respectively ; viz., 
these are unlike or like functions of the two variables ac- 
cording as the integral equation is not or is symmetrical in 
regard to the two variables. In the former case, however, 
the functions X, F are so related to each other, that the 
two can be by a linear transformation converted into like 
functions of the variables : for instance, if y be changed into 
ay^^h-i-cy^^-d^ then the constants may be determined in 
suchwise that Y is the same function of y,, that X is of 2; ; 
the original integral equation being hereby converted into a 
symmetrical equation (»Xa;, l)*(y„ 1)' = between x and y^, 
so that in one point of view the unsymmetrical case is not 
really more general than the symmetrical one. It is to be 
added that the integral equation contains really one more 
constant than the differential equation (this is most readily 
seen in the symmetrical case, the differential equation depend 
only on the ratio of five constants a, i, c, c2, e, whereas the in- 
tegral equation depends on the ratio of si^ constants] so that 
the inte^al equation is really the complete integral of the 
differential equation. 

Attending now to the symmetrical case ; if A and B are 
corresponding points, then the corresponding points of B are 
A and a new point (7; those of C aro B and a new point 
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Dj and so on ; so that the points form a series A^ By Cj D,..^ 
and the porismatic property is that, if for a given position of A 
this senes closes at a certain term, for instance, if D = A^ 
then it will always thus close, whatever be the position of 
A. And this follows at once from the consideration of the 

differential equation ,, ^> = .,Vx j viz., as this is at once 

integrable j>er se in the form 

n{y)-n{x)^n{k), 

this equation must be a transformation of the original equa- 
tion (♦Ja?, l)'(y, 1)* = 0, and equally with it represent the 
relation bet wen the parameters a-, y of the two points A^ Bz 
the constant of integration k is of course completely determmea 
in terms of the coefficients of the last mentioned equation, 
assumed to be given. 

Hence forming the eq^uatlons for the correspondences, 
J?, C7; Cj D... and assummg that the scries closes F^ A\ 
we have 

n(5)-n(y)«n(i), 
n(lc)-n(M) = n(A); 

where, however, the n {x) of the last equation must be 
regaraed as differing from that of the first equation by a 
period, say X2, of the integral ; hence addmg, we have 

G = wn [k)y 

or n(A) = il2, 

which gives between the constants of the integral eauation 
(♦3[a:, I)* (y, l)"=iO, a relation which must be satisfied when 
the series, closes at the n^ term (viz. when the term after 
this coincides with the first term) ; and this relation b in- 
dependent of Xy that is, of the position of the point A. 

The analysis in regard to the differential equation is as 
follows : 

Consider the equation 

Z7= y (a»* ■\-2bx + c ) 

4 2y [a a? + ^Vx + c' ) 

+ (aV + 26"« + c") = 0, 
say Z7= (P, Q, BJy, l)'= (i, Jtf, i^x, 1)« = 0, 

we have dU=^0 = {Ptf-¥Q)dy-^[Lx + M)dx. 
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But the equatioiv tr=x (y glvea^ 

{Lx-\-MY = iP-'NL, 
and the differential equation therefore becomes 
dy V(G"- PIi)±dx V(3f*-iVi)=o; 

viz. It Is 

dy 

dx 

^ ^/{{aa^ + 2&C + c) (a V + 2b"x + c") - (aV 4 2^0: 4 c')*} 

Suppose the equation Is 

y^ {aa^ + 2hx+g) 

+ 2y{hx* + 2bx'¥f) 

+ (^«*+2/B-f c)=:Oy 

then the differential equation is 
^ 

dx 



= 0. 



= 0, 



== VKoa?" + 2Aa; + (7) (^'' + 2fx + e) - {ha? + 2bx +/)*} ' 
sav _^_±dx 

Now Btartmg from the differential equation 

dx di/ 

V((a, b, c, d, ejx, \Y} - * V{(a,J,c,«i,cXy,in ' 

the integral equation is known to be 

r V{(a, &, c, (?, elar, !)«} - V{(a, ft, c, d, eJu,, m 

= a (a!+y)« + 4j {x+y) + 6d, 

where d is the constant of integration. Writing, for short- 
ness, X^m (o, b, c, d, e$x, 1)*, y= (a, J, c, <£, eXy, 1)*, this is 

X+Y- 2 ^l[XY) -a(a!'-y7+4J (x-y) (x'-y«) + 6<?(«-y)*; 
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or, what b the same thing, 

a(a;V3^*)-2V(-5:r)=a(x^-3^'+4J(a;-y)(x'-y')+6%-y)», 

+ ec{x^y^ 
4 4rf(aj +y ) 
+ 2e 
yiz. this gives 

+ 2J(a:?'y + a^ 

+ 2rf(a;+y) 
+ e, 
and rationalising, the integral equation becomes 

-4adii?y(aj-f y) 

+ 4iVy' 

+ I2bcxtf (aJ + y) - 12 Jfey (aj 4 y) 

-4Je(a; + y) 

-12crf(a?+y) 

+ 9fl*(a?-y)'-12J^(ar4y)-6€^ + 4(r=:0; 
or, as it maj be written, 

ajy(4J"-6a^ 
+ («*y + ajy") (-4a<?+ 12ic- 12J60 
+ (^'-♦•y') (-ae + 9c'-18c^ + 9^) 
+ a^^ (-2ae-8W-hl8c*-18^ 
+ («+y) (-4Je + 12a?-12rf^. 
+ 4rf»-6€^ = 0. 
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CompanDg this with the original integral eqnatlon F=0, 
and the fonn of differential equation dMooed therefrom, we 
oaght to have identically 

[(45»-6a^a:* + (-2«k7+6Ac- 66^}x+ (-oe+Sc'- 18c5+ 9^] 

X [(-oe+Sc*- 18c^+9^)a:*+(- 2Jc+ 6crf- 6<W)x+ (4<r- 6e^l 

-[(-2<K?+6Ac-66^x*+(-o«-4W+9c»-9^« 

+ (-2Je + 6orf-6rfd)]« 
= multiple of X 

= {(-4a<;»-4JV+24j«f)+(6ae-24W-54<0 ^+108c^-54^} 

X (o, J, c, «i, eXx, 1)*, 
by comparing the coefficients of a;*. 
I obtun uis otherwise. 

Write F=atr+6/9J3; 

then, formiog the Hessian of F, we hare 

EV^ («• - Ziff) H+ {lafi + 9J)9^ U 

= ^''"g^^^ (F-a«7) 4 {Iafi + 9JfiF) U 

= '^\f^ F+^(-a' + 97a/y4 54//^) D; 
that is 
rf/Fcf/F- (rfXn* - ^^'^^ {a:»rf;F+ 2ayJX^+3^''/^) 

or wntmg A = ^ — g -' , 

this Is {d:V+Kf){d;V-k-K:^)-{d,d,V-Kxy)* 

94. 

= J {-<e+9lal3' + 6iJ^ U, 
80 that the components are 

d:V^Kf, d,d,V-Kxy, d^V+Ka^, 
V=aU+ 6ffH=: a{a^b,c,dt ejx^ l)* 
+ 6/9 (oc - h\ 2ad - 26c, «+ 2W - 3c*, 2Je-2c(^ ce- <r)t(x, 1)*, 
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viz. components are 

[m+%^{ac-b\ aJ+3/9(«K7- Jc), oc+i8(ae+2W-3c«)+TJj KJx^Vf, 

(aJ+3/3(a<f-ic), ac+/3(<fc+2W-3c')+^^, (id+Zp[he-cd)Xx,\)\ 

(ac+/3(ae+2W-3c»)+TV^> ad-\-^fi[fie-cd), ac+6/9(ce-<i'')3[x,l)*, 

-._ 2(a''-3//y) 

I assume ;8=-|, a = 4c-6^, ^=3 {(4c-6^'- J7). 
aa + 6i8(ac -6')=o(4<!-6^ -4(ac -6*) = 4J''- 6a^, 
oJ + 3y9 {ad-bc) = b(iM- 60)-2{ad- hc) = ~ 2ad-¥ 66c - Bbff, 
ad-\- 30 {be -cd)=d{ic-G0) -2{be - cd) = -2be + 6a?-6rf^, 
oe + 6/8 (ce -<;•)= «(4c- 6^) -4 (ce - «?") = *<? - 6c^, 
oc 4 /? (a« + 2 W - 3c*) - ^JT 

= c (4c - 6^) - 1 (oc + 2W - 30") - 4 {(4c - 65)' - J/} 

= -|ae-2W+f<?-|(9», 
ac + y8 (oe + 2 W - 3c') + T^^ 

= c(4c-6^-|(a«4 2M-3c») + i{(4c-6^)*-ji} 

= -a« + 9c*-18c^4 9e*, 

i^;reelng with the fonner result. 
I return to the general form 

y* (a, b, c Jx, 1)" 

42y(a', f, c'lx,])" 

4 (a",J",c"Xa:,l)« = 0, 
pving 

V[(a, J, cXx, 1)' (a", 6", c"I;r, 1)' - {(a', 6', cXor, l)'n 



" V[(a,a',a'ty,i)*(c,c',c"Xy, 1)*- {(J, i', i'ly, O'lT • 

Operate a linear transformation on the a?, say 

a? = — T"; — ; 
yx +p 
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the new coefficients are 
(a, J, c J\, vy, (a, b, c JX, vjji, p), (o, J, c Jji, p)», 

(a; b\ c'X^yf, («', *', o'X\yjM,p)r K i', c'I/*,/>)*, 

(a", ft", c'lX, v)«, (a", 6", c"][X, v^^, p), (o", &", c"I^, /,)»: 
iissame now 

(ft' + ^X+ cV - J/x - cp «0, 
a"\ + i'V - a> -(y4-^p = 0, 
yx + e^'v -(J'-^);i- o> =0, 
then it is easy to show that 

(a, i, cJX, v30, p) = (a, J', c'X^', v)", 

(a, J,c3[M,pr =(a",J",c"3[X,vr 

[= (a', y , cOex, v3i>, p) + ^ (Xp - H], 
and the equations give 



a' ^ V ^ Oj ^ f ^ 
fc' + d, c' , 6 , c 
ft" , a' , y + ^ 



a 



= 0, 



that is 



} C J — 0f c 

[a'c' - &" + ^* + {a"c" - h"*) {ac - J»), 

- (a'5" - a"b' + a"^) ( Jc' - b'c + c&) 
+ [a'd' - b'b" + b"e) {bV - a'c + bO) 
+ {b'V - a"c' + Ve) [ad - bb' + b0) 

- {b'c" - b"c' + d'ff) {ab' - a'b + o^ = 0, 



which is 

{a'c'-b'*Y-\-{a"c"-b"^{ac-b') -20 

+ a'*{-cc") 

+ b''{-ac"-2bb"-a"c) 

■^c-i-aa") 

+ 2b'c'{ab" + a"b) 

+ 2c'a'(-W") 

+ 2a'y(J«'' + ft"c) 



dj bj c 

o', y, c' 
_<• I" «" 

+^(2 (aV-&'»)-<ic"+2J6"-o"c) 
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Note on Rhtztc Curves. 
If the original matrix be svmmetrical — 



-26 



«> ^i 9 
*, ft,/ 

a, A, g 
k,b,f 
9, ft c 



91 

, this is 



+e'[2{fh-h')-ac-g*+2hf) 



ifh-by+{aff-h'){cg-f^ 
+ K'{-cg) 
+ b*{-ac-g'-2fh) 

+ 2bf{af+gh) 

+ 2fh{-/h) 

+ 2bh{fg-\-ch) 

that is 

(i-ff) {{b'-ac) {b+g) + 2 {af + ch*- 2bfh)} 

- 20(abe-af- bg'-ch* ^2fgh) + ^ (4/X-2i»-ac-/)+ ^=0, 

satlsBed bj 

▼iz. the eqaation m is 
{e-¥b-g){0'-ib-g)e' + {4:/h-ac-2bg-b')0 

+ (J» - ac) (J +y) + 2 (a/» + cA" - 2bfh)] = 0. 



NOTE ON RHIZIC CURVES. 

By WiLLUM Waxton, M.A., Fellow of Trinity HalL 

lEt J\x) represent the expression 

a" +i),a!*"* +p^*^ +i'*»"^ +—+/'«, 

-where ^,, »,, i>,v"l'«) ''^ <^11 possible constants. Write- 
u + v V(— 1} for X, where u and o are possible quantities : then 

/[x)=P+OV(-i), 

P and Q being possible functions of u and r. The twO' 
carves P= 0, Q = 0, referred to rectangular axes of coordinates^ 
u and Vy I propose to call rhizic curres, in virtne of their 
relation to the roots of the equation /(a;) = 0, and I proceed 
to investigate some of the properties of these curves. 
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Since the equation f{x) — has m root8| the rhizic curves 
intersect each other at m points. Let 6^ ^, be the inclinations 
of the two curves, at a point of intersection, to the axis of u. 
Then 

^co8d + ^8m^ = (1), 

and ^cos^ + -~^sin^=5 (2). 

But (I refer to mj article on a Theorem in Maxima and 
Minima, Quarterly Journal^ Vol. x., p. 253) we know that 

_j£ — _ _ ^ and "7^ = 3~ 1 hence the equation (2) becomes 

-^'^*+rf5'^*=® ^^^' 

From (1) and (3) we see that cos(d — ^)=:0, and consequently 
that, when there is no multiplici^ at an intersection, 

I. " The rhizic curves intersect each other altoays at right 
angles^ 

Imagine that (u, v) is a multiple point, of v^ multiplicity, 
of the curve P= ; then 

(co8^^ + 8m^0P=O, 

will determine the directions of all its tangents at this point. 
Suppose the multiplicity to be even, and put v^2r. Then, 
as may be seen by reference to the article quoted above, 

-^ cos2rd - -^ sin2r^ = 0. 

Let a be such an angle that 

eyp 

du'' 
tana^jr^. 

duT 

Then the directions of the tangents at the multiple point are 
determined by the 2r values of 0, viz., 

a •"■ +^ 2^ 4a 3^ + a (2r— l)7r-ha 
2r' ■ 2r ' 2r * 2r * •" 2r 
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In like manner} if the multiplicity be even, the equation for 
multiple tangency for the curve (2 = will be, by the said 
article, 

^C082r^+Jf8m2r^ = 0, 
and therefore 

tan2r^ = - cota = tanf— 4-a) ) 

the directions of the tangents being therefore determined by 
2r values of ^, viz., 

I'+a TT+l+a 2^+~+a 37r+|^+a (2r-l)7r+|+a 
"57"' 2r ' 2r~"' 2r~"' 2r 

Consequently, 

II. ^^When a rhiztc curve has even multiplicity at any 
pointy the multiplicity is equiangular.^'^ 

III. " When the two curves intersect at a point of even 
multiplicity^ the rotation^ in the plane of the curves^ of the 
tangents to either of them at the pointy through an angle 

— , wHl bring these tangents into coincidence with the tangents 

to the other at the point.'*'' 

Next, let us suppose that there is odd multiplicity at any 

?oint (tt, v) of the curve P=0, and put accordingly v = 2r+l. 
'hen the tangency is given by the equation 

u + A, v + i, being the coordiaates of a point of the curve 
indefinitely near to (u, t;). 

It is easily seen, by reference to the quoted article, that 

/teven, ...^^„.^„^^^-l-l) ^j^j-, 

and, ,* odd, ...^-,^^ = (-1) , _„ , 

• If the multiplicity of one curve at an intersection of the two be 
eren, that of the other is also eren and of the same degree. 
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Uuii«« th« «<)u«tion of taogency becomes 



(9r+lV2r.(2r-l) «r^<? 

"^ 1.2.3 * "^di^ 

(ar+l)^. (2r -l)(2r-2) ^ , d^P 
■^ 1.2.3.4 '* * Jtt*^' 






vvUU»U U 4H^ukva)«ut to 



+ (^'•-H).g'--( 2r-I).(2r-2) ^^^. 



1.2.3.4 



(*r+l)_^r . 
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whichy if A, ky be replaced by p cosd, p sintf, respectively, 
becomes 

^^C08(2r+l)^—^8iii(2r+ 1)^ = 0. 

Thus, if j5-^ = tana, 

tbe attitudes of the tangents at the point are given by the 
following 2r + 1 values of ^, viz,, 

g w + a 2^4 tt 2nr+tt 
2r+l' 2rTT* 2r + l * "• 2r+l * 
Thus we see that 

IV. " When a rhtetc curve has a point of odd multiplicity ^ 
the multiplicitif is equiangular^ 

Let us now consider odd multiplicity in the curve C = 0, 
the equation of tangency being 



I du dv, 



,j «=«• 



Now, it is easily seen that 

Meven,,., ^^^^,,^^^ ==(-l)i^ ^-^, , 
d*^^0 d*^^P 

and, ^odd,...^j^4-^ = (-ir-|^^. 

Hence the equation of tangency becomes 

(2»-4 l).2r rf-^f? 

~ 1.2 * '^ rf«"^' 

(2r4l).2r.(2r-l) rf^'P 

1.2.3 " * rftt'^' 



^, ,^^.(2r+l).(2r) rf-"P 
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which nutj be written 



d^'P[2r+\ (2r4l).2r.(2r-l) 



4 (_ 1)- {^^■^^)'^^ j^rj^x 

and therefore, ^ denoting the angle of tangencj, 

^^^C08(2r+1)^ + -^^,-;:,, 8in(2r+l)<^ = 0. 

dT'P 
Hence, if . .^^ ■ = tana, 

we tee that 

tan(2r + 1) <^ = - cota = tan (^ + «) > 

and consequently the positions of the tangents are given by 
the 2r + 1 values of ^, viz. 

jTT + a TT + ^w + a 27r-f ^^-f-g 2r7r + ^7r + a 
2r+T' 2r-fl~' 2rTi * *" 2r+l 
Thus we see that 



V. " When two rhtzic curves intersect at a point of odd 
multiplicity^* the proposition III., stated in relation to even 
multtplioitjfy still nolas good^ 2r being replaced by 2r+l. 

Prof. Cavlcy's addition ( Quarterly Journal^ Vol. x., p. 262) 
to ray article on a Theorem in Maxima and Minima, makes 

* If the muItipHoitf of one t^xrt^^ at an intersection of the two» be 
odd, that of the other m also odd and of the tame degree. 



tt 
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it evident that the Question was not left in its complete state 
by me. What be nas shewn in relation to the particular 
case of double points may be generalized for all even multi- 
plicities. 

Take my formula, p. 257, viz. 

[2r(P'-P)=p«'|^co82r^-^Bin2r^| + &c [A). 

Take also, (from p. 256)^ 

^8in2r^ + ?^^co82r^ = (S). 

Ist. Let^-5;r = 0. Then 

L2r(F-P) = .p-^?sin2r^+... 

aud -Tir cosra = 0, and therefore co82ra = 0^ 

smce -T-^ cannot be zero when -^-^ = 0. 

Hence 2r0=n7r+ — , where n has all values 0, 1 , 2, ...2r- 1 . 
Then 

L2,(P'-P) = (_Pp-J?+..., 

and therefore P* — P is alternately positive and negative as n 
has successively the values 0, 1, 2, ... r — 1. 

Next, let ^-^ = 0. Then 

[2r(P'-P)=p-^^C082rd+..., 

Jtrp 

and -T-^ sin2rtf=0, whence 2r5=w7r, where n has the values 
0, 1, 2,...2r-l. Thus 

L2r(P'-P) = H-p-^f+..., 

which is alternately positive and negative for the succe^ilve 
values of w. 

VOL. XI. H 



Digitized by VjOOQ IC 



98 Note on Bhiztc Curves. 

Next let -T-^ and -^ ^ be neither zero. Then 
du au 

and, if a be a value of from the equation, 

d^ 

tan2r^=-^^, 

^^ 

then 2rtf = ww + a, where n has the values 0, 1, 2, ..., 2r- 1, 
and therefore 

[2r (P'- P)= (-) .p*' cosa ^rp +-, 

and therefore P' — P has alternately + and - signs as n re- 
ceives its successive values. 

This shews that a series of branches pass through the 
point in question on the surface w = Pj tne convexities of 
which are alternately up and down, the value of P being 
a maximum in regard to each of the former and a minimum 
in regard to eacii of the latter branches. The planes of 
these branches in the vicinity of the point, by what has 
been written above respecting rhizic curves, divide cylindrical 
space equiangularly. 
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ON A PROBLEM OF ELIMINATION. 

By Prof. Catlet. 

J WRITE 

P= (o, -X^, y, z)\ G- («', -laj, y, «)*, 

?7= (a, ...Ja;, y, «)% F= (J, ...Xa?, y, «)", 

and I seek for the form of the relation between the coeffi- 
cients (a, ...), (a'j ...)i (^ •••)> (^> •••)) ^^ order that there 
maj exist in the pencil 

a cnrre passing through tv)o of the inta'sections of the carves 

u^o, r=o. 

The ratio \ : ^ maj be determined so as that the canre 
XP+/x^ = shall pass through one of the intersections of 
the curves Z7=0, F=0; or, what is the same thinff, so as 
that the three curves shall have a conmion point; uie con- 
dition for this is 

Rest. (XP+ iiQ^ U^ V)=:% 

a condition of the form 

(x«+/*«',...r(a,...r(^.-r=o; 

or, what is the same thing, 

(a, ..., a', ...r («, -T (ft, -r {\ Hr=o, 

which, for shortness, may be written 

(^,...3[x,Mr=o. 

Suppose this equation has equal roots, then we have 

Disct. Rest. {\P+fiQ^ Z7, F) = 0, 

the discriminant being taken in regard to X, fjk. This is of 
the form 

that is, 

(a, ..., a', ...)«-^— ») (a, ...)"*"^"*^*' (ft, ...)"*"^"""'' = 0. 

U2 
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On a Problem of Elimination. 



It is moreover clear that the nilfactum is a combinant of 
the functions P, Q] and the form of the equation is therefore 



Vila', iff,... ) 



Now the equation in question will be satisfied, 1**. if the 
curves [7=0, F=0 touch each other; let the condition for 
this be v = 0. 2°. If there exists a curve XP+/tA0*=O pass- 
ing through two of the intersections of the curves J/ = 0, 
F=0: let the condition be X2=:0. There is reason to think 
that tne equation contains the factor X2*^ and that the form 
thereof is ii*v = 0. 

Assuming that this is so, and observing that v^ the oscu- 
lant or discnminant of the fonctions Z7, F, is of the form 



we have 



V = (a, 
and consequently 



0' 



(i, ...)' 



m(ai-M»-8i 






MUfNIII-l) 






,»»(»^Jl««-l)+(*-IJ»("+«">J) 



.J«»l« 



Ah .. .yj"!"-'**^"*!!*-';"!"**^) 

which is the solution of the proposed question. Suppose for 
instance n—l, then 

a,i8,... r\*-<-" 






OrlX"*-!) 



(*, ...) 



jm(iii-DH-JCt-lX»»-l) 



If moreover ^ = 1, then 



-e;?; 



. |m(M-i) 






^■KKI-l). 



this is right, for writing P= ax -^ jSy -\- yZj Q^ olx + ffy + 7'^, 
F= iaj + J'y + ft"«, then if two of the intersections of the 
curve [7=0, with the line F=0 lie in a line with the point 
P=0, ^ = 0, then the point in question, that is the point 
[&i-Py^ 7a' -70, ayS'-a'yS), must lie m the line K=0; 
and the condition reduces itselif to 

{ W - /3V, 7a' - y'«, a/S- - a'/85CJ, V, 6")}*-'"-" = 0, 
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where the index \m{m — \) is accounted for as denoting the 
number of pairs of points out of the m intersections of the 
curve [7= with the line F= 0. 

If in general A; = 1, then writing as before P^ax+ffy+yZy 
Q^ax^ I3'y + yzj we have 

where 12 = is the condition in order that the point 
{/3y —ffy^ ...) may lie tn lined with two ef the intersections 
of the curves Z7=(), F=0. Or writing (X, F, Z) for the 
coordinates of the given point, the condition is 

X2 = (a, ,.,)**<-»^« (J, .,.)*"^'^'' i^j Yj Z)i"-^-"= 0. 

I have found that if 

U^ (a, ...Ja?, y, «)", F= (J, -Xa?, y, «)", 

TF= (c, ...X«, y, «)', r= (J, •..Xoj, y, «)', 

the condition in order that the point (X, Y^ Z) may lie in 
lined with one of the intersections of the curves U^ 0, F= 0, 
and one of the intersections of the curves PF= 0, T= is 

X2= (a, ...)^ (i, ...p (<5, ...)"^ (^) -n (-3; Yy Z)"^ = 0. 

Supposing that the curves TF=0^ !r=;0 become identical with 
the curves [7= 0, F= respectively, this becomes 

and the variation from the correct form given above Is what 
might have been expected. 
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EQUILIBRIUM OF ONE HEAVY ROUGH BODY 
ON ANOTHER. 

By E. J. RouTH. 

A PERFECTLY rough heavy body rests in eqailibrinm on 
a fixed sarface, it is reauired to determine whether the 
equilibrium is stable or unstaole. We shall suppose the body 
to be displaced in a plane of symmetry so that the problem 
may be considered to be one of two dimensions. The case 
in which the small displacement is any whatever and the 
fixed surface a horiasontal plane is considered in the author^s 
Rigid Dynamics^ p« 394. 

Let the body be displaced into any position and let O be 
the centre of CTavity, A the point of contact. Draw the 
common normd C'AU. Let ^ oe the an&^le AO makes with 
AU. yp^' the anrfe C AC makes with the vertical. Draw 
-4 K vertical and let be the angle VAG» 

Let A' be anv point on the upper surface in the neigh- 
bourhood of A J join OA' and let tne normal at A' meet AG 
in C. Let AO=^r^ AA'^ds^ and let p be the radius of 
curvature of AA at A. Now 

OA C-vA OA = exterior angle An A' 

= OA'C+AtA'i 

therefore 6 H = i + d6 + — ; 



.(1). 



., ^ dd> cos6 1 

therefore -f- = — ^ — 

eta r p 

Let p' (fig. 13) be the radius of curvature of the lower 
surface at A. We have 

therefore -r- = --f y- ; 

as ds da^ 

xi i- I 1 cos 6 . . 

therefore = -, -f (2). 

p p r 
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Lastly, we have 

^=«n* (3)- 

These three equations will supply all the conditions of 
stability. 

In equilibrium the centre of gravity of the body must be 
vertically over the point of support. Hence ^ = 0. In any 
other position of the body the value of is given by the 
series 

d0 ^ ^d'0 Ss\. 

da d^ 1.2 

If in this series the first coefficient which does not vanish 
be positive and of an odd order, it is clear that the line 
AO will move to the same side of the vertical as that 
to which the body is moved. The equilibrium will there- 
fore be unstable for displacements on either side of the 
position of equilibrium. If the coefficient be negative, the 
equilibrium will be stable. On the other hand, if the term 
be of an even order it will not change sign with S«, the 
equilibrium will therefore be stable ^r a displacement on 
one side and unstable for one on the other side. 

The first differential coefficient is given by (2). The 
second may be found by dififerentiating (2) and substituting 

for •— and -7- from (1) and (3). The third differential 

coefficient may be found by repeating this process. In this 
manner we may find any differential coefficient which may 
be required. 

dQ 
Case L Suppose the body such that -r- is not zero in the 

position of equilibrium. The condition of stability is that 

11^ cos^ 

is negative. On the common normal at A measure a length 
A8=^Zj where 

and on A8 (fig. 14) as diameter describe a circle, then the 
equilibrium is stable or unstable according as the centre of 
gravity lies within or without this circle. Another demon- 
stration of this theorem is given in the author^s litgid 
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Dynamics^ p. 278. For the sake of reference we shall call 
this circle the circle of stability. 

In this reasoning it has been assumed that the centre of 
gravity is above the point of support so that r is positive. 
If the centre of gravity be below the point of contact of the 
two surfaces, the condition of stability is that the first dif- 
ferential coeflBcient of 6^ which does not vanish in the posi- 
tion of equilibrium, shall be of an odd order and positive. 
This leads to the condition that 

1 J_ cos^ 

P P r 

shall be positive, where r is the distance of the centre of 
gravity from the point of contact taken as positive. This 
expression is always positive, so that the equilibrium is always 
staole. For, suppose p to be negative, so that the lower 
body has its concavity upwards, then the upper body must 
also have its concavity upwards, and its radius of curvature 

p must be numerically less than p\ thus - + -7 is positive. 

In the same way, if /> be negative we arrive at a similar 
result. 

Case 11. Suppose the system to be such that, in the 
position of equilibrium, the centre of gravity lies on the 
circumference of the circle of stability. The equilibrium 
is then neutral to a first approximation. Following our 

rule we must consider the sign of ^-5 . Differentiating (2), 

we get 

(/«• " cfo U; "^ r* rp • 

Substituting for —^ its value - + -7 , this becomes 

unless this vanishes the equilibrium will be stable for dis- 
plncompnts on one side and unstable for displacements on the 
otiior side of the position of equilibrium. 

If the surfaces in contact be symmetrical about CA C, we 

1»^^*** ~r f + -A = 0, and tlie expression cannot vanish unless 
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either ^ = or p' = - 2p. The first of these requires that the 
uioviDg body should be on the summit of the fixed surface ; 
the second requires that the two surfaces should have their 
curvatures at the point of contact turned the same way, and 
the radias of curvature of the lower double that of the other. 

If the lower surface be a rough inclined plane, we have 
p infinite. We have then 

d'0 1 (dp ^ A 

If we describe the conic of closest contact* to the upper 
surface at A (fig. 15). we know that its centre lies on a 
straight line AO^ making with AZ an angle a given by 

tana = - — . It is therefore necessary for stability that the 

centre of this conic should lie on the straight line AO^ where 

tanZ40 = 4tan(?^Z. 

d^0 
Case IIL Suppose the system such that -7-^ is also zero 

in the position of equilibrium. Then taking 

d^O _ d /1\ 2 8in<^ cos<^ sin^ 
ds^ " da \zj r* rp * 

we easily find 

rf^ _ rf^ /1\ sin^ d_ n\ 
dJ" " ds^ \z) r da \p) 

/2 cos2<^ _ cos0\ / COS0 ^ 1\ 
\ r* rp )\ r p) 

/4 sin 6 cos 6 sin6\ . . 
+ ( -r' + TV j ""*^ 

* Two propositions are wanted in this paper eoncerning the conic of 
closest contact at any point ^ of a curve. 

1. The locus of the centres of ail conies having contact of the third 
order with the curve at ^ is a straight lineAO making an angle with 

the normal A C, and in front of it, where tan » j -^ • 

as 

2. If G be the centre of the conic having contact of the fourth 
order, then 

co»0_ 1 rf0 

AG' p' da ' 



The 
the 



I first property follows from conies. Considering to be the anele which 
radius vector from the centre makes with the normal and p the radius 
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the first line coDtaiDlQ&: the partial differential coefficient with 
resoect to p and p', the second with respect to ^, the third 
with respect to r. Substituting for r its vdue from 



we 



find 



cos^ 1 1 



■^ - ^ (p ^^ p') + (p + ?) t + p') p- 

--<;?)l©-"-v(UA)-(i.|,). 

The equilibrium is stable or unstable according as this ex- 
pression is negative or positive. 

Let us suppose the upper body when in equilibrium to be 
on the summit of the other, then ^ = and the expression is 
reduced to the two first terms. If the surfaces in contact be 
both spherical, the condition of stability is that the second 
term shall be negative. This is impossible unless p be 
negative. Putting p'^ — Bj the condition of stability is that 
B shall be greater tnan 2/>. In this case we have 

^-2/> = -^(fi-2p), 

SO that the condition of stability is that the circle of stability 
must lie within the circle of curvature of the upper surface 
at the point of contact. The result is that it a convex 
spherical surface rest on the summit of a fixed convex spheri- 
cal surface, the centre of gravity being at such a height 
above the point of contact that the equilibrium is neutral to 
a first approximation, then the equilibrium is really unstable. 
But if tne lower surface have its concavity upwards, the 
equilibrium is stable or unstable according as its radius of 
curvature is greater or less than twice that of the upper 
surface. In the exceptional case in which £ = 2/>, we have 

-^ = 0. But it is unnecessary to examine the higher dif- 

of cunratore of the conic, the property may be easily proved for any 
conic. 

The second property follows from eouation (1) in the text of this 
paper. For, $ being now measured in tne opposite direction, we must 

replace ^ by - y , and r being A O, we have by simple transposition 

the equation required. 
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ferential coefficients of 0, for the ^stem will now consist of 
a sphere rolling inside a sphere of double radius with the 
centre of gravity of the moving bodv in the circumference. 
In this case we know the path of the centre of gravity is 
a horizontal straight line, so that the equilibrium is really 
neotral. 

If the surfaces in contact are not spherical, we must find 

the values of ji (") ^^^ 'jt (-?] '^^ *he position of equi- 
librium from the known properties of the surfaces. This 
may often be conveniently effected by expandmg - and -j in 

powers of «, neglecting all powers of a beyond the second. 
Supposing one body still on the summit of the other, we see 
that if the convexities of the bodies are turned to each other, 
it is necessary, though not a sufficient condition of stability, 

that ^ (- + - ] = and ^ (- + — ») ">© negative. Hence 

as the upper body rolls on the lower the radius of the 
circle of stability must be a minimum in the position of 
equilibrium. 

K the lower surface be an inclined plane, we have p in- 
ficite, and the conditions of stability are 

and ^^^^Jl)-^^n)-s'^ 

cUl" dff* \pj p da \pj p" 

= a negative quantity. 

Substituting for tan^ in the latter expression from the first, 
it reduces to 

C&' " p"" ds'' 
the equilibrium is therefore stable or unstable according as 
-7^ is positive or negative. We may put this into a geo- 
metrical form if we replace the section of the moving body 
by its conic of closest contact. Let be the centre, AO=^r' 
and the angle ZA = cu Then we know that 

,, 3 (1 - ^-^) 
dp \p r J 

as cos a 
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Hence the equUibriam is stable or unstable according as the 
centre of the conic of closest contact lies without or within 
the circle of stability. 

If the moving body be acted on by a centre of force 
varying as the distance instead of by gravity, we may de- 
termine the nature of the equilibrium in the same way. 
Let (fig. 16) be the centre of force, f = the angle AOOy 
X == OGj and let the rest of the notation be aa before. If 
the upper body roll until the point A" come into contact 
with the fixed surface, the angle rolled through is clearly 

rf(» = — , where - = - + -j . Therefore if O come into the 
« ' z p p 

position G'j we have OG'=^rda>^ and therefore 
dx = — rd<o sinf ; 

therefore ^ = ^ - sinf » .^....(4). 

Again, if ;^ be the angle 00 makes with the vertical, 
, rd(D cosf 

and f = ^-x; 

di d0 r cosf 



therefore , — j 

as da xz 

1 COS0 rcosf . . 

= — r •" \^)* 

z r xz 

In equilibrium f = 0, and when slightly displaced, we have 

^-d^^'-'Ju^'- 

The values of the successive differential coefficients of f may 
be found by differentiating (5) and substituting from (4), (1), 

and (3) the values there given ^^ ^ ? "^ ) ^^^ "11 • ^® 

condition of stability is that the first differential coefficient 
which does not vanish must be of an odd order and negative. 

Suppose that -— does not vanish, then the equilibrium is 

stable if be negative. Put AO=^x' so that 

z xz r ° 
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a: = a:' + r, and let us suppose both x' and r to be positive. 
Then Uie equilibrium is stable or unstable according as 



- - (- + - ) cos^ 

z \x r) ^ 



IS negative or positive. We may express this result geo- 
metrically in the following manner. Take a point O^ in 
AO so that 



+ 



and being on opposite sides of -4, then the cquilibriura 
will be stable or unstable according as G^ lies within or with- 
out the circle of stability. 



MOMENT OF INERTIA OF A QUADRILATERAL. 
By E. J. RouTH. 

IF a, )9, % S, 6 be the ordinates of the angular points 
-4, J5, C, D and of the intersection E of the diagonals of 
a quadrilateral area, then the ordinate of its centre of gravity 
^ i(a+)8+7+5-e). This is a veiy convenient formula for 
finding the centre of gravity of a quadrilateral area. The 
proof IS very easy and follows at once from a different con- 
struction given in the sixth volume of the Quarterly Journal, 
The moment of inertia of a quadrilateral about any 
straight line in its plane may be proved to be 

-e(a + /947+«)} 
In the following manner : 

Let A, A' be the areas of the two triangles ADC^ ABCj 
then if If be the area of the whole quadrilateral, we have 

We know that the moment of inertia of a triangle about any 
straight line is the same as that of three particles each one- 
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third the mass of the triangle placed at the middle points of 
the sides. Hence the moment of inertia of the qoaoiilateral 
about any straight line in its plane is 

4{m'-(^')'-C-f")}- 

Substituting for A and A' their values in terms of Jf, we get, 
after an easy reduction, the result given above. 

Let four equal particles, the mass of each being — , be 

placed one at each angular point, and let a negative mass 

s — — be placed at the intersection of the diagonals, also 

let a mass f if be placed at the centre of gravity of the area 
of the quadrilateral. Then the moments of inertia of the 
area of the quadrilateral is equal to that of these six particles 
about any straight line in the plane of the area. For the 
moment of inertia of these six particles is clearly 

and this is easily seen to be the same as that of the quad- 
rilateral area. 

These six particles trelited as one system and the quad- 
rilateral have a common centre of gravity. Also, they have 
the same moment of inertia about any straight line in the 
plane of the area. Hence, by the same reasoning as in the 
author's Biffid Dynamics^ Art. 17, the six particles and the 
quadrilateral have the same moments of mertia about any 
straight line whatever, and the same products of inertia about 
any two perpendicular straight lines. 

As an example of the application of this rule, let us find 
the depth of the centre of pressure of any vertical quadri- 
lateral area. In any plane figure intersecting the effective 
surface of the fluid in the axis of x^ the coordinates of the 
centre of pressure are given by 

^_ moment of inertia about Ox 
"" moment of area about Ox ' 

y_ product of inertia about Oar, Oy 
~ moment of area about Ox 
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We have therefore 

^^1 a* + /3« + 7« + y-eV(a-h/847+8-gr 
4 a + )8 + 7 + S-e ' 

where a, /8, 7, S, e are the depths of the angular points and 
of the intersection of the diagonals. The vahie of X may bo 
written down in the same way. 



ON THE QUARTIC SURFACES {%JU, F, TF)» = 0. 

(Continued from Vol. xi , p. 25). 
By Prof. Cayley. 

THE general Torus, or surface generated by the rotation of 
a conic about a fixed axis anywise situate, has been in- 
vestigated by M. De La Goumerie, Jour, de VEcoU Polyty 
t. XXIII. (1863) pp. 1 to 74. The surface is one of the fourth 
order, having a nodal circle; and with its equation of the 
form F* — Z7TF=0, consequently of the form in question. 
The leading points of the theory are as follows : 

Consider (fig. 17) the plane of the conic in anjr particular 
position thereof; let this meet the axis of rotation OO in 
the point Jf, and let the projection of 0(7 on the plane of 
the conic be MN. Take P any point of the conic; draw 
PQ in the plane of the conic, perpendicular to MN^ and QR 
perpendicular to OO^ and join PItx the point P of the conic 
describes a circle radius £P, ^sf{RQ^'\' QP^). Hence if 
L OMN^ a, and if MQ = x, QP^ y are the coordinates in 
the plane of the conic of the point /*; and if the coordinates 
a?, y, z are measured, z upwards from M in the direction 
MO^ and a;, y in the plane at right angles to the axis OOi 
we have 

« = xco8a, V(aj' + y*) = V(x* sin*a + y*); 

or, what is the same thing, 

x=sisseca, y = V(^+y* — ^ tan*a). 

Hence the equation of the conic being ^(x, y) = 0, that of 
the torus is F[z seco, VC** +y* — «' tan* a)} = 0. 

Thus taking the equation of the conic to be 

(«)^C)/i?)*Ix, y, 1)* = 0; 
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or, as this may be written, 

(ax«+2yx + c + fty»)> = 4/(Ax+/)«, 

we have at once the equation of the toros in the form 

{a«* aec'a + 2y» aeca + c + ft (a? + y* - «• tan^a)}* 

= 4 (a^+y*- «* tan*a) {hz 8eca+/)*, 

which is of the form F*— 4t7Tr=0; or, as it is better to 
write it F»-4CZ» = 0, where 

F= oz* 8ec*a + 2y» seca + c + ft (a? +y* - «" tan'a), 

Cr=a::"+y*-«*tan*a, 

L^hz seca +/, TF= U. 

There is thus a nodal drcle F=0, L^O^ that is 

f 
« =— ^coso, 

Bat the origin of this nodal circle is better seen geometrically. 
For observe that the radios of the circle described by the 
point P of the conic depends only on the square of the 
ordinate PQi hence if we have on the conic two points 
8^ 8' situate symmetrically in regard to the line MNj these 
points 8^ 8' will describe one and the same circle, which 
will be a nodal circle on the sor&ce* And there is in fact 
one such pair of points 8^ 8'; for (see fig. 18) considering 
in the plane of the conic the equal conic situate symme- 
trically thereto on the other side of the line MNj tne two 
conies intersect in two points T, 7* (real or imaginary) on 
the line MN^ and in two other points 5, 8' (real or imagi- 
nary) situate symmetrically in regard to MN] we have thus 
the required pair of points which generate the nodal circle. 

A meridian section of the torus (or section through the 
axis (70') is a quartic curve symmetrical in regard to this 
axis, and having two (real or imaginary) nodes the inter- 
sections of the plane bv the nodal circle: see fig. 19, which 
shows the section for the surface generated by a conic such 
as in fig. 18. The quartic curve has 8 double tangents, 2 of 
them at right angles to the axis 0(/j the remaining 6 form- 
ing 3 pairs of tangents situate symmetrically in regard to 
this axis ; so that attending only to one tangent of each nair, 
we may say that there are 3 oblique bitangents ; one of tnese 
is the line TT^ the section of the torus by a plane through 
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this line at right angles to the plane of the meridian section, 
being in fact the tvro conies of fig. 18, either of which by 
its rotation about 00' generates tlie torus. But taking 
either of the other two oblique bitangents, the section by 
a plane through the bitangent at right angles to the meridian 
plane is in like manner a pair of conies situate symmetrically 
m regard to the bitangent, and such that either of them by 
its rotation about the axis 00' generates the torus. It thus 
appears that the same torus may be generated in three dit- 
ferent ways by the rotation of a conic about the axis 00'. 

In the particular case where the plane of the conic passes 
through the axis, the meridian section consists it is clear of 
two symmetrically situate conies, intersecting the axis in the 

Eoints T, 2", whicli are nodes of the surface, the surface 
aving as before a nodal circle generated by the rotation 
of the two symmetrically situate intersections 5, S' of the 
two conies. The equation is included under the foregoing 
from, but it is at once obtained from that of the conic, 

(ax« + 2r7X + c + hyy = 4y' (Ax +/)«, 

by writing therein z for x and V(^'-fy') for y; viz. the 
equation of the torus here is 

and the two nodes thus are x = 0, y = 0, az^ + 2^2? -f c = 0. 
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ON AXES OF LUG AND AXES OF KICK. 

By William Walton, M.A., Fellow of Trinity Hall. 

TI7HEN a rigid body is revolving spontaneously about a fixed 
point, the pressure on the point is generally inclined to 
the instantaneous axis at an acute angle. The object of this 
article is to investigate the circumstances of two exceptional 
•cases: (1) when the direction of the pressure on the point 
coincides with the instantaneous axis, (2) when it is at right 
angles to the instantaneous axis. For want of better terms, 
I propose to call the instantaneous axes in the two cases 
respectively axes of lug and axes of kick. The notation 
adopted in two articles on the spontaneous rotation of a rigid 
body, printed in the First Number of this Volume of the 
Quarterly Journal^ wiU be adhered to in the following essay. 

Axis of Lug. 

The components of the reaction of the fixed point are 
given by the equations 

XT 

■g.= (J + c - a) . g . (J^o). + 070),) - a « + <), 
■g.= (c + a-J).^.(c7a),+aa(».) - ^ («,,» + «,•), 

j^= (a+ 5 - c) . g . (aaft>, + J^a>,) - 7 (w," + »,*). 

Imagine this reaction to coincide in direction with the In- 
stantaneous axis : then 

b + c-a 

be • ■ ' ■ '■ w, 
c + a-b, . \ 13 , t « 

= ^^' (««'*. +^^30.,) - J^ («,» + O. 
From these three equations wo may easily ascertain that 
?L_^ 1 



(J^a),+ c7a),)--« + 
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where 



„ /c+a-b a-^-b-c i+c-a c-\-a—b fl+J-c J4c— a\ 

/^=G> CD . . . — 7 — 

*^\a a c a a b J 

b-j-c-a «» 

C ^3 

««>„ fit) 

analogous expressions belonging to Q and -R. 

Now the coefficient of <o^(o^j in the expression for P, is 
easily seen to be equal to 



a [ a b c ) 



Also, the remaining terms in the expression for P, with their 
signs changed, are equal to 



c— a o). 






o). 



c — a o)„ 



6 ft). ^ * ' CO). * 



4^«.(ft)'-ft);^) + -^(ft)"-ft)3') + - 

ft), ^ ' ^3 ^8 



- ft),ft)3.(' 

Thus 
Po), 



ft),ft)3 \ 6 ft)jj C ft)3/ 

I b— a ,\ 



9 s/^-^ ^'"^.1^ 



12 
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Let «={/(r + a)-/i{/(« + i)-^}, 

« = {/(J + c)-/}{/(c + a)-<^l, 
«• = a {2Jcf + (a/-/) (6 + c - a)}, 
»' = 6 {2ca/+ (J/- ^') (c + o- i)}, 
to' = c {20*/"+ (gT-/) (a + i - c)) : 
then the system of equations 

a_j8_7 

is reduced to the system 






From the equations (1), combined with the equations 

Ic 



'"i* = 7 w 1\ (\ ~ «**) 



«/ = 



(a_J)(J_c)('^»-*''^ 



(2), 



«;= 



od 



■we have 



(6_c)(c-a)(^»~"''^ 



c-a 



= -j>^(\-«')(''-«''«T 



cV 



(3). 



Let a, 5, c, be in the descending order of magnitude : then, 
by the equations (2), o>* is not >X^, not <\,, and not <\y 
Consequently the three members of the system (3) have ail 
the same sign. Hence, whatever value ci>* may have within 
the above limits, the system (3) must necessarily be possible 
if a, )8, 7, bear towards each other a suitable proportion. 
This amounts to the conclusion that axes of lug may exist 
under certain conditions. 
From the equations 
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we at once obtain the equations 

a {af-g') < + b {bf-g*) < + c (cf-g*) < = 0...(4), 
and (ao)' -/) «,' + {hm^ -/) «/ + (c«' -/) < = 0...(5). 
From (1) and (4) we bave 

' / ' » ^ a" i / '' t\t > I ' t^t ^^ v•••v";• 

Again, from (1) and (5), we have 

aV {««» -/) ^ h'/3^ha>'-f) ^ r'y* (co.!-/ ) _ . f^. 

If the value of a>', derived, from (6), be substituted in (7), 

the resulting equation establishes a relation between ~ and 

the quantities a, J, c, a, /9, 7. Each value of '^ corresponds 

to one axial cone, i'.^., the cone described relatively to the 
body by the instantaneous axis, the equation to which is 

a {af-g^) x" + h [hf- g^y*-\-c [cf- g') z* = 0. 

Since the equation (6) is a biquadratic in ca', there are four 

values of ck>' for each value of '^ . If we substitute in the 

equations (1) the several values of o)*, and replace co,, cki^, w^, 
by x^ y, z. respectively, we shall have the equations to the 
corresponaing axes ot lug. Thus there will be four axes of 

lug for each possible positive value of ~ , which corresponds 

to four positive possible values of a>' not greater than \ and 
not less than the greater of the quantities X,, \^. 

If we eliminate cu" between the equations of the system 
(1), we shall get 

~ (tV - W) + ^ iwu' - uw') + ^ iuv' - vu') = 0...(8). 

Attending to the equations (4) and (8), we see that the axes 
of lug, when they exist, coincide with the intersections of the 
two quadric cones 

na . , ,. h0 , , ,K cy f , »\ ^ 

— ivw - icv ) -f — [wu - WM7 ) -f — (Ml? — ru J = 0. 
X ^ y ^ z ^ * 
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Let us discuss the particular case when the centre of gravity 
lies in the plane of the principal axes of greatest and least 
moments of inertia, that is, when yS = 0. 
The equations (6) and (7) become 

aV(aa,'-/ ) cV(ca>'-/) 
(m-mV)* ^ (w-wV)" ~" ^ '' 

and, from (9) and (10), 

«(«/-/) _ c(c/-/) 

and consequently 

ca 

Substituting this value of o>* in (9), and eflfecting obvious 
operations, we shall obtain, as the condition for the existence 
of an axis of lug, the equation 

= a*a [fa -^f)^ \g' (c - b) +/{J [c^a)^ c']] ... (11). 

From the systems (1) and (4), putting )8 = 0, we have 

^a = 0, c(/-./c)6>,« = a (/a -/)«,", 

and therefore the equations to the axes of lug, two in 
number, are 

y = 0, c{f-fc)z* = a{fa-g')x' (12). 

If we liberate the equation (11) from radicals, we shall obtain 
the following equation, viz., 

g^tTf^a-^bY^aa^c-bY] 

+fg* {C7' (a - b) (3 Jc + 2ab - 2a» - ca) 

4 «a' (c - b) {Sab + 2bc - 2c' - ca)} 

+/*/ i^' (^^ + «i - a') (3 Jc 4- a& - a' - 2ca) 

+ oa* (a J + Jc - c') (3a6 4 tc - c" - 2ca) } 

-/' {cV (6c 4 at - aj 4 aV (^»r, 4 a* - c')'} = ...(13). 
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Since the equation (13) is a cubic in — , it follows that the 
equation to the axial cone, viz., 

may represent three different cones. Thus the axes of lug, 
defined by the equations (12), are generating lines of three 
different axijil cones, described in the body by the instan- 
taneous axis in accordance with three different initial motions 
of the body. 

Axis of Kick. 
Again, the condition for an axis of kick is 
a),A'+a),F-|-co3Z=0, 
which, in virtue of the expreasions for JT, F, Z, becomes 

-^(iy3(i-a)a),+ C7(c-«)a,.} 

+ - - [cy (c - J) ft>g + aa (a - h) ©J 

ft) ' 

+ ^ {aa (a- c)a)j + 5/3(i-c)ft)J=0, 

and therefore, substituting the values of ft>^', a>*y 0)3', in terms 

r « • .1 • <w.* «*>«* c»>o' 

or ft) , 111 the expressions "t^ > — ^ > ? > ^^ 6^^ 

Substituting for X„ \, X,, their respective values 

he ' ca * ab ^ 
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the equation becomes 



-4. 



6 — c 
-^ {iyS [b - a) ft), + C7 (c - a) (o^ 



■^ """oT ^""^ ("*" '''^ "*"» ^^^ (^ " ''^ '*'«^] • 

Now, in the coefficient of /, if K be taken to denote 
[h-c){c- a)[a'-h)^ the coefficients of aco^ ySw^^ 7^3) ^^^) 
as may be easily ascertained, equal respectively to 

Ka Kb Kc 
he ^ ca ^ ab ' 

and, in tlie coefficient of — -^', the coefficients of aw,, /Scd^, 70)3, 
as may be easily shewn, are respectively equal to 

K K K 

bc^ ca^ ab' 

Thus the condition for an axis of kick is reduced to the 
equation 

But the quantities o),, w^, CO3, are connected together by the 
equation 

a {af-g') a,,' 4 b (bf-g') «.» + c (c/-/) < = 0. 

From these two results it follows that the intersections, when 
possible, of the axial cone 

a [af-g") x» + b {hf-g') f + c [cf-g') z* = 0, 
with the plane 

aa («/- g^) x^b^ {bf^g') y-\-cy [cf^g') z = 0, 
are axes of kick, two in number. 
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In order that the coexistence of these two equations may 
be possible, we must, as may be easily proved, have the 
condition 

+ C7'(c/-/)} = or<0. 

From this condition it is evident that, when there is an axis 
of kick, the centre of gravity of the body does not lie within 
or without the axial cone, when the sign of 

(«/-<7') (*/-/) ('•:/-/) 
is respectively positive or negative. 

If of- g* = 0, then the equations to the axis of kick become 

b{b-a)f-\-c{c-a)z* = 0, 

h^(b-a)y ■\-c{c'-a)z =0, 

and therefore y = 0, z = 0: thus the axis of kick coincides 
with the principal axis of greatest moment of inertia. 

From the expressions for X, F, Zj it may be easily seen 
that, (Og", ft)g*, being both zero, and cd,* equal to o)', when 
af=g^^ the equations to the reaction of the fixed point on 
the body are 

iK = 0, 1 = -. 
P 7 

If c^— (^' = 0, then it may be shewn in like manner that 
the axis of kick coincides with the principal axis of least 
moment of inertia, the equations to the direction of the 
reaction being 

X V 

If hf—g^ = 0, then the equations to the axis of kick are 

a{a — b)x^=^ c{b — c) 2*, 

aa (a — J) a; = cy {b — c) z. 

Thus the axis of kick lies anywhere in the plane denoted by 
the second of these equations, a condition for its existence 
being 

aa' (a - J) = 07^ {b — c), 

which shews that the centre of gravity lies in this plane. 
In this case therefore the instantaneous axis is an axis of kick 
during its whole motion in its plane locus. 

Juii/ 20, 1870. 
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ON THE ALGEBRA OF MAGIC SQUARES. No. II. 

By Joseph Horner, M.A., Clare College. 

TO prove that every odd zero arithmetical progression of 
oa terms, where /> = 2r + 1 and <r = 2^ + 1, may be sepa- 
rated into a zero columns of p terms each. 
This depends on the fact, that the equation 

is true for all integer values of x. Giving x the a values 
- 5, —5 + 1, ...5— 1, 5, we obtain the following, a columns 
of zero triplets 





8 



-5 + 1 


-5 + 2 


• •• 


5-2 


5-1 


1 


2 




-3 


-2 


«-2 


5-4 




-5+5 


-5 + 3 



5 

-1 

-5+ 1, 



where each row necessarily consists of the series 

— 5, —5+ 1, ... 5— 1, 8 

in different orders. There appears to be no other system of 
zero triplets, which can be formed by taking any odd zero 
series whatever three times in this manner. For some 
particular values of 5 however, there are other possible 
an'angements not comprised in the general formula above, 
and that seem to depend on complex laws to which I possess 
no clue. Thus when 5 = 3, we have the symmetrical arrange- 
ment 

3 2 10 12 3 

13 2 2 3 1 

2 I 3 3 1 2. 

Also when 5 = 4, there are the following forms, one sym- 
metrical, the other unsymmetrical, 

432101234 43 2 101234 

314202413 and 242304311 

142303241 21420314 3.* 

No such arrangement is possible when s = 2. 

• These two particular cases were suggested to me by William, only 
surviving child of the late W. G. Horner. 
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Having formed the <r zero triplets, we take any pair of 
the three rows, diminish each term of the one by <r, and 
increase each term of the other by that quantity. Thus we 
still have <r zero triplets. 

For example. 



-35-1 


-35 


-35 + 1 





1 


2 


35+1 


35-1 


35-3 



.-a-3 


-8-2 


-3 


-2 


s + 6 


a + 4 



-5-1 
-1 

5 + 2. 



Above or below these we may write in rows the pairs of 
arithmetical series 

J- 55 -2, -55-1, ...-35-2 
I 55+2, 55 + 1, ... 35 + 2 

J- 75 -3, -75-2, ...-55-3 
I 75 + 3, 75 + 2,... 55 + 3 

f-2r5 — r-5, - 2r5 — r — 5+ 1, ... — ^rs — r-^-s 
\ 2rs-\-r-\'8^ 2r5+ r + 5- 1, ... 2r8-\'r — s^ 

the rows being in any order, and the terms of each arithme- 
tical series in any order, provided the equal contrasignal 
terms of each pair be in the same* column. Ihus the problem 
is solved in various ways. 

Otherwise, we take any pair of the original three rows 
and diminish each term of the one by 2<r or 3<r or ..., and 
increase each tenn of the other by that same quantity ; then 
write above or below these, with the licence just mentioned 
as to rows and terms, the arithmetical progressions 

(-35-1, -35, ...-5-1 
\ 35+1, 35, ... 5+1, 



instead of 



f-55-2, 
I 55 + 2, 



'bs- 1, ...-35-2 
55+1 35 + 2, 



1-75-3^ -75-2, ...-55-3 

t 75+3, 75 + 2,... 55 + 3, 

, as the case may be. Thus we obtain various other 
ons. 
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Ex. r = 2, 5 = 2. The original rows are 

1 2 1 1 2 
jl 2 2 1 
^112 2. 



125 



Hence 



and 



r7 6 5 4 3 

12 2 10 

U 4 7 5 3, 

12 ITIO 9 8 



6 5 4 3 
2 2 10 
4 7 5 3 



12 11 10 9 8. 
In like manner we obtain 



^12 1110 9 8 

2 10 12 

4 3 7 6 5 and 

6 4 7 5 3 
1^12 11 10 9 8 



7 6 5 4 3 

8 9 10 11 12 
12 2 10 

9 IT 8 10 12 
7 6 5 4 3, 



and BO forth. 

Reverting to the general arrangement of c zero columns of 
p terms each, and putting N=p(T^ that is 2/z + l = 2r4-i .25+1, 
and therefore n = 2rs + r + «, we ask attention to the fact that 
there is in the system one row consisting of all the terras that 
are greater than w — <r or 2r5 + r — « - 1 ; two rows consisting 
of all the terms greater than w — 2<7 or 2r5 + r — 3^ - 2 ; three 
rows of all that are greater than n — 3<7 ; and so forth. 

e.g. In the example above, there is one row consisting of 
all the terms greater than 12—5 or 7 and two consisting of 
those which are greater than 12 — 10 or 2. 

It follows, that every column contains only one number 
greater than n — cr, two greater than n - 2(7, three greater 
than n - 3cr, and so on. Suppose any one of these zero 
columns arranged in descending order to be v,,*' , v^'^^Vp^ and 
that we increase each of these tenns by a and then diminish 
v.-ha- hj N or pa. The results still make a zero series. 
The same is true if we increase each v by 2a and then 
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diminish the two terms v, + 2a and v^ + 2<r each by N^ or 
again if we increase each v by 3<7, and then diminish the 
three terms y, + 3<7, v^ -f 3cr, v^ + 3cr each by N] and so forth. 
Now what has been said amounts to proving that the several 
series 

RyV^ + 2(7, -B^rVj -f 2cr, ... iJjy-i/p -f 2(7, 
J2jyrVi + 3(7, ^A-v, + 3(7, . . . 5jv'V^ + 3cr, 



are all zero series. For instance, take from the numerical 
example above any one of the zero series, as 5, 10, 2, 8, 5. 
Here R^ 4 5, -Bj^lO + 5, and so forth, gives the zero series 
0, 10, 3, 3, 10. R^ + 10, B^IO + 10, &c. gives 5, 5, 8, 2, lb, 
and so forth. This remarkable theorem will find its appli- 
cation in the sequel. Of course the pairs r and «, p ana a 
may both together change places in the investigation. 

We are now prepared to discuss the case reserved in 
No. I, viz. the zero squares dependent on the form Ryax-thvy 
when either a or J or each of them apart is commensurable 
with N. 

Put N—pa^ and for h write J(7, and suppose p and h 
prime to each other. Then the formula becomes Ryox-i-bay. 
Generally, for i^jva (f -h ?) + J(7 (17 + m) write /t^+,,^+,; then 
putting oj^f, f+1, ... l + iV-1, and y=r;, 17 + 1, ...ly+iV'-l 
sucessively, we form a square which consists of <7 repetitions 
of the p rows following : 



/*,,9» /*«,9 /*<r,2 






/^i,/»J /*«,/» f^<'^P f^ir^UP f^2<T,p /*2<r+i,P f^J^yP 






Now as b is prime to />, we know that some one term, 

g-f p- lb 

P, 



, .. /.I .a a-hb 

not the first, of the series - , 

' P_P 



remainder. Suppose this to be the (i+l)*^, viz, 
Then 

Pya (f +^(7 + Z) + J<7 (^ +pJc 4 m) 

= ^j^ (f 4 4 5c7 (7; 4 W2) 4i>o- (a 4 bJc) 

= Rya{^-{'I)+b(T{v^^n). 



has a zero 
a + kb 
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This relation shews that in the (jfc+ 1)"", (/c + 2)*^, ... rows of 
the square beginning at the a + V^ column, we meet with 
the series 

and again in the (2^ + 1)*^ (2Z:4 2)^** ... rows, beginning at 
the 2<r + l^ column, and so forth. We find therefore that 
the p rows above written are separable into p parallelograms 
of a elements in rank and p in file, all consisting of the same 
rows but circulating, so that the first row of the first parallelo- 
gram is the k + 1'^ of the second, the 2k + 1"* of the third, 
and so on. We of course reject multiples of p out of any 
such numero as 2?Z; + ?w -t- 1, in the circulation. 

We next proceed to shew that each of these parallelo- 
grams consists of a certain arrangement of the series 

— n, —71+ 1, ... w— 1, n. 

For, as the numbers in each parallelogram are the same, 
the p parallelograms consist of the numbers in any one 
parallelogram p times repeated. But as these parallelograms 
make up p rows, each of which is the series 

— w, — n + 1, ... « — 1, 71, 

in a certain order, they consist altogether of this series p times 
repeated. But it has been said that they consist of the num- 
bers in each parallelogram p times repeated. Consequently 
the numbers in each parallelogram are the series 

— 7?, —71 + 1, ...71—1, 71. Q.E.D. 

Ex. jB^^ewj + Siy, where a = 2, J = 4, a; = l, 2, .3, ..., 
y = 1, 2, 3, ..., gives the square formed by repeating 3 times 
the 5 parallelograms below : 

Il3 576 420 246 753 

420 246 7 53 113 576 

753 113 576 42 246 

576 420 246 753 113 

246 753 113 576 42 0. 
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The general conditions determined in No. I for the grave 
and acute diagonals were 

iZi^(a + i)a; + &(^- ^) and Ry {a-b) x -^l {rj -^ ^ -- 1), 

which become in the present case 

Rxi[a-\'ah)x-\-ch{r)-^) and Ry[a — <T'b)x-\-ah[r)'-^—\), 

where N=pa. Here we can never have Rya-\- ab = nor 
Rya — C76 = 0, because a is supposed prime to N] but we 
may possibly have a + a6 some multiple of p^, where p^ is 
either p or some measure of it. In this event the grave 
diagonal will consist of p^ identical periods. A like remark 
applies to a— ah and the acute diagonal. Thus in the last 
example R^^x-\-\2y^ a — (7i = — 12 contains the factor 3 in 
common with 15, and the acute diagonal is 2, 7, 3, five times 
repeated. 

Eetuming now to consider the square above constnicted, 
its first parallelogram is 

r^i,«> r^2,8 f^cr^il 

f^i.py f^i,P Mff,^j 

being the series -n, — wH- 1, ... ?i — 1, n in a certain order. 
First, suppose that neither a + ch nor a -ah is commen- 
surable with iV. Let the same series arranged as any 
parallelogram of a zero columns of p terms each, according 
to the method already given, be 

^1,2' *'«,« ^<T,'lt 



^UPJ ^ifP ^^'P* 

Then if throughout the square we exchange each fi for its 
corresponding r, we form a zero square. For every row as 
well as each diagonal of the square still consists of the series 
— w, — n+ 1, ...« — 1, 7?, only in a new order. Also every 
column of p terms is the same as one of the first a zero 
columns in a difibrent order. And |'urthcr, by combining 
the terms of this square by juxtaposition with those of 
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another zero square liya^x + b^y according to No. I, we form 
a zero magic square. For, we reproduce exactly the N^ per- 
mutations of N things taken in paii-s with repetitions. Thus, 
supposing k to be any one element of the latter square, we 
have in either of the two squares which combines R,yax-\-aby 
and Rya^x + i,y, the pairs i, - w and — w, i ; /i*, — w + 1 
and — n + l, i; ... A:, n and w, k\ and after the elements 

— n, — w+ 1, ... w- 1, w have all been permuted in the pro- 
cess of forming a zero square from Jtyox + abi/^ all these 
permutations still exist, as before, only in other situations. 

We cannot of course combine two squares derived from 
li^^ax + a-bfj and Bya^x + ab^y because N and the coefficients 
of y have a common measure. 

Again, by the theorem iabovc It will be seen that if in the 
zero square formed from R^ax^- bay^ we substitute R^v-k-k^ 
for every element k where k is any integer, we still have a 
zero square. That is, from any zero square for R^ax i- bay 
may be at once derived another for Rirax-\-<T[by-{k)^ be- 
cause each of the rows and diagonals still consists of the 
series - w. — n + 1 , . . . n — 1 , w, in new situations ; also by the 
theorem toe zero columns still remain such. 

But next suppose a + <rJ to contain a factor />, common 
to N'^ then we cannot choose any zero parallelogram of v's 
at pleasure, but only one so aiTanged that the period of 

N 

— terms v,,, v„, 1^33, ... in the first parallelogram (prolonged 

by repetition if necessary) shall be a zero period. And 
further, as the theorem does not apply to such zero periods, 
we cannot derive the zero square for kjiox r\-a(by + k) from 
that for Ryox + tcry, as in the former case. The same re- 
marks apply to a — a- J and the diagonal v^ ^, v ji ^ -a,,? ••• * 



Examples. 
(1) R^^2x i- 9y, when f = 1, 17 = 1, gives 



4 2 

5 7 6 
i 1 3 
7 5 3 
2 4 6 



2 4 6 
4 2 



7 5 3 
2 4 6 



1 1 3 
7 5 3 



5 7 6 
i 1 3 
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On the Algebra cf Magic Bquarea* 



Take any parallelogram of 3 zero colnmna of 5 terms each 
formed as aboTOi as 

5 6 7 

2 34 
Oil 
24 3 
5 6 7 
Then the series of permutations will be 



/4 20 576 113 753 24 6 
^5 67 234 Oil 243 56 7 



). 



giymg the zero square 



567 


567 


243 


OlT 


234 


567 


567 


2 4 3 


Oil 


234 


5 67 


567 


243 


Oil 


234 


567 


66 7 

• 
• 
• 


243 


11 


2 34 



234 
Oil 
2 4 3 
5 6 7 
5 6 7 



Hence we derive the zero square for ^„2a;-f 3(3y + l) as 
nndeineath : 



7 6 5 
567 
342 
1 10 
234 



234 
67 5 



110 
234 



3 42 
110 



567 
3 42 



(2) 22,^ +iy,f« 1,17 = 1, gives 



7 7 6 
2 10 
45 6 
5 4 3 
12 3 



543 



2 10 12 3 



456 



Digitized by VjOOQ IC 



On the Algebra of Magic Squares. 



131 



?)• 



Here the acute diagonal has the period 14 6, and there- 
fore in arranging the zero columns, we must provide that 
this be replaced by a zero period. We take the same 
arrangement as berore, the order of the numbers in the 
columns being slightly altered, viz. 

5 6 7 

2 3 T 

4 4 

2 1 3 

5 6 7 
Thus the scheme of pcnnutatlons is 

/7 76 ilO 456 543 12 3 
^5 67 231 044 213 56 
and we obtain the square 

567 213 231 567 044 
2 3 1 
4 4 
2 1 3 
5 6 7 

But we cannot derive from this, as in the preceding ex- 
ample, the zero square for B^^x + 3 (2y + i). Ihus, if ^ = 1, 
we should have in the acute diagonal the non-zero period 
4, 2 5. 

It is manifest that the method just employed may be 
applied to the excepted case in No. L, where a + J or a — 5 
or each of them, is commensurable with N] as in Ii^^2x + 7y ; 
but a numerical example would occupy too much valuable 
space. 

For the form Ryaax + Jy, it is obvious that we have to 
proceed exactly as for Byox + abi/j only putting rows for 
columns and columns for rows throughout the process. 

Suppose next that we have the form Rj^ax + riy, where 
N=paTj a and t being according to the original assumption 
prime to each other. 

The preceding investigation shews that the square resolves 
itself into pa rows recurring t times, and that each set of 

K2 
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these rowB breaks np in pa parallelograms of elements r in 
rank, pa in file, thus separating the whole square into par or 
N parallelograms r in rank, pa in file, each parallelogram 
exactly comprising the N elements — w, — n+ 1, ... n— 1, n. 
The same investigation shews in like manner that the whole 
square separates into ^parallelograms pr in rank, a in file, each 
parallelogram comprising the elements -n^ — w + 1, ... n— 1, w. 
From both these statements together, we infer that the 
square separates into pN smaller parallelograms, r in rank, a 
in file ; and that p of these parallelograms tiULen either in row or 
in column, exactly contain the elements -n^ — w + l,...w— l,n. 
We may therefore proceed to the corresponding zero square 
by forming the series - n, — n + I, ... n — 1, n into either pr 
zero columns of a terms each, or pa zero rows of t terms 
each. The reader will easily illustrate what has been said 
upon this case by such an example as 

R^^ax + 5Jy, R^^^ax + 7 Jy, or R.J^ax + Ihy. 

The last two would have partial periods in the grave diagonal. 
Though the simplest of their kind, they are too long for 
insertion here, even in the most abridged form. 

Everton Vicarage, near St. Neots. 



NOTE ON A SYSTEM OF ALGEBRAICAL EQUATIONS. 

By Prof. Cayley. 
rjONSiDER the system of equations 

a + J(«+a;)* + c5jV=0, 

a-[-J(rB + y)* + ca;y = 0, 

which is a particular case of that belonging to the porism of 
in-and-circumscribed triangle. We have y and z the roots of 
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Consequently 




y + « 








y^ 


a-\-bx^ 
~6 + cx»» 
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or substituting in the equation between y and Zj this becomes 

(oc + J") (a + 4 J«" + ex*) = 0, 

so that if ac + J' is not = 0, we have 

a + 4Ja;*-fca?* = 0, 
and moreover 

_ , ^baj" a-\-bx^ 
" ^ b^ca?^ b^-cx* 

= ^-^^^ (a4 4Ja:*+ ca;^ =0, 

so that ar=y or else a? = 2?/ lfar=z, the three equations 
reduce themselves to the two 

a + 5a:* 4 2y . Sx 4 y (i + c;c*) = 0, 

a -f 4&b' + cx^ =0, 

35a7 4- ax? 
giving y = af| or else y = ^^ j- ; and it hence appears 

that if from this last equation and tt + 4ix* + cj?* = we 
eliminate a?, the result must be a + 4iy + cy* = 0. For in the 
same way that the elimination of y, z from the original three 
equations gives a + ibx* + ca;* = 0, the elimination of a:, z from 
the same three equations will give a + 46y' + cy* = 0, so that 
in any case y is a root of this equation. 
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ELECTRO-DYNAMICS. 

By Percival Frost, M.A. 

AMPERE, in his theory of Electro-Magnetics, claims the 
credit of having thrown over the hypotheses of philosophers, 
which contradicted Newton's law that Action and Reaction 
were opposite as well as equal ; and his formula for the action 
of elements of currents upon one another, combined with his 
hypothesis that every magnet acts as a solenoid, meets all 
the cases of mutual action of voltaic currents and magnets 
which are at rest. But the maui point, upon which he 
rests his assertion, although very distinctly stated by him, 
is passed over cursorily by most writers who reproduce his 
arguments, and seems to oe scarcely appreciated by others. 
I have endeavoured in this papef to make in a simple manner 
the calculations which are sufficient to establish the mode 
of action of currents upon currents ; and to shew the identity 
of the action of magnetic fluids, distributed according to 
Ampere's supposition, with the actions of currents upon tho 
pole of a solenoid or mac^et. 

I have also pointed out an important error made or 

Suoted by Wiedeman in his work on Magnetism^ and taken 
lat opportunity of illustrating the different methods of cal- 
culating the action of currents of a finite size upon magnets. 

Total action of one small plane closed current upon another. 

1. Lot the plane of the circuit acted on be that of ary, tho 
origin being a point in the middle of the circuit (fig. 20). 

Lot tho axis of y be parallel to the plane of the acting 
circuit, tho normal to which is inclined at the angle a to Ox. 

usy f/) «, the coordinates of a pouit C in the middle of 
tho acting circuit. 

.r^, >/,, 0, those of an element ds at P, in the circuit 0. 

X, \' the areas of the circuits C and 
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neglecting squares of small quantities; 
then ^^x^y^ = ^'i \y^^^ = - \l 

c&, bemg measured m the direction of the current, 

also jdx^^Oj j^y,'='^i j^i^^i=^> jyi^yi=^- 

the integrals bein^ taken over the whole circuit. 

The formula for the action of a current on an element 
resolved parallel to the axis of Zj p being the perpendicular 
from on the plane of X, is 

*" ^ ^ t 7 I • 

J£ dZ he the action on ds^j parallel to Ozj neglecting 
squares of small quantities 

therefore, for the action on the complete circuit X' 



dl z 



when V is the potential of the area of the circuit X with 
respect to the point 0, for if G be the centre of gravity, 
and squares of small quantities be neglected, and f , ^, ? be 
the coordinates of dA with reference to axes through G 
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Again dX=-in\^-f^ \l+S —^ j 

V 1 •■'^^' ^ ^^ 

..,.., d' (dV\ 
Similarly 1'^ iiTW ^ ?|- 

For the components of the couple 

iV=|(a:,«/r-y,rfX)=0. 

2. It can easily be shown by way of testing these results, 
that the reversed action of these forces gives the action of the 
circuit at on that at C, in a similar form. 

This is obvious for the single forces, by the results quoted 
in the last number of the Journal^ since the components 
depend upon an expression of the form 






dp dp 
and the reversed couples about the axes are 
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tberefore if L\ M\ N' be the components of the reversed 
couple round the axes of Xy y\ z\ chosen with respect to 
in the same manner as those of a:, y^ z are with respect to C, 

L' = X, cosa — N^ sin a 

= — Z coBa-^- N Ana 

- Yz + y (Z cosa + XLol) ; 
therefore 

which, since y = y\ and z ^-p^ ^^p\ 

and similarly for the others. 

Whole action of an infinite solenoid upon a small plane 
current. 

3. Let the same axes be taken as before, let X be the area 
of each of the elementary currents of the solenoid, and use 
the same notation as in Cor. 5 of the last number. 

For the single forces 

y,,i A>A« oXZ 
= \n —. -- , 
y ■■ 

Y- iii'^^' ^^^ 
And for the coaple 



^ = -i«'^-f.> 



if= itt — /,, 

iV=0. 



The action of the solenoid upon the current is compounded 

,XV 1 
9 



of a single force ^iV -^ ^ (1), 
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in the direction perpendicular to the plane of the circuit, and 
repolnve; 

of a single force |«V' „ (2) 

tending to the pole of the solenoid ; 

9 

whose axis is perpendicular to the plane containing the line 
ioining the pole with the centre of the circuit, and the pro- 
jection of this line on the plane of the circuit. 

The action of the circuit on the solenoid consists of the 
reversed forces fl) and (2), for the couple vanishes, being 
compounded of tne reversed couple (3), and the couple mtro- 
duced by the transference of (1) to this pole, the moment 
of which is the same as that of (3). 

4. Gauss' construction for the action of a small bar 
magnet on a particle of free magnetism, is represented by 
the expressions for the forces (1) and (2), for, let C (fig. 21j 
be the pole of the solenoid, the small circuit, OD normal 
to it, CD perpendicular to 0(7, and OE=^^OD. 

If OC represent the force (2), OC-^EO will repre- 

sent force (1), and CE will represent the resultant action 
of in direction and magnitude. 

On the action and reaction of an element of a current and 
the pole of a solenoid. 

5. From the above investigation of the actions of cur- 
rents, it follows. 

That it is correct to state, that the action of the pole of a 
solenoid upon an element of a current is a single force 
acting on the element perpendicular to the plane containing 
the element and the pole, according to Biot's law. 

That it is incorrect to state that the action of the element 
on the pole is a single force acting at the pole, according to 
that law, since by Newton's law of Action and Keaction, 
that action must also be a force acting at the element. 

That the correctness of the results obtained in many cal- 
culations, as in the case of a straight current, arises fi'om a 
composition of two errors, the couples which are neglected 
in the part of the circuit considered, being counteracted by 
those in otlier portions of the closed current which are not 
considered in the calculations. 
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For example, if a be the distance of a pole N from a 
straight current of considerable length, the distances ci m 
element from 0^ the foot of the perpendiculars from iV, being 
X ; the action of the element, taken to be at N^ and perpen- 
dicular the plane containing the current and pole, and of a 

magnitude -^-^ . - , gives the total action of the current 

/* miadx _f • (1 ^ 1^* _ wi 

The resultant of all such couples as — j dx^ equivalent to 

viixa J J mic? , . i • f • • n i 

• , - ax and — g- cfic is a couple mi^ whose axis is parallel 

to the current, and this ought to be introduced as part of the 
action of the current ; but its omission does not affect the result, 
because in the return current supposed at a great distance 
and parallel to the part considered, another couple — Twt 
would have been omitted, as well as the single force which 
would be properly neglected, because its magnitude varies as 
the reciprocal of the distance. 

6. The method of treating -such a current as a closed 
current, by spreading small plane circuits over the surface 
extended to a great distance, gives the proper result in a 
proper way, for each small circuit has been shown to act as 
a single force at N^ perpendicular to the plane. The result 
obtained this way is, taking Oy in the line NO produced, 

• midxdy 



-/:£ 



2{(x+a)'+/)*l 

To shew that any small plane current may he replaced hy 
a small magnet placed with its centre in the centre of gravity 
of the current^ and perpendicular to the plane of the current. 

7. Let the element be at (fig. 22), and the direction 
of the current Ox^ a?, y, z the coordinates of a point in which 
a mass /* of north magnetism resides, PJf perpendicular to 
the plane ary, MN\o 0% LP to the plane NOP. 

LP is the direction of the action of the force 

PN 
.jTpi'dx^ (^)> 



OP' OP 
by Biots's law. 
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The component in MP is — ^ tdx^. 

If a magnet of length 2e be placed with its centre at P in 
any direction, such that p is the perpendicular from on the 
plane normal to the magnet through P, the action of the two 
poles of the magnet revolved parallel to Oz^ are 

and the component parallel to Oz = 2fizi' dx^ -^ (^) » ^^^^ 

is the same as that of a closed circuit of area \, if /i.2e the 
magnetic moment = \i\. 

8. Cor. 1. The action of a solenoid, whose axis is any 
curve, upon an element of a current is the same as that of 
an infinite number of small magnets ranged along the curve, 
the magnetic moment of each of which is \i\. When the 
solenoid is infinite, x^ y^ z the coordinates of the pole, the 

action upon the element cfe, is 2fitidx^ — , , -^ being the 

number of small magnets in the distance dp^ which, by re- 
ference to (I), is the same as the action of the north pole of a 

magnet, if -^ or -5-, represent the quantity of north mag- 
netism, supposed collected in the pole. 

9. Cor. 2. The action of the small magnet on the 
dement being the same as that of a small plane circuit, 
it follows that the single force and couple obtained by the 
action on a plane current made up of such elements, will be 
the same for the small magnet as for the small current. 

Methods of calculating the action of a given closed current. 

10. The actions of a given closed current of any form 
may be calculated either directly or by the artifice of supposing 
it the boundary of any arbitrary surface, which suriace is 
divided into small elements, the boundarv of each of the 
elements being ultimately a small closed plane circuit of 
the same intensity as that of the given circuit and in the 
same direction. 
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£ach elementary circuit which is within the boundary, 
being surrounded by elements in portions of which the streams 
are moving in contrary directions, has its action counteracted 
by these adjacent portions, and it is only those which touch 
the arc of the given circuit which have the portions in contact 
uncounteracted, and the total action of such portions is the 
same as that of the given circuit. 

Or, instead of each of these elementary circuits we can 
imagine a small magnet whose magnetic moment is \i\ 
placed perpendicular to the element, and then the resultant 
action of these magnets may be calculated directly, or we 
may suppose the magnetism of each element distributed upon 
and below the arbitrary surface, so as to form two layers of 
magnetism of uniform intensity in each layer, forming sur- 
faces parallel to the surface which fills the space within the 
given circuit, and then calculate the effect on the pole of a 
solenoid or magnet, by means of the potentials of the two 
layers with respect to the point. 

11. We can shew by direct calculation of the action as 
follows that the surface which is interposed is arbitrary, with 
certain limitations. 

For. if we take two such arbitrary surfaces A and J5, 
(fig. 23) the currents distributed over A in the direction of 
the main current produce the same effect as currents dis- 
tributed over A ana at the same time two sets of currents on 
B in opposite directions, and these three sets are equivalent 
to a set m the same direction as the main current on J?, and 
a set all in one direction in the closed surface formed by 
A and B together, and it only remains to shew that this 
last has no effect on the pole of the magnet. 

Let /, g^ A, be the coordinates of the pole m acted on 
by the currents, \ V small areas intercepted on the closed 
surface by a cone of small solid angle whose vertex is 9/2, 
dn the small normal measured outwards at X., m\ = r, mh! = r. 
the action on m of the current round \ resolved parallel 
to 0«, is 

an \ r J ah an r 



" ^ rfA V r* dn) 

_ p d \ cos^ 
~^dh~~i^' 
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where ^ Is the acute angle between m\ and the normal ; 

for the action of X', -^, = cos ^', 

and the current is in the opposite direction with reference to wt, 

, X COS0 __ X' cos<^' 

^^j p» - — ;,'« 5 

dierefore the whole action parallel to Oz of the two currents 
round X, Ts! is nil. Hence, the action of all the cuiTcnts dis- 
tributed over the closed surface is nil, unless m be within the 
surface. 

12. I shall illustrate these four methods by taking an 
example which will point out at the same time the error to 
which I have alluded. 

The error is as follows : 

The action of AB (fig. 24) a closed circuit upon the 
pole of a magnet is required, and the method employed is 
to make a conical surface of which the pole m is the vertex 
and the closed circuit the guidine curve, to describe a sphere 
with centre m. CD being the portion intercepted by the curve ; 
the surface wnich is then selected as the one whose boundary 
is to be the closed curve AB^ is that made up of the portion 
ACDB of the sheet of the cone and of the spherical segment 
CD^ this surface is divided into elements X, and small magnets 
whose moments are \i\^ are placed perpendicular to each 
element. 

It is asserted that the magnets on the sheet ACDB 
produce no action on m^ and then the only acting magnets 
are those on CD. 

This is to me obviously not the case ; for if tw = 26 (fig. 25) 
be the magnet perpendicular to X in the plane of which m lies 

the repulsion of n on m. supposed a north pole, is -- M — = 
tX 1 '^ ' 4s wm* 

the attraction of « is 7- M — n , and the resultant action is 
48 «m*' fX 1 e 

perpendicular to m\ and equal to 1-5 — ; or, if we 

consider directly the action of the plane circuit X, it is JtX -—5 , 

so that the action of the circuits or small magnets which cor- 
respond to ACDB is in no case nil. 

1 shall now take a particular case and illustrate the 
different methods. 
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To calculate the mutual action of a circular current and a 
pole of a moffneU 

13. I. To calculate directly by Blot's law. 

Let mC=aj mA^r^ (fig. 26) and let the closed circuit 
be a circle, 2a the angle of the cone. The action of m on 

the element r sina e2^ is ^mi zjr^ sin a in the direction 

of the axis. The total action is wmi . 



n. Calculation by means of currents distributed over a 
spherical segment whose base is AB^ centre m. 

Since, by Art (3), the whole action of a current X on 
the pole in the normal to the plane of the current, being 

the difference of the forces (1) and (2) is — »- =-^; 

the component in the direction of the axis of the action of 
lit on an element dS whose normal is inclined at an angle 

to the axis is -j dS.cosO] therefore, since d8 cos is the 

orthogonal projection of dS on the plane of AB^ the total 

. ,, . . irimr^ sin* a irim sin*a 

action m the axis is -j = . 

r r 

nL To calculate by currents on the surface ACDB. 

The action of a current X on a pole m its plane being —j^ y 

the action of the currents on the conical portion resolved in 
the direction of the axis, having regard to the direction of 
the small currents, is 






'^ imr Bvaad0dr . 

~ sma 



2r* 



mm gia^adr 



'HI - ^) ' 



mm sin 

\r a J ' 

that of the spherical portion =7rm sin'a - , the action of the 
giv«n current is therefore . 
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IV. To calculate by means of the potential of the mag- 
netic fluid distributed over two spherical surfaces near AB 
at distances s on each side. 

If p^ p be the quantities of attracting and repelling 
magnetic fluids on an unit of each surface. 

fi the Quantity in one of the poles of the small magnets, 
corresponding to an area X, since it is distributed over an 



area 



X f j for the surface radius r + s, 

^ ""X VrTeJ "" Te VrTe/ ' 



and the potential with respect to a point at a distance x from 
the vertex, is 



jr + s + ic cos^ J 46 ' r + e -fx 



cos^ ' 



dS\ dS being corresponding elements of the surfaces whoso 
radii are r-^-e^r respectively. 

The whole potential V of the two fluids is 

iUsl '- , l—l 

is J (»'-s + a;co8^ r + z + x cos6j 

~'j(r + a;cos^)' 

, . fdS f, 2j; cos(? , \ 

-^ ixirr^ sin' a 
= % pi +•••» 

^ dV TTi sin'a , /. i • i • .1 

therefore — 5- = , when a: = 0, which gives the same 

dx r ^ » o 

result as before. 
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ON THE EVOLUTE OF CUBIC CURVES. 

By Henry M. Jeffery^ M.A. 

(Continaed from p. 81). 

5. TO find the Boothian equation to tbe evolute of a 

non-singular spherical curve of the third class^ 
Let this curve, as the plane curve in § 4, be denoted by 
the equatiou 

The equation to its evolute may be deduced from the three- 
point equation of § 2 by substituting 

| = ?=.r = (l + r+i,r*, and |= | = -i2 = (l+r+i,«)-*, 

{Journal^ Vol. IX., p. 206), 

+ (r + 17* + 1)" (8^' + abc) {6rf {a^v' + h^v + c^v') 

+ (2aciy" + 2ab - Jcf ) f + (2ai + 2icf ' - aciy') v^ 

+ (2tcf* + 2aci7"-a5)}=0. 

This is also the Boothian equation to the evolute of a non- 
singular spherical curve of the third order 

(- oaj* - 6/ + c + Gdicy = 0), 

since the two curves are reciprocal. 

6. To determine the Boothian equation to the evolute of 
a non-singular plane curve of the third order. 

Let its Cartesian equation be 

The eauation to the evolute may be obtained, from §§ 2, 3, 
by the following conversion : 

(ar+5i7'){5V4«+c«aV+a'i*-24Jcrf'f*i,-24aaf'ff,*-24aW»fij 

- 2v* {al'bc + IGad") - 2f (ab'c + 16W) - 2f V (oJc" + IGcd*} 

- 24^1?'' i2d* + abed)} + (f 4 vT {»<i' + abc) {Gd [a^tj^ 4 b^i) 
+ (2acij' + 2aJ - 6cf ) f + (2a6 + 26cf - ocij') ij*} = 0. 

VOL. XI. L 
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7. To find the equation to the evolute of a cosped cubic 
referred to three-point tangential coordinates. 

Let Its tangential equation be 

80 that the reclproci^ cubic is thus denoted : 

46,aV-9a,6'ci8*7 = 0. 

As In § 2 the equation to the evolute Is the ellmlnant of three 
equations 

fP+gQ + hB^Oj 

where P is written instead of a (op — Jj cos C — cr cos^. It 
is found to be 

(«,/ + 3*32"'-) (4ia^ - 9«i 0"^) = «A (4pP- SqQ + rB) (4 A*)*. 

8. To find the equation to the evolute of a cusped cubic 
referred to trilinear coordinates* 

Let its equation be 

a,aV+ 3634*0^7 = 0. 

The equation to the evolute is seen to be, from the per- 
manence of equivalent forms, 

{a^P* + 3 J3 QTB) {i\p' - 9a,2»r) = a,\ {ipP^ 8j Q + rB) (4 A*)** 

K cusped cublcs have the same cusp and point of Inflexion, 
and If the tangents at those points Intersect In the same point, 
the common tangents of all these cublcs and their evolutes 
envelop the same parabola* See § 14, Cor. 

9. Li the Boothlan system of coordinates, the evolutes of 
the cusped cublcs (ajf" + 3J3I;* = 0, a,a;* + 3 63^' = 0) are thus 
denoted : 

(45.r + 9a.»»*)r-4i.(r + i7r{P-2i,') = 0. 

Li this particular case of the seml-cublcal parabola, the 
equations to the evolute degenerates Into one of the fourth 
degree ; the enveloped parabola degenerates Into two points, 
in which the common tangents meet the line at infinity, as 
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k shewn In fig. 27 ; the line at Infinity also passes through 
the points of inflexion of both curve and evolute.* 

10. To find the equation to the evolute of a cubic curve 
of the third class with double tangents. 

• This curve is also of the fourth order. Let its equation be 

a, p' -f 3a,pV + Bb^r = 0. 
The equation to its evolute may be written 
(«,/ + Sa.pV + 3532V) (12a,V-P* + 2^aXP'Q'+ 12a,' (? 

= (4A»)« b, [p (12a,a,i,P" - 4a,*6,P£ - l2afi;Q') 

+gQ {Sa,\R-^ 2Aa,aJb,P) - aXrIP]. 

11. To find the equation to the evolute of a cubic curve 
of the third class with double tangents, referred to Boothian 
coordinates. 

We have to find the eliminant of the three equations 
(see §4) 

f (a/- + 2a./) + 263(717 + a./* + 5,(7- = 0, 

It is seen to be 

which may be also thus expressed 
(a.r + 3a,r+35.i,')(a.i,» + J.r'}' 

12. To determine the evolute of a cubic curve of the third 
order with double points, referred to Boothian coordinates. 

Let the Cartesian equation of the curve be 

- a,a:^ + Sa^a:" + 863^* = 0. 

* Generally, if the equation to a curre of the n^ dau be 
e* + natT^ = 0, 
its evolute may be denoted by the equaticm 
(£» + nafT') f 
- (? + n*)« {P^ - 2P'^V +...+ (- ir* (n - 2) Pn^ + (- 1)" (n - 1) i*^). 

This equation to the evolute is unaltered in form, if the given equation 
represent a curve of the n^ order. 

L2 
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M 
We bare to eliminate between its equivalent Boothlan equa- 
tion and two others 

12(., (ay + bj^f - 4a,J,r - SGafiJbJff' 

+ 9a*by^OB4^{f,g) (1), 

(f-/)|-^(''-^)|=« (^)> 

fS+9r, = (3). 

Substitution of tbe value of ff from (3) in (1) and (2) leads to 
two quadratic equations 

12a, (a.r + hvTr - 4a.i.V ( ^ + 9a.r) /+ 9a.»J.f ,« = 

f {48 {K - «.) ? {«.r + Kv') - 4aA (V + 9«.n) 

+/{72a.a.A,f >»' " l2a,J.f (J.i," + Sa.f) + ISa/J.r} 

-18a,'i,f,« = = ?/» + m/+ n. 

Their eliminant determines the evolute 

(Ln - Nl)* -(Lm-Ml) {Mn - Nm) = 0. 

After rejecting the factor (3f a, — «?*&,)', this may be reduced 
to the normal form 

r (12a. (a.,' + b,ry - *«. vr - SeaMf^* + 9«. V) 

+ 4(r+vT(aA(r-2.?'0 + 3a.W + 3a.&,f(2,''-r)l=O. 

13. To determine the evolute of a cubic curve of the third 
order with double points, referred to trilinear coordinates. 

If the equation to the curve be selected as 

the tangential equation to its evolute may be deduced from 
that given in §10 by interchanging />, y, r with P, Qj R. 
This conclusion is inferred from the result of the calculation 
in the preceding paragraph, wherein a superfluous factor is 
rejected, and from the general consideration of the degree of 
the equation of an evolute and of its spherical interpretation. 

14. To find the equation to the evolute of a cubic of the 
third class referred to three-point tangential coordinates. 

This equation can be expressed in a symmetrical form, 
after the process adopted in §2, and afterwards be reduced 
to the normal form, m which the foci of the cubic and its 
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reciprocal curve are shewn to be common to their respective 
evolutes. 

Let the general equation to the cubic be 

•hSc,fh'^Zc^gh'=^0 = <l>{f,g,h) (1). 

To determine the evolute we have to eliminate between this 
and two other equations 

4^'i^'t=« «. 

/P+.7Q+Ai? = (3). ' 

For convenience of the analysis, substitute uncial letters, 
thus defined: 

aj = -4,P', 5^ = Pj^, = 

Also use the subsidiary quantities X, My Ny H^ 

+ D{Fp-Qq-Br), 
M={A,-A,+B;)Fp + {B,-B,-B,)Qq-^{C,-C,+ B;iBr 

+ D[Qq-Er-Pp\ 

2f = {A,-A,+ C,)I^-HB,-B,+ QQq+{C,-C,-C,)Br 

■^D[Er-Pp-Qq\ 
-H=MN+NL + LM. 

As in § 2, the following ratios of/P, gQ, hR may be obtained 
from (2) and (3), 

gQ{M->J{H)] = hB{N+^[H)], 
hR{N-,f{H)]=fP{L+^{H)]. 

"®°'* Jf + V(i?) ~ L- s/{H) ~L + Af 

By substituting these values, in the given equation (1), 

- A^ {M+ ^{H}]' -B^{L- V(J7)}' + C,{L + M)* -+• . .= 0. 
By symmetry, 

A, {M+N)' -B^{N+^{H)Y-C, {M- V(^}'+...= 

^A,{N-,fiH)Y + B^{N+Ly -(7,{L +V(^)'4...= 0. 
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By addition, the eqoation to the erolote may be written 

V(-ff) M, (i^-JT) + 5, {U-2P)-^C,{iP-U) 

+ 3(C,-5,)(Z + JV)(Z + Jlf) + 3(^,-(7.)(lf+X)(Jf+i^ 

^A^(M+N)(H-MN)+B,{N-i-L){H-NL)+C,{L+M){H-LM) 
-6D{M-^-N){N+L){L+M)-^-Z[BJ^+C^){L+M){N+L) 
■¥Z{C,L+A,N){M+2f){L+M)+3{A^M+B,L){N-\-L){N-i-M). 

.^er squaring both sides and rejecting the factor 
(M-irN){N+L)iL + M), 

this equation takes the following form : 

A^' (M+ JV)* + B,' {N+ Lf + C; {L + 2I)*- 2B,C,L (Z» + 3^ 

- 2A^C^{iP+Bn)-2A,BJf{N'+ZH)+dA,' {M+2r}\L-^N) 
+ 9 a; {M+ jyO* {L + M)+ 9B* [N+ L)* {M+ L) 

+ 95," {N+ Lf (iV+ if) + 9 0* {L + MY (iV+ if) 

+ 9 C*{L-\-M)*{N-^L)-6A^A^{M+irf-%A^A^M{M-vNY 

- 65,5,2/ (iV+ X)»- 6B^^N{N-i- LY-6C,C,M(L-^ M)' 

- 6 C.C'.L (i + if)" - 18J.^,i (if + N)' - 185, 5,if (JV+ i)' 

- 18(7. <7^(Z + if)''+ 18^,5, (i + i^ (ifZV- 5) 

+ 185,(7, (if + i) (iyCD - ^ + 18 C,A, {N+ M) {LM- H) 

- 18(7,5,Z (Z+ if) [L + N)- \9A,C^M[M+L) (M+N) 

- 18B,A^{N+ L) {N+ if) + 18 C,^, (Z + if) (ifiV- H) 
+ 18^,5, (if + N){NL-H) + 185, (7, (N+ L) {LM- H) 
+ 185, C, (if 4 i^ (i* + fi) + 18 J,0. (iV+ Z) (if" + H) 
+ 18^,5, (Z + if) (J^ + ^ + 64,5, (if +i\0 (5-+J^) 

+ 64, (7, (if + J^O (-ff + -»0 + 65.(7. (iV+ Z) (5-+ Z») 
+ 64,5,(iV+Z) (5-+i\r) + 64,(7, (Z+if) (5-+if») 
+ 65,(;(Z 4 if) (J^H- Z") + 64,5, [(2iV- if) ff- ifl^ 
4 64 , (7, [(2if - J^ JT- ifi^ 4 65, (7, [(2Z - jyr) 5-- Z»iV] 
4 05,4, [(2iV- Z) 5"- Zi^ 4 64.C, [(2if- Z) fl-- LM^ 
+ 6B,C.[{2L'M)n-L'M]-l2D{A,{M+N){E-MN). 
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4 3«zf ,Jf ^ -v .v-r x; z -?- JT. = a 

Heoce msj be deduced Use nonnal form, -vlucli RpRsents 
both the primhiTv and reciprocal carres, 

4 laJ* [P(r[iQq-iPp, a,hj^, + PQ[iPp- tQ.i) a,V, 

+ P<?'Ci>-2Br>,f;4i*C:<??-«^'-:V.*+^V<?2-»^'->,<'.^ 

+ !*<? (8fir - 2i> - ^) a,V, + PQ" '\»Sr - 2 <?2 - i» J,n,r, 

4- Pe (6i?r - 3i» V.f. 4 P'^ ;65r - 3 ^) V.^ 

+ <r{Qq-*Pp) «,V. + i* (ij* - 4 <??) J. V. - 2P"(?'m,V, 

4 P*rJ,V,4<?'ra/c,43P*^r«,r,*4 3P*^rft,<>,*46P^ra,r,r, 

46P'<2r6,c.c,-P'r6.c,c,-(yra,c.f,4 4P'<2rJ,f,f, 

4 iPQ^ra^c^c^ - 5P* ^«i,c,r, - SP* <?'*,<• .r, 4 SP* Crft/.r, 

4 2P<3'ra,c.c,}4&£{P*(?:3<2j-2/57)a.V,«',44P»(i?r- (?.;)fl,V/. 

- ^« WA 4 P* <? ( <22 4 4i?r - 2i},) a. V.* - 3P*ji, V.* 
44P»(?',ii>- ^j-iZr)a,i,V,44P»(<?j-2?r)«,V<-,4 iP'qKKc, 
4 P^ (P/J-4 ^j4 105r) a,J,c,c.+ SP'C (27^)4 Qq-SRr) <i/,<r,r, 
4 3P(7 (2i?r +2Qq- Pp) J, J.c.c, - P'iKW, 

- 2PQ'(,Qg-2Pp-¥ Rr) afi^c^r^+P'QlAPp- 3 (?J-6/?r)o,V,r, 
4 P* (6 <?J - ^ - 2i2r) J. V. 4 P' (Pi» - 2 gj - 2Sr) b,h,c,c, 

4 P*2J,*c.c,44P'<?(2i?r- <?y) J, V,4<?'(6i?r- Qq-2fy)a,o,e; 

+ 3P'Q{Qq- 2Rr) aj,,c* + iP* (Br - Qq) a,\e,' 

4 4 <?• (i^ - i?r) a,ajb,c^ + iPQ' i2Pp - Qq- Br) a,a,V. 
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^2P'QraJ,,c,c,-&P'QraJb,c; + SF'QraJ>\-GP'(rra,h,c,e, 

- 2F'Qrb\* - 2P'QraJ>j:;; - 12P' Qr\c,c^* - iP* Qrbji'c^ 
+ P'Q'rafi^c;-^ 5P"g»m.5,c.'+ 12P'<2'5,c,V,} 

+ F'(2Qq + 2Er - Pp) afi^ - 3P*qaJ>X " Si^m.J.V/ 
+ iP* (2 Qq + 2Br - 1)>) afijc,* - \2P*qaJ)j:^ - \2P*raJ>f* 
+ 4P* (2 Qq + 2Br - Pp)afi^c^ - l2P*qaJbX - UP'raJb^c, 
+ SP* (Pp -2Qq- 2Br) a,c^\^ + 9P*qa^c*b; + dP'raJ,^ 
+ GP' {Pp -2Qq- 2Br) afij,^c,c, + l8P*qaJ>J>,c^e, 
+ 18P«raAW. -6P'Q{Pp-2Qq + Br)aJ>,\e, 

- ISP* ( Qq - Br) aj>^\c^ -%P'Q[Pp-Qq. Br) a,bj>^cfi, 
-BP'iQq- Br) aJ>J,^c,c^ - &P*qb,b^b^c,c^ - 12P'Qra,bJb^c,c, 
+ GP'Q{2Qq-3Pp + 5Br) aj>,b/:^c^ -GP'{Qq - Br) aj>,b,c/:, 

- 12P*qb'\c^c,-iSP'QraJb,\c,c,+ 6P'Q{I^- Qq-Br)aJ>,b,c; 

^6P'{Qq- Br) a.J.J.c' + 3^*2 W." 

+ 12P' Qra^bp^c;; -6P'Q(Qq-2Pp + iBr) afi^c^ 

+ dP'qbX + SGP'QraJb^c; + GP'Q{2l^ - 3 Qq) afi^c^c^ 

+ 24P» ( Qq - Br) ajf^cfi* + 6P'qbfi^c,c* + 12P» Qrajfjifi* 

- 6PQ' (/> - 2Br) a fix* -GP'Q{I^-2Qq + Br) afi*c* 
+ P» (i^ - 8 <2j + 4fir) i,V - 12P' Q'rafiX* - SP'rbXc* 
- 12 PQ' (i> - 2Br) afl^c^' - SGP* Q'ra^a^c* 

- 6P<2' (Pp-Qq+Br) aflfij:; - 6P'Q {Qq - 2Br) aXc,* 

- GP* Q'ra,afic; - SPQ" [31^ - 2 Qq) afi^c^: 

+ 9P' {Pp-i^Qq) J.V.'- ^9P'Q{^Pp-Qq-^Br) afi,c,c* 

-36P' (^rafifi^c; - 6PQ' {ZPp-2 Qq) afiji:\ 

+ eP* Q (2/J> - 3 Qq) afijcX - 6P» {Pp - ABr) bfi^c^ 

- 3P*qb}cX - liP'rbfi^cX - 12PQ' {Pp - 2Br) a,afiX 
+ l2P'Q{Qq-2Br) a^afiX - 24P' ( Qq - Br) afifiX 

- iAP'OTraXc, + la-P*?* {Pp - ^Sr) afiX* 
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- XiP'Q (Pp - ZRr) ahX -^ 9^ {Pp - 4^'') ^.V^.' 
+ -iP^qb^hX + ISP'Q'raJbX + ^PrbX 

+ GPOr {Pp +Qq- bRr) a^aJY^ -\9P'Q{Qq- 2Br) a^aj,^c^ 

+ ISP* ( <22 - 2Rr) a^hfi^c* + l8P'Q'ra*b,c^' 

+ GPQ' (Pp-Qq + Br) a^aj>^c^c, + GP" Q{ Qq - 2Rr) a^ajb^c^c^ 

+ GP" (Qq - Rr) aJ!>fi^c,c,+ 6P'Q'ra,\c,c, 

+ SPQ' (i5> - 2Rr) a,\b^c^c^ ■¥ 2iP' Q {Pj> - Qq - Rr) aj>,b^c,c^ 

- 6P' iPp-iQq] b;b,c^c, + 42P'Q'raJ>,b,c,c^ + 6P*r\b,\c, 

+ 6P'Q{Qq-2Rr) a^\c,c^ + 6PQ' {3Pp - Qq - SRr) afl^h^c^e^ 

+ 60^ {Pp- Rr) a^ajY^c^ + i2P*Q'rajiJ>^c^c, 

+ ISPQ' {Qq-2Pp + 3Rr) a^aj>,c^c^ 

+ lSP'Q{Pp -2Qq + 3Rr) ajb,b,c,c, -6Q^{Pp- Rr) a, V.". 

- 12P<2'ra,fl,S,c.c, + 6Pg» ( (?2 - 4i> + 5Rr) a*b,c,c, 

+ 6(r{I^-Rr) afi,\c,c, - iSPQTra^ajb.c^c, - 12P»<2ra.J,V. 

+ (^{2Pp-Qq + 2Rr) a,\c* +Qf'{Qq + Al^- SRr) a,V 

+ 6(r{Pp- Rr) a^a^b,c,' + UPQ'ra^a^c^ 

+ ePg* (2^ -Qq- Rr) a^b^c; + l2PQ'ra^aJ>,r.,* 

+ 24 <?'(/> - Rr) a, J.c.V, + lSPQ'{Pp-2Qq+ iRr) a^bfi\ 

+ 3&P'Q{Qq-2Rr) bW + B&P'Qrbfi.cX 

+ 3c. {c, {b^P'-2b,PQ + a,Q') -c,{a,Q'-2a^PQ + b,P')Yr. 

This equation to the evolute is incomplete as it stands ; the 
missing terms can be produced (1) by a process of dualising, 
which IS exhibited in the coeflScicnts of rf*, ef ', and c?*, arranged 

in pairs on this plan of commutation : a. 



^ , while B, 



r and c^ remain fixed, (the principle of this exchange may 
be observed in the given equation to the cubic curve) ; (2) by 
adding terms in the usual cycles a„ J^, c^ ; at^, J^, c ; O3, J^, c^ ; 
P, Qj B'y py q^r] as is shown in the coefficient ot d\ 

Cor. Since P, Q^ iZ, or their powers occur in every term, 
and become zero when p = q = rj the evolutes of the cubic 
curves are parabolic. 
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15. To determiDe the Boothian equation to the erolate of 
a cubic curve of the* third cIrbs. 

By proceeding as in §§5, 6, the equation to the curve, 
whether spherical or plane, may be derived from the three- 
point form given in §14. If -B = 0, the evolute to the plane 
curve is at once found, to the extent of half the terms ; the 
other half is obtained by dualising, as explained in §14, (1). 
(To promote accuracy, the Boothian equation was calculated, 
first, as a guide to the three-point form). 

16. To determine the three-point tangential equation to 
the evolute of a curve of the third order. 

If the variables^, j, r are interchanged with P, Q^ R in 
the processes and equations of §14, the equation to the 
evolute can be obtained after transforming to tangential 
coordinates the trilinear equation to the cubic 

Oia'+3a^a')8+...= 0. 

17. To determine the Boothian tangential equation to 
the evolute of a curve of the third order. 

The required equation may be deduced from the eouation 
of §16, when found, by substitutions explained in §§5, 6 
according as a spherical or a plane curve is considered. 

18. To determine the duevolute of a cubic of the third 
order. 

By the duevolute has been denoted the locus of the foot 
of the subtan^ent, if Cartesian coordinates be used, or the 
intersection with the tangent of a line drawn through the 
pole of the circumscribed circle perpendicular to the radius 
vector from that pole. {Journal^ Vol. X., p. 321). The 
duevolute of a spherical curve is the reciprocal curve of the 
evolute, or the locus of the quadrantal poles of the normal 
arcs of the curve. 

Just as a curve of the third class can be expressed with re- 
ference to its three foci [pL^fi^X [m.MsMs + (^ A^ fi^ = 0]. so, by 
dualising, a curve of the third order can be expressea in the 
same form for a spherical curve with reference to its three 
cyclic arcs. In a plane curve, the reciprocals of the foci are 
three director-lines, whose doctrine has been explained both 
geometrically and analytically in the case of comes {Journal^ 
Vol. IX., pp. 192, 331). Every cubic of the third order can 
be expressed in Cartesian coordinates in the form 
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and in trilinear coordinates 

A'iA*t/*8 + ^4(2 (aV + 2&C/97 cos 2^)}* = 0. 

Since then it has been shewn that the evolute of a curve of 
a third class can be exhibited in the form Wgt? 4- 16A*M7g = 0, 
and since the form of the duevolute is identical for spherical, 
and nearly identical for plane curves, this equation shews 
that the cyclic arcs and director-lines of the cubic and its 
reciprocal are also common to the duevolute. As in a plane 
curve of the third class the reciprocal curve degenerates into 
foci, which are cusps on the evolute situated at the line 
at infinity, whose radii-vectores are perpendicular to the 
asymptotes {Journal^ Vol. X., p. 335), so in a plane curve of 
the third order the reciprocal curve degenerates into director- 
lines, which are stationary tangents through the origin (which 
IS a common point of inflexion to the evolute) ; these tangents 
are perpendicular to the tangents which are drawn to the 
cubic curve from the origin. This conclusion may be 
justified by combining the linear equation to a director-line 
(AA, = = ^ + e;y) with that to the origin {(a:^ + y«)" = 0}. 
The origin is not a point of undulation, but of inflexion, since 
the stationary tangent passes through four consecutive points, 
two of which are coincident and correspond to the two con- 
secutive points of contact on the primitive curve lying on the 
tangent through the origin. As in the case of a parabolic 
curve of the tliird class, two cusps unite to form a point of 
inflexion at infinity on the evolute, so if the curve of third 
order pass through the origin, two points of inflexion unite 
at the origin in a cusp on the duevolute. 

19. By way of illustration, the points of inflexion and 
cusp at three different origins of the du-envelope of the same 
hyperbola are shown in (figs. 28, 29). The du-evolute of a 
parabola, if its vertex be the origin, is of a cissoidal form, the 
vertex being consequently the cusp. 

Cheltenham, Sept, 10, 1870. 
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ON THE MOTION OF FLUIDS. 
By Sir James CJockle, F.R.S. 
(Continued firom Vol, x., p. 311.) 

67. TO the preceding results a yet greater generality, 

mathematical and hydronamical, can be given. 
And in these papers I shall extend the processes so as to 
obtain rigorous solutions of problems of which I believe that 
no rigorous solution has yet been given, and one of which 
has hitherto, I think, resisted attempts at rifforous solution. 
Moreover it will be found that when the density and the 
pressure are connected by a binomial algebraical (though 
not necessarily linear) relation, rigorous solutions can be 
obtained. 

68. Designating as universal, particular, and singular the 
three genera of solutions of a system of differential equations 
involving more than one dependent variable, by universal 
solutions, I mean indifferently those which, in tne terminology 
of the preceding paper, are called complete, general, and 

J perfect solutions. By particular solutions, I mean indif- 
erently those therein termed incomplete, generalized, and 
imperfect solutions. There is also a Kind of solution which 
may partake partly of the nature of a particular solution and 
partly of the nature of a singular solution, and which may 
therefore be distinguished as a '^ mixed" solution. And an 
inspection of equation (47) of p. 355 of Boole, seems to indi- 
cate that there may be a mixed solution of a partial differential 
equation of the first order involving more than two inde- 
pendent variables. 

69. The solutions obtained in Art. 9 and Art. 14, respec- 
tively, seem to be essentially different, and to indicate that 
the theorem at p. 343 of Boole has nothing corresponding 
to it in the theory of systems of equations involving more 
than one dependent variable. I propose to call the solution 
of Art. 9 a mediate solution, because it is effected by a change 
of independent variable, ana to call that of Art. 14 an imme- 
diate solution. It will be found that from a mediate solution 
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it is not possible to deduce a general or a perfect solution, 
but that it is possible to obtain, from a meaiate solution, a 
solution of a more general system than that from which it is 
derived ; and this species of generalization I call " inverse 
generalization." 

70. When, in order to generalize a solution, one or more 
of the arbitrary constants is made an arbitrary function of 
another, I shaU, following Mr. De Morgan (on some points 
in the Theory of Differential Equations, C. T., Pt. IV. 
Vol. IX., Art. 2 of the Memoir), call such constants com- 
pensating variables. When one or more of the arbitrary 
constants is or are made a definite function or functions of 
others, I shall call such constants related parameters. If any 
constants which enter into the coefficients of a differential 
equation involving one dependent and one independent vari- 
able be treated as compensating variables, then the process 
of inverse generalization may be applied. 

71. We may denote by D differentiation with respect to 
a compensating variable whereof other compensating variables 
are, in the differentiation, regarded as arbitrary functions. 
So that Z> will in general only apply to the compensating 
variables. If Sv denote any arbitrary infinitesimal increment 
given, or supposed to be given to v, then Sv may be called 
the variation of v, and S regarded as the symbol of variation 
used in the calculus of variations. If dv denote the in- 
finitesimal increment actually taken by v under given con- 
ditions, say in the infinitesimal time dty then dv is the 
differential of v. We have, always, the known relation 
dSv = Sdvj and dv and Sv are independent, and we may 
suppose Sv to be infinitesimally small compared with dvy or 
vice versd. 

72. The rest of the present paper will be divided into 
four sections. The first will consist of supplementary or 
emendatory remarks. In the second I shall discuss the 
mediate solution given in Art. 9 and its inverse generaliza- 
tion. In the third I shall enter upon the subject ot Spherical 
Waves, and in the fourth I shall consider cases in which the 
pressure varies as a power of the density, cases which include, 
among others, that m which the pressure follows Laplace's 
law (as to which, see Thomson and Tait's Natural Philosophy^ 
§824). 
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§ 1. Supplementary RemarJca. 

73. The observations made in Art. 24 apply to the in- 
Testigations in Arts. 40-49, and we may eliminate M from 
{fi) not only by means of (i) but also by means of {k) and 
(\). By so domg we shall obtain the additional equations 

du du , . du V f du du\ ^ , . 

^ du du , . du V du ^ , . 

'^^ ^ + " ^+^^ + "2) ^ + 2»« ^ = W, 

and in integrating the latter we may treat 2> as a constant, 
remembering always that (f,) must ultimatdy be satisfied. 
I have unduly restricted the process of Arts. 40—49, which 
includes that of Monge, as well as gives results where 
Monge's method would fail. If the c on the dexter of (7), 
instead of being supposed constant, be supposed to be a 
function satisfying the equation 

^+"i?=^ (*)' 

then (7) still gives a first integral of (a). This may be shown 
thus. In Art. 41 u is regarded as a function of x^ y, ;;, p 
and a. But it may also be regarded as being indirectly a 
function of x and y only, for Zy p^ and q are ultimately func- 
tions of X and y. Denoting by brackets differentiation on 
the latter hypothesis, then, after determinbg u by the given 
method, we can derive from (7) the relation 

on the supposition that c is constant. But the same relation 
may be derived from (7) when c is variable, provided only 
that it satisfy (<^), which will be the case if c be an arbitrary 
function of r, the definition of v bein^ that t; = a is the solu- 
tion of dt/ = ndx. The true enunciation of the result of the 
method of Arts. 40—49 is therefore as follows. When (f J 
is satisfied, then 

«=/w w, 

wherein / is arbitrary is a first integral of (a). When (f J 
is not satisfied, but a relation of the form 

du du ^ IdTJ^ dR 
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holds, then D; = (^J 

is a first Integral of (a). 

74. The concluding sentence of Art. 30 should be ex- 
punged, and in Art. 31 the word " latter" should replace 
" former," and vice verad. The argument of Art. 37 should 
be amended thus : 

Case L Let {K) be integrated in the form [L). Then 
(L) is the condition that Iv) and [w) may have a common 
solution. By means of [L) eliminate, say a^ from (r), [w)^ 
(a?), and (y), and call the respective results 

^. = {N), 

n=o (0), 

^.=0 m, 

^.=0 (ig. 

Then [N) and (0) have a common solution. Call this com- 
mon solution 

TF=0 [U). 




will give a generalized implicit value of ;;„ and a like value 
of z^ will be obtained by eliminating between {Z^ = and 
( W) = 0. Cases II., IIL, and IV. require a similar correc- 
tion, but I do not go into details, because the best practical 
process is one impenectly sketched in Art. 39, and hereafter 
actually employed. 

75. With respect to Art. 29, and to functional symbols, 
I would refer to Art. 19 of Mr. De Morgan's paper already 
cited, and with* respect to the extent of arbitranness which 
a function may possess I would cite the concluding paragraph 
of Section IV. of his paper " On some points of the Integral 
Calculus," in the Cambridge Transactions (Vol. IX., Part ii). 

76. Boole observes (p. 350, Art. 12) that the general and 
the complete solutions of a certain equation are manifestly 
equivalent. I am not aware that there is any known pro- 
cess for passing from a general or generalizea to a perfect 
or imperfect solution. But from the generalized solution at 
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m 

the end of Art. 54 of this set of papers we majr deduce an 
imperfect (fanctional) solution as follows. 

77. Put [17] and [24] under the respective forms 

« 

{t-\^m)[u±A) = x-<t>{m) [57], 

(< + ««) -tf^=a:-^H [58], 

and subtract [58] from [57]. We have 

(. + «.) |„±^-^)} = o, 

or „i^_^H = [59]. 

Now we may write [59] in the form 

u±A'-^'^{m)^0 [59J, 

whence ?n = '^ {u±A) [60], 

and from [57] we obtain 

^_x^_^^{u±A)^ tei], 

u±A u±A ^ ^ ' '-''' 

and, as remarks of Mr. De Morgan show, the dexter of [61] 
18 an arbitrary function of m ± ^ and therefore of m. Hence 
we may deduce [47] without having recourse to a differential 
equation of the second order. 

78. The method employed in these papers for the solu- 
tion of problems of fluia motion may be summarized in the 
following rule. 

Rule. In order to solve a system of two differential 
equations of the first order involving two dependent and two 
independent variables, assign at pleasure one of the depen- 
dent variables as a function of the independent variables; 
substitute the assigned value in one of the equations and 
solve for the other dependent variable; in the solution de- 
termine the arbitrary function, or constants, as the case may 
be, in such manner, when practicable, as to satisfy the second 
equation ; then generalize the resulting solution. 

Scholium. The solutions already arrived at may be at 
once obtained by assuming (13) to bold and proceeding as 
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in the Rule. The advantage of this assumption is that, bj 
it, we may express the place in terms of tne time. Other 
assumptions, leading to solutions more or less incomplete, 
may however be readily found. This is the case if we make 
the velocity a function of the time only, or of the place only. 
If all known modes of solving a partial biordinal fail, we 
may seek a complete or incomplete solution, and then en- 
deavour to generalize it. In Mr. De Morgan's paper, first 
above mentioned. Art. 17, the generalization of a primary 
[i.e. complete] solution of a biordmal is briefly considered. 

79. The notation hereinbefore used might, in some in- 
stances, be improved, but I adhere to it for the sake of 
greater facility in referring to and comparing foregoing 
results. 

§ 2. The Mediate Solution and its Oeneralization. 

80. Eecurring now to Art. 9 we obtain, from (47) and (66), 

i^\{x^C{Dt^E)}-^-^, (124). 

Hence (65) becomes 

= [^f + ¥J VllogM}-^^ (125). 

81. We also obtain, from (61i), 
'°K^ C - - 42= l»'l'+ *Cf) -Hi."') 

82. Now if, in conformity with Art. 7, we change the 
independent variable ^, and if, moreover, we put 

"s© ['»]. 

VOL. xr. N 
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then the equations (123) and (2) respectively become 

5V{logM}| + «| + ^«g = (127), 

• ^VllogM)J„ + «g + | = (128), 

and of this system equation (65) and Arts. 80-82 afford us 
the following solution : 

V 

r = -— Ti <\ — 7 — ~ nrr—^osimv) ... (130). 

83. A more convenient form can be given to this solution 
by putting 

CD = a, CE=^,^^c' (131), 

and eliminating t by means of (58). We can thus write the 
solution in the form 



84. Next, adopting the notation of Art. 71, we see that, 
in order that this solution may be generalized, Du and Dr 
must have a common factor. Now Du will be this factor 
provided that a, c, and m be treated simply as arbitrary 
constants and B and b alone be treated as compensating 
variables. On this supposition we have 

^=-A«-r^T^-^ (134), 

2 A* log(wit;) ^ '' 

and Z>u=:0, the equation of compensation, is seen to be 
equivalent to 

xDB+Db^O ..: (135), 

wherein J is to be made an arbitrary function of B. Accord- 
ingly assume 

l = ''J<l>"(B)DB (136), 
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then, differentiating with the symbol 7>, to which the / is 
inverse, and dividing out DB^ equation (135) gives 

or B=:(l>{x) (137), 

where ^ is an arbitrary function. Moreover we may now 
write (136) in the form 

b = -fil>"<f>{x)d(l>{x)=-fxd^{x) 
= -x<f>{x)+f<f>{x)dx (138). 

85. Hence substituting in (132) the values of B and b 
respectively given by (137) and (138), and putting 

J<l>{x)dx^ir{x) (139), 

where also '^ is an arbitrary function, we find, as the gene- 
ralized solution 

and the generalized value of r will be found by substituting 
for u in (133) the value given by (140). 

86. But. inasmuch as one of the compensating variables, 
viz. By itself enters into the system, (127) ana (128). of 
Art 82, the generalization is inverse, that is to say, it gives 
us, not a generalized solution of the system [20] and [21] of 
Art. 54, but a solution of a generalized form of the system 
(127) and (128), to wit, a solution of the system 

wherein ^^ , which replaces -B, may be any function 
whatever of x. 

87. I shall verify this inverse generaUzation, writing for 
the purpose 

N2 
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Now from (140) we have 

^_dVV C dv 1 a 

dv~ dv [^'^'^i[^og[mv)]\ '^ V 

-Vtv^^^^^^^I (^^^)5 

therefore -J^ V{log (»»»)) ^ 

= VllogM] ^ („ + a) ^. + WMM] ^_ (1,5)^ 

«^=T^«^. (146), 

-, rfr 1 . .du 

■4 -5- = — ;r-i -, ; (U + O) -r- 

oa; 2 Iog(»j») oa; 

= - r-i-^-- ^ (« + «) ^. (147). 

Hence adding (145), (146) and (147), and remembering that, 
in virtue of (141), the sinister of the result vanishes, we have 

« rV{log(wr)} dV K "I , , , 

Bat the last of the equations (143) gives 

dV_ V(log(mt>)) 1 

rf» ~ «» "^ 2r' V{tog(»«»)} "•• ^ ^* 

Consequently the dexter of (148) vanishes. 



88. Again, employing (149) we deduce, from (144), 

du 
dv 



>{-^ + 2-.Tog(.^)}(« + «)+;'-(^^«)' 

^Lenco 2^?- -Ji+£_=-2?? (151). 

dv V \og[mv) V ^ ' 
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Now, by Art. 85, 

^— ^ i9 — u + a ) ( u + a \ 1 

dv" 4-4* I dv V log[mv)) \log[mv)) v 

- _L ilM^X _ 1 f 152) 

as we see from (151). Hence 

di~ 2^" |log(»nv)j fie ~ 2^" (log(»n»)j 
•^ 1 

and g = FVr, (155). 

Adding the last three equations, and remembering that, in 
virtue of (142), the sinister of tnc result vanishes, we have 
the dexter vanishing identically, and, consequently, we have 
obtained a complete verification of the Inverse generalization. 

§3. On Spherical Waves. 

89. T shall now give a rigorous solution of the following 
case of the problem of spherical waves : 

An elastic fluid is in motion under the influence of two 
forces emanating from the ori^n of coordinates. One force 
varies directly and the other mversely as the distance from 
the origin. Initially, and therefore perpetually, the densities 
and velocities of all portions of the fluid equidistant from the 
origin are eaual, and the directions of the motions of such 
portions are similar, that is to say, such motions are either all 
from, or all towards, the origin. It is required to assign the 
motion rigorously. 

90. Let X be the distance from the origin of a particle 
whereof the velocity is u and the density c. Then,^ being 
the pressure, the dynamical equation is 



du du I dp jry (E ^ 
at ax a ax x 



(1).. 
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91. Conceive two concentric spheres to be described ronnd 
the origin as centre with the respective radii x and x + hx. 
Let the variation hx be infinitesimal compared with x. Then 
the volume contained between the two spherical surfaces is 
^irx^Sx^ and the mass so contained is Airax^Bx. And if for 
convenience we introduce a new variable py connected with 
the density a by the relation 

P = <^x'' (i), 

such mass may be represented by AirpSx. Now by the prin- 
ciple of continuity this mass will be invariable, and the mva- 
riability will be expressed by 

d{pSx) = (ii), 

where d operates on any oper and / so as to give it an 
increment of in the elementary time dt. From (ii) we deduce 

= dpSx -h pdSx = dpSx + pBdx 

-it^'-h^y'^ H, 

consequently the equation of continuity is 

dp dp du ^ ,^. 

and this and the equation 

dx-udt = (3) 

employed in its deduction, are the same in form as the equa- 
tions of continuity (2) and of definition (3) of Art. 1, and, as 
before, we shall take 

j) = A^x (density) (4), 

which, in this case of spherical waves, becomes, in virtue of (1), 

^=^v=^«J W.- 
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92. The equation last preceding gives 

dz" W dx xV' 
whence we have 

1 ^^*'^^^./l^_2\ 

<T dx p dx \p dx x) ^ ' 

consequently (1)^ becomes 

du du A* dp ^ CE-^A^ ^ „, 

and we have to solve the system constituted by f2) and (I),. 
This system shows that the problems of spherical and of 
plane waves are in a certain sense convertible. 

93. Much of the necessary work is already done. Apply- 
ing the rule given in Art. 78 assume, as in Art. 2, 

u=^j: + (13), 

then (2) becomes --| +(^d:-f 0) ^ + ^p (v), 

whereof the solution, already obtained by a less convenient 
process in Art. 3, is 

P = e-"V(>/) (25), 

or, patting as in Art. 6, 

e^»* = w (42), 

wherein the function / is arbitrary. The symbols and 
are, as yet, arbitrary functions of the time t only, and T and 
its properties are sufficiently defined and given in Art. 4. 
We may here conveniently repeat the equation 

«=/(t/J) (23), 

and the equation 

x-^ T 
i = -r^^r (35), 



€ 



of Art. 5, which, combined give 

as, among other relations, is noticed in Art. 21 



^=/(?) (118)., 
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94. Now, following a path analoTOus to that pursued in 
Art. 5. we deal as follows with the dynamical equation 
markea (1),: 

du d0 d& ,„^, 

dt = dt"'-'w (^«).' 

up^ = e{0x+@) (31)., 

A*dp_.^£f^ rf/(?) 
p dx- f{^ —df ^'^"^' 

jEx = ^{ef'"'i- T) (viii), 

(E-'iA* < E-2A* 

X "e^'^f-r ^'*^- 

Hence, adding, we see that (1), is equivalent to 

/(« di 
+ ^(e^-'f-r) + ^l^ = (K). 

95. By means of (29) and (42) respectively eliminate 
and from (x), which then becomes 



i^-^^^-f^-s^^^) 



"*" rf-r ■*■ t. /(f) di "^ (''^)- 

96. Next, multiply the equation last preceding Into vd^^ 
and it becomes 

(E-'iA* ,^ A* dm) ,^ ^ , ... 

V 



Digitized by VjOOQ IC 



On the Motion of Fluids. 169 

which will have its sinister a perfect or total differential with 
respect to f , provided that 

t;(^ + ^r)=-C (xiv), 

T 
and ——O (xv), 

wherein 5, C and Q are constants. 

97. These three equations may be satisfied. For, sub- 
'stituting in (xiv) for T its value Ov as given by (xv), 
equation (xiv) becomes 

(?i; (^+ ^z;j =(? (i; J+ ^i;«) = -C...(xvi), 

which coincides with (xiii) provided that 

-C = -^, or (7^* + 2(7=0 (xvii). 

98. Let this relation subsist among the constants. Mul- 
tiply (xiii) into - -j- , and it becomes 

dv d^v „ dv B* I dv . .... 

whence, integrating, reducing, and transposing, 

(|)''=£Mog(mr)-^r» (55)., 

whence, again, 

^ ^ /57^ 

dv ~ V{5« log(»nr) -^p'} ^ '*' 

'"JvliJMogCOTVj-^r'} ^^^^»' 

and the independent variable is no longer the time f, but the 
auxiliary quantity v. 
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99. In virtue of (xiii), (xiv), (xv), and (xvii) equation 
(xii) becomes 

whence, by integration, we deduce 

{- y^}'+ {(E-2A^) ]os{B{i-0)]^A* log{M/(f)} =0 

(60),, 

whence, again, by (118) and (i), 

A* log {»/(!)} =^'' \og[nvp)=A* log(nvaa!*) 

= - {^^y-(<^-2^') Him-G)] (61).. 

100. CombiniDg (35), (42), and (xv) we see that 

f-^=f («), 

and consequently that (61)^ becomes 

A^ \os{nv<Tx*) = - (g)' - {(E- 2^') log (:^) , 
which gives 

A* logo- = - (^y -{(E- 2A*) log {?^\ - A* log(nrx*) 

••"• (61t)., 

•which determines <7, the density. 

101. In order to obtain m, the velocity, we have recourse 
to (52) and (57)^, and find 

Q^\dv^ ^[B^\og [ mv)^JEv'] 

V dt V *' 

and, combining (50) and (xv), wc have 

= ^r-f=^.^-^J^ = O (64),, 
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for from (52) we learn that vd— -j- vanishes. Hence, by 
(13), u = ffx^ or 

w = V[{5Mog(mr)-^.«}].^ (65),, 

which determines the velocity w, and shows that for a given 
value of v, that is to sav, for any given time, the velocities 
are proportional to the distances from the centre. The time 
is obtamed from equation [5S)^. The solution is a mediate 
one, and does not, therefore, admit of direct generalization. 
Nor in this case does it, I think, admit of an inverse 
generalization. 

102. Let jE vanish, in other words, let there be no 
central force varving directly as the distance. Then (58)^ 
and (63), respectively bring us back to 

dv 

fV[log(7/ii;)} 



'"^/vilogW)} (^^)» 



^ = f V{log(m.)} (63), 

and we have 

0-0 (G4)„ 

Bx 
u = — Vllog(»wi;)} (xxi), 

T=Gv (xv),, 

f=?+(? = ^±^" (:,x)^ 

103. There is a plane disturbance corresponding in some 
points with that of the last article. If in Art. 6 we suppose 
that C vanishes the connection between (43) and (44) is de- 
stroyed, and, V being assigned as before, we now have 

T^Dt^E (47),, 

e = [Dt + E)0--D (53),, 

and modifications to meet this case must be made in the 
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formulae of Art. 9. Equations (62) and (63) will stand as 
before, but we shall now have 

^^ B[Dt + E)^ [\ 0S[mv)] J ^g^j^^ 

T=Dt-{ E (47),, 

x^^^x^m^E 

«=[^^ ^V{logMl-2? (65)., 

all which four equations are deduclble from the corresponding 
equations in Art. 9 by respectively therein writing unity in 
place of C. But in (61 J) we must replace C by zero. This 
Deing done we have 

and thus will be modified the formul® of Art. 9 when C is 
supposed to vanish. 

104. Now if, in the formulae for plane disturbance given 
in the last article, we make D and E each to vanish, the 
value of u will be the same as in the case of spherical dis- 
turbance considered in Art. 102. And in either case we 
shall also have vanishing and the values of t and 
coincident. 

105. We may give to equation (616), of Art. 100 various 
forms. Since 

log f — j = log5+ logo; — log 17, 

and log [nvx^ = log w + 2 logo; + logv, 

consequently (ffi- 2-4*) log f — J + A* \og{nvx*) 

= ((Z:-2^*) log5+^Mogn+ (3^«-ffi:) logv + (Z:iogx 
= ( (E - 2^*) log(ni?) + (3^» -G50 log(nt;) +(E logx. 
Call this expression 

a log(ni?) + h log(wy) ^CE logo;, 



Digitized by VjOOQ IC 



On the Motion of Fluids. 173 

then (61J), gives 

A* Yoga = - f — J - {a \og{nB) + b log'(wt?) -\-(Elogx} 

(61J)„ 

and if (S be zero, then the last equation may be put under 
the form 

logcr = - (^^y + 2 log(,i£)-3 logM,..(6lJ)., 

and when, in (616) , D and E are supposed to vanish, the 
result presents a close resemblance to (616)^, and to this 
extent the cases of the plane and of the spherical waves 
correspond. 

When in equation (l)^, we have 

^=0 and (E-2^* = (xxii), 

then (1) coincides with (1) and we are led to a case in which 
the problem of the spherical disturbance is completely re- 
duced to one of plane disturbance, viz. to that one already 
so fully discussed. K in the plane solutions we replace p 
by ax* we shall have the corresponding spherical solutions. 



§4. Latos of Pressure. Laplace* s Law. 

106. Resuming the problem of Art. 1, suppose that, in 
place of (4), we have the relation 

p^AY + A, (4)., 

in other words, that the pressure is the sum of a multiple of 
a power of the density added to a constant. In the case of 
an elastic fluid the constant, A^^ must be taken to vanish. 
But this is from a physical and not a mathematical necessity, 
for our formula? would apply even if A^ did not vanish. 

107. Equations (1), (2), and (3) will stand as before, but 
the dynamical equation (1) will become, after substitution, 

du du A* €?(p") ^ ,,^„. 



du du ., ._tt dp ^ , .... 
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Applying the rule of Art. 78, assume, as in Art. 2, 

u = 0x-\-e (13 

then, as in Art. 93, we deduce from (2) 

whence ^ = - t" • (^^v 

dx V ax ^ 

consequently p*^ -j- ^ '-n=i -4- (xxvl 

and (xxiii) becomes 

du du ,, f df ^ , .. 

or, substituting for u its value as given by (13), 
but, having regard to (42), this last equation becomes 

Xd\ dQ ^^ A%f^^f c. i ' 

V dt dt V dx ^ 

and in like manner (29) becomes 

d^T T d:'v de ^^ 

-J. = - ^ - -^ - ^€) (29 

di" V de dt ^ 

Hence, combining (xxix) and (29),, we have 

x-^-Td^v d'T .,/•-» df ^ , 
V df di? v^ dx ^ 

Hence, if le^ 2^ ^^"' 

^^-? <"'-. 

then (xxx) divided by —^ will become 

JB" {x-\-T\ ^ nA*/^ df ^ ... 
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But /=/(^±-^)=/(f); 

therefore f = ^^=«-«f, 

dx af ax rf{ ' 

consequently (xxxl) may be written 

|^f + C+«^M/(«r| = (59)., 

which when n = 1 agrees with (59). Multiplying into e?f 
and integrating, we find 

^ + ^f + «^ {/(f)r=jv.......(60)„ 

where N^ like 5 and C. is an arbitrary constant. The for- 
mula fails when w = 1 , out this case has already been fully 
discussed. In virtue of (xxiv) equation (60)^ becomes 

^+Cf +^ W--Jf (60)', 

108. In proceeding to the integration of (43), and (44)^, 
we may adopt at once the equations which, in Art. 6, are 
marked (45) to (53), both numbers inclusive. But the value 
of t therein contained must be altered in conformity with the 
article next following [i.e. Art. 109). 

109. Multiplying either side of (43), into 2 -5- , we have, 
on integration, "* 



fdv\^ BW^ £V-" + 7w(l-w) 

dv " {jBV-"+fii(l-w)J (^^^'' 

^=/ U-UVn) F^- « 

and in order to complete the solution, we must take steps 
analogous to those taken in Art. 9. 
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A DEMONSTRATION OF A PROPERTY OF 
ELLIPTIC FUNCTIONS. 

By William Walton, M.A., Fellow of Trinity Hall. 

TF ^ and ^ are connected by the equation 

F{c,0) + F(c,<I>)^F[c,^l) (1), 

where /a is a constant, then will 

cos cos<t> — sin ^ sin ^ (I — c* sin'/t)* = cos/t. 

The differential equation 

rfg d < l> __ 

on the integration of which is based the demonstration of 
this well known property, will be seen by the following 
method of proof to belong intrinsically to Clairaut's form of 
differential equations. 

The differential equation, cleared of radicals, is 

d0'-'d(l>' = c^{sin'<f>d0'--sm'0df). 

Multiplying by cos'^- cos'^, we have 

(rf^-c?^'0(cos'^-cosV)=c"(co8*^--cos'*)(sin*<^^--sinW^'). 

Now the first member of the equation is equal to 

Bm{i> + 0).{d0 + d<f>), Bin {i>-'0).{de''d4f) 

= - rf cos (^ + ^) . rf cos ( ^ - 5) 

= dy'-dx\ 

where x represents cos^ cos0 and y represents sin^ sin^. 

Again, the second member of the equation is equal to c* 
multiplied by the product of the two expressions 

[cosO + cos <l>) (sin <j>d0 + sin 0d<f>)^ 

and (cos 5 - cos <^) (sin <t>dd — sin 0d<t>). 

The former of these expressions Is equal to 

d (sin ^ sin ^) + sin ^ cos <f>d0 + sin cos 0dil> 

= d (sin5 sin^) + sin^ cos^ (sin*0 + cos'^) d0 

-f sin 5 cos ^ (an*^ + cos"^) dip 
= rfy + xdy - ydx : 

VOL. XI. N* 
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and the latter, as ia evident by writing tt — ^ instead of 0, 
is evidently equal to 

dy - xdy -{• ydx. 

Thus the differential equation in and <f> is transformed into 

whence y = «p — - {(c* - 1) ^' + 1}*, 

c 

a differential equation of Clairaut's form. 

Its integral, 7 being a constant, is evidently 

y = 7X-3l(c''-l)7''+l}S 

or sin^ 8in<^ = 7 cos^ cos<^ — {(c* — 1) 7' -f 1}*. 

Now 5 = /A when ^ = 0: hence 

7C08/* = l{(c«-l)7''+l)S 
c 

whence 7" (1 — c' sin'/*) = 1. 

Hence the integral becomes 

cos ^ cos — (1 — c* 8in*/i)* sin^ sin^ = cos /a. 

September 16, 1870. 



A DEiMONSTRATION THAT EVERY EQUATION 
HAS A ROOT. 

By William Walton, M.A., Fellow of Trinity Hall 

T ET^ represent the polynomial of the theory of equations, 
and suppose the coefficients of the various powers of x 
to be possible quantities. Write m + v V(— 1) for a?, u and v 
being possible quantities, and let 

/{w + t;V(-l)l=P+(?N/(-l), 

P and Q being possible quantities. 

Differentiate this eauation X -f /* times with regard to u : 
then, f {x) denoting the (X + /a)"* derivative of/(ic), 
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next differentiate the equation, \ times with regard to u and 
fjL times with regard to t; : then 

from these two resalts we see that 

From this relation we have at once the two systems, 



(jjk even). 



and (ji, odd)... 



du^dvf^ ^ ' du^^f^ 



(1); 









(2). 



Let F represent P* + ^. We proceed to ascertain the 
nature of what must certainly exist, a minimum value of F. 
Write w + A, v + k^ respectively, for m, v ; and let F' be the 
corresponding value of F, Then 



^oK-^'s)>'-^«+- 



This expression shews that the existence of a minimum 
value of F requires that 



and 



j,dP QdQ _ 
du du 

av dv 



(3). 



But, puttinff in (2), X = and /a = 1, we see that ^ = — ~ 

and -p = --r- : hence, by (3), we must have, simultaneously, 

the systems 

„ dP „dP „ dO ^ do 

du ^ dv ^ du ^ dv 
Consequently either P and Q must be simultaneously zero, or 

N*2 
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-J- y -r-j -^ , -^ , must be Bimultaneously zero. Suppose, 

In the first place, that P and Q are not both zero; and 
choose the latter alternative. Suppose moreover In the ex- 
pansion, by powers of A, 4, for the value of F' - Fj the lowest 
order of partial differential coefficients of P, Q^ of which at 
least some are not zero, to be the (2r)***. It Is needless to 
consider the hypothesis of an odd order of differential coeffi- 
cients not all vanishing; since, under these circumstances, 
there could not be any corresponding minimum value of F. 
We have then 

l2riF'-F) = (k^^ + k^J{P'^Q'H (4). 

Now, by the aid of Leibnitz' Theorem, 



(^'F* d*^' /pd'P V dP d'-'P 
duT'dv ~ du*^" \ drf 1 dv dV' 



= 2P 



d^P 
du*^'dv 



v{v-l) d*P d-^P 
■•■ 1.2 dv^ dtr* 



^^'4) 



+ multiples of lower partial differential coefficients of P, 
which are all zero. 

Hence, by (1), 

^^, = 2P(-l)l'' ^, ... veven, (5), 

and, by (2), 

^ = 2P(-l)*>-y^?,...vodd, (6). 

In precisely the same way, we have, paying attention to 
(1) and (2), 



duT'dv ^ dx^dv 

= 2<2(-l)*''^,veren, (7), 

= 2<?(-l)*'-'^, vodd, (8). 



Digitized by VjOOQIC 



A Demonstration that every Equation has a Boot. 181 

By the relations (5), (6], (7), (S)^ the eqaation (4) becomes, 
U denoting the number of combinations of 2r things, taken 

F at a time, 



iL2r.(J"-i'') = p{A-^-^.A-i 



rftt* 






dT 



+«K^-^^.*^'*S 






+ (-ir(7.AA-^ 



and therefore \2r{F'-F) is equal to 

+ vR) (« 1 -f -^ J-§)-nA+^v(-or-{A-iv(-i))i4... . 
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Putting h = p COS0J k==p sm0^ 

^^■^«^--=^^^'^«' 
^ d^P ^d^Q 

we have \\2r{F'-F)- cp*' sin (a + 2rff) + terms of higher 
powers in p than the (2r)"*. 

But, by properly varying the value of the arbitrary quantity 
By we may give negative values to the term cp*" sin(a + 2r^. 
Thus there is no minimum value of F under the present 
hypothesis. It follows therefore that, the existence of a 
minimum being obvious h priori^ P and Q are capable of 
being zero simultaneously. This conclusion establishes the 
proposition that every equation has a root. 

1 have assumed in the above investigation that the coeffi- 
cients of the various powers of x in f{x) are possible. This 
restriction may readily be removed. In fact f{x) may be 
represented by ^ (x) -h Vf— 1) "^ (a?), where ^ {x) and '^ {x) 
involve only possible coefficients. Assume that /(a?) =0 : then 

(4>xy = ^{irx)% 

or {<f>xy + {^irxy^o. 

This equation, by the proposition we have established, can 
always nave a root w + 1; V(— !)• Hence cither 

or ^a;- V(-l) ^(a;) = 0, 

must have a root. Let the former have a root : then, putting 
w + 1? V(— 1) i» this equation, we have a result of the form 

P+ <2 V(- 1) + V(- 1) {P* + <?' V(- 1)} = 0, 

or F-Q + >/{-l){F + Q) = 0, 

and therefore P=C', F = -Q. 

Substitute u — v V(— 1) in the latter of the two equations, 
and we have 

P_<2 v(-i)- V(- 1) {F-(2' v(-i)} = o, 
P_<7_V(-i)(F+<?)=o, 

a true result in virtue of the relations P=Q'y P' = — (?. 
Thus /(a:) = has a root, whether its coefficients are all 
possible or not. 

Sejfttmher IC, ISC9. 
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ON EVOLUTES AND PARALLEL CURVES. 
By Prof. Caylby. 

1 N abstract geometry we have a conic called the Absolute ; 
•*• lines which are harmonics of each other in regard to the 
absolute, or, what is the same thing, which are such that 
each contains the pole of the other in regard to the absolute, 
are said to be at rieht angles. Similarly, points which are 
harmonics of each other in regard to the absolute ; or, what 
is the same thing, which are such that each lies in the polar 
of the other are said to be quadrantal. 

A conic having double contact with the absolute is said 
to be a circle ; the intersection of the two common tangents 
is the centre of the circle ; the line joining the two points 
of contact, oc chord of contact, is the axis of the circle. 

Taking as a definition of eauidistance that the points of 
a circle are equidistant from the centre, we arrive at the 
notion of distance generally, and we can thence pass down 
to that of equal circles ; but the notion of equal circles may 
be established descriptively in a more simple manner: 

Any two circles have an axis of symmetry, viz. this is 
the line joining their centres; and they have a centre of 
homology, viz^ this is the intersection of their axes. They 
intersect in four points, lying in pairs on two lines through 
the centre of homology : they have also four tangents meet- 
ing in pairs in two points on the axis of symmetry. Now 
if the two lines through the centre of homology are harmo- 
nically related to the two axes ; or, what is the same thing, 
if the two points on the axis of symmetry are harmonically 
related to the two centres, then the circles are equal. 

Circles which are equal to the same circle are equal to 
each other, and the entire series of circles which are equal 
to a given circle, are said to be a system of circles of constant 
magnitude. 

Starting from these general considerations, I pass to the 
question of evolutes and parallel curves: it will be under- 
stood that everything — lines at right angles, circles, poles, 
polars, reciprocal curves, &c. — refers to the^absolute. 

At any point of a curve we have a normal, viz. this is a 
line at rignt angles to the tangent; or, what is the same 
thing, it IS the line joining the point with the pole of the 
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tangent. The locus of the pole of the tangent is the reci- 
procal curve, and for any point of a given curve, the pole of 
the tangent at that point is the corresponding point of the 
reciprocal curve. Hence, also the normal is the line from 
the point to the corresponding point of the reciprocal curve. 
And the curve and its reciprocal have at corresponding 
points the same normal. 

The envelope of the normals is the evolute ; any curve 
having with the given curve the same normals (and therefore 
the same evolute) is a parallel curve; in other words, the 
parallel curve is any orthogonal trajectory of the normals 
of the given curve. 

The parallel curve is also the envelope of a circle of 
constant radius having its centre on the given curve: or, 
again, it is the envdope of a circle of constant radius touching 
the given curve. 

The theory in the above form is directly applicable to 
spherical or rather conical geometry ; but in ordinary plane 
geometry the absolute degenerates into a point-pair, the two 
circular points at infinity, or say the points 7, J] and this is 
a case that requires to be separatelv treated. The theory in 
the general case, the absolute a conic, is the more symmetrical 
and elegant, and it mi^ht appear advantageous to commence 
with this; but upon the whole I prefer toe opposite course, 
and will commence with the case of plane geometry, the 
absolute a point-pair. 

The subject connects itself with that of foci: I call to 
mind that a common tangent of the curve and the absolute 
is a focal tangent, and the intersection of two focal tangents 
a focus. In the case where the absolute is a point-pair, 
the focal tangents are the tangents from / to the curve, 
and the tangents from J to the curve, or say these are 
the i-tangents and the e/-tangents; a focus is the inter- 
section of an /-tangent and a e7-tangent ; the line // when it 
touches the curve, and (when the curve passes through / and 
e7or either of them), the tangents at / or J to the curve are 
usually not reckoned as focal tangents; and other singular 
tangents, for instance, a double or stationary tangent through 
I or J is also excluded from the focal tangents ; and the 
number of foci is of course reckoned accordingly, viz. it is the 
product of the number of the /-tangents mto that of the 
eZ-tangents. So when the absolute is a conic; if this is 
touched by the curve, the common tangent at the point of 
contact is not reckoned as a focal tangent ; and we may also 
exclude any singular tangents which touch the absolute; 
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and the number of foci is reckoned accordingly, viz. it is 
equal to the number of pairs of focal tangents. 

Let the Plttckerian numbers for the given curve be 
[niy Uj S, Kj T, *), viz. m the order, n the class, B the number 
of nodes, k of cusps, r of bitangents, i of inflexions ; and 
suppose moreover that D is the deficiency, and a the sta- 
titude; viz. 

a = 3m + «, =3?* + ^ J 

2Z>=(m-l)(m-2)-2S-2/c, = (n- 1) (n-2) - 2t-2«, 

= n-2m + 2 + /c, =»n-2n+2 + *, 

= - 2m - 2n + 2 + a. 

And let the corresponding numbers for the evolute be 

These are most readily obtained, as in Clebsch's paper, 
*'Ueber die Singularitaten algebraischer Curven," Crelle^ 
t. LXIV. (1864), pp. 98-100, viz. it being assumed that 
we have 

n" = iii-»-w, *" = 0, 

then by reason that the evolute has a (1, 1) correspondence 
with the original curve, the two curves have the same defi- 
ciency, or writing this relation under the form 

»i"-2n" + *" = m-2n+«, 

we have m" = 3m + *, = a ; and the Plttckerian relations then 
give the values of /c", S", t". 

In regard to these equations ri' — m-{- n, i" = 0, I remark 
that if we have two curves of the orders m, m', and on these 
points P, Q having an (a. a') correspondence, the line PQ 
envelopes a curve of the class ma' + m'a, and the number of 
inflexions is in general = 0. Now in the present case, taking 
P on the given curve and Q the point of mtersection with Id 
of the normal (or harmonic of the tangent), the orders of the 
curves are (m, l), and the correspondence is (w, 1) ; whence 
as stated m" ^m-V w, i!' = 0. 

The formulae thus are 

m = a, a = 3a, 

«"= Bi + n, U'^D, 

«"= 0, 
«" = -3»i-3n-t3a, 
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in which formnlsB it is assumed that the cnrye has no special 
relations to the points /, J] or, what is the same thing, that 
the line IJ intersects the curve in m points distinct from each 
other, and from the points /, /. 

It is to be added (see Salmon's Higher Plane Curves^ 1852, 
pp. 109 et seq.) that m of the k" cusps arise from the inter- 
sections of the curve with //, these cusps being situate on 
the line //, and each of them the harmonic of one of the 
intersections in question, and the cuspidal tangent being for 
each of them the line IJ, The intersections of the evolute 
by the line IJ are these m cusps each 3 times, and besides 
I, points arising from the i, inflexions of the curve; viz. at 
any inflexion the two consecutive normals intersect in a point 
on the line //. being in fact the harmonic of the intersection 
of IJ with tne tangent at the inflexion. It was in this 
manner that Salmon obtained the number 3m + 1 of the 
points at infinity of the evolute, that is the expression 
m" = 3m + * (= a) for the order of the evolute. 

The remaining — 4m — 3n + 3a cusps arise from the points 
on the curve where there is a circle of 4-pointic intersection, 
or contact of the third order, and in this manner the number 
of them was found, Salmon, p. 113, in the particular case of 
a curve without nodes or cusps, and generally in Zeuthen's 
Nyt Bidrag^ &c., p« 91 ; the number of the points in question, 
in the foregoing form — 4m — 3n + 3a, is also obtained in my 
Memoir, "On the curves which satisfy given conditions," 
PMI. Trans.^ 1868, pp. 75-143, see p. 97. 

It is further to be noticed that the m + n tangents to the 
evolute from either of the points /, / are made up of the 
line IJ counting m times (in respect that it is a tangent at 
each of the above mentioned m cusps) and of the n tangents 
from the points in question to the original curve. Or taking 
the two points /, J conjointly, say the 2m + 2n common 
tangents of the absolute and the evolute are made up of the 
line IJ (or axis of the absolute) counting m times, and of 
the 2n focal tangents of the original curve. The focal tan- 
gents of the original curve and of the evolute are thus the 
same 2n lines ; and the two curves have the same foci. 

The above are the ordinary values of m\ w", i"j k\ but 
if the given curve touch the line IJ^ then the evolute has 
at the point of contact an inflexion, the stationary tangent 
being the line IJ\ and if the given curve pass through one 
or other of the points 7, e/, the evolute has in this case an 
inflexion on the tangent at the point in question, this tan- 
gent being the stationary tangent of the evolute: but ob- 
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serve that the inflexion is not at the point /or J in question : 
and for each inflexion there is a elimination = 1 in the class, 
3 in the order, and 5 in the number of cusps. Suppose that 
the point / is a /,-tuple point on the given curve ; then the 
evolute has f^ inflexions ; and similarly if the point / is a 
j^-tuple point on the given curve, then the evolute has f^ 
inflexions. Hence writing /^-{-f^^f^ we have thus / in- 
flexions; and if moreover the number of contacts with the 
line /«/ be =^, then we have on this account g inflexions ; 
or in all/+^ inflexions, and the formulas become 

m"= a -3/- 3(7, 

n"= m + n - /- ^, 

/+ .7, 
/c" = -3r/i-3n+ Ba-5f-bg. 

It is to be noticed here that the number of the intersections 
of the given curve with the line IJ (other than the points 
i, /and the points of contact) is =wi-yj-^ — 2^, that is 
tn— /— 2^: each of these gives as before a cusp on the 
evolute, the cuspidal tangent being //; we have besides on 
the line IJ (in respect of the ^ contacts) g inflexions, the 
stationary tangent oeing the Ime 7/; and each of the i 
inflexions gives for the evolute a point on the line //; 
hence the whole number of intersections with the line IJ is 
3(wi-/-29r) + 3a+t, = 3W + * - 3/- 3^^, which is thus the 
order of the evolute. 

The tangents from the point / or J to the evolute are 
the line IJ counting m — /— 2g times in respect of the cusps 
on this line and 2g times in respect to the inflexions, that is 
m — / times ; the tangents at the point in question to the 

given curve each twice as touching the evolute at an in- 
exion, 2/ or 2f : and the remaining n-2/,— j^, or w— 2^— y 
tangents from the point in question to the given curve; 
the whole number is thus {m — /) 4 2/, -f (n — 2/^ —g) or 
(w»— /) + 2^ + (n-2^--^), ^^m^-n—f—g^ the class of the 
evolute. The two values of n" give 

2n" = 2m+(n-2/;-^) + (n-2/,-,9), 

viz. twice the class of the evolute = twice the order of the 
curve 4 the number of the focal i-tangents 4 Ihat of the 
focal J-tangents ; but this is not true for all relations what- 
ever of the curve to the absolute. 

The tangents from I to the given curve (excluding the 
line IJ and the tangents at I) are n — 2^— ^jr tangents; and 
similarly the tangents from / to the evolute (excluding the 
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line IJ and the stationarj tangents through /) are the same 
n — 2f^'-ff tangents; say the curve and the e volute have the 
same n'-2f —g /-tangents. Similarly they have the same 
n — 2^ — ^ ./-tangents ; or together the same 2 (n - f,—f^ — g)^ 
^^in—f—g) focal tangents. And the curve and evolute 
have the sanje (w - 2/*, - ^) [n - 2f—g) foci. 

The foregoing specialities f and g refer, g to the ordinary 
contacts of the Ime IJ with the curve, viz. the curve is sup- 
posed to have with the curve at an ordinary or non-singular 
point thereof a contact or 2-pointIc intersection, and /, that 
IS f^ or /j, to the multiple points having f^ or f^ ordinary 
branches, none of them touching the line IJ. Thus the 
formulae do not apply to the cases of IJ passing through 
a node or a cusp of the given curve, or touching it at an 
inflexion ; nor to the cases where at / or J* the curve touches 
//, or where there is at / or / an ordinary double point with 
one of its branches touching /e/, or where there is at / or 
J a cusp, where the cuspidal tangent is or is not //. 

It is easy to see that in the case of a multiple point of 
any kind whether situate on // or at / or /, each branch 
of the curve produces its own separate effect on the singu- 
larities of the evolute : thus if we have on IJ a double point 
neither branch touching //, then the separate effect of each 
branch is tii7, therefore the effect of the double point is also 
nil: but if one branch touch the line //, then the whole 
effect is the same as if we had this branch only; viz. we 
have here the case ^ = 1. And so if there is at / or cT" a 
double point with one branch touching the line //, then the 
effect of this branch is as if we had this branch only (a case 
not yet investigated) but the other branch is the case /= 1. 
And so if we nave at 7 or «/ a double point with two ordi- 
nary branches touching each other (tacnode or, if the two 
branches have a contact higher than the first order, oscnode), 
then if the branches do not touch the line IJ the case is 
/= 2, but if they do, then the effect is twice that of an ordi- 
nary branch touching //. In support of these conclusions, 
observe that such multiple points, with ordinary branches, 
present themselves in the case of two or more curves which 
intersect or touch each other in any manner; and that the 
evolute of a system of two or more curves is simply the 
system of the evolutes of the several curves. 

It follows as regards the relations of the given curve to 
the points /, «/, and the effect thereby produced on the evo- 
lute, we only need to consider the case of a single branch ; 
viz. the cases are 
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the given curve intersects the line IJ at a point other 
than I or eT, and belonging thereto there is a branch ordinary 
or singular, 

not touching //, 
touching // ; 
and the given curve passes through the point / or /, and 
belonging thereto there is a branch ordinary or singular, 
not touching //, 
touching iJ, 
I have succeeded in determining the effect, not for a singu- 
lar branch of any kind whatever, but for branches of the form 
y = ic*, y*'* = x*: viz. i = 2 each of these is an ordinary 
branch, A = 3, tne first y = a;' ia an inflexional branch and 
the second y^oA k cuspidal branch ; and so A: > 3 the two 
branches are respectively inflexional and cuspidal of a higher 
order. I do this very simply by consideration of the curve 

The curve in question a:**'« = y, is a unicursal curve, and 
it has a reciprocal of the same form X*'*Zs= F*, hence 



m 



= n = i; = n-2m + 2 + /c, 



whence i = /c = A;-2, T=S = i(A:- 2) (A;-3); 

viz. the point a; = 0, y = is a cusp equivalent to A; — 2 cusps 
and \{Jc-2){k- 3) nodes ; and the point « = 0, y = is an 
inflexion equivalent to A: — 2 inflexions and i (i - 2) [k - 3) 
bitangents. 

The equation Z7=a:*"*«— y* = 0, of the curve is satisfied 
by writing therein x : y : z = l : 6 : 0^; and these values give 

d^U: dJJx d^U={h^\)ar'z : -h^' : x^' 

Takinff the coordinates of /, / to be (a, )9. 7) and (a', P^ 7 ) 
respectively, and X, F, Z as current coorainates, the equa- 
tion of the normal at the point (a?, y, z) of the curve if— 
is readily found to be 



[dld^U^fi'd^U^-idJJ) 



•\-{^,U^pd^U^-r^d^U) 



X,Y,Z 
a, ^7 7 

a?) y? « 

X,Y,Z 

^1 h « 



= 0. 
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Hence for the curve in question, the equation of the 
normal is 

{(A-1) a'^- k^e^'+y'} {{/5X-a Y) 6"+ {aZ-yX ) ^+ (7 Y-fiZ)} 

X {{ffX-a'Y) 0"+ {a'Z- y'X)e+ [y'Y- 0'Z)} = O, 

or expanding and reducing, this equation is 

0^. {k - 1) {{a^ + a'iS) X- 2aa' Y} 

+ <?*-'. -k {2fiffX- (a/3' + a'/8) Y] 

+ 0^\ {k - 1) {2aa'Z- (ay + a'7) X} 

+ 0*. {{k+l)W+ffy)X+{k-2)(ya'+y'a) Y-{2k-l){a^+a'fi)Z} 

+ e^\ -k {(/37' + ffy) Y- 2fiffZ] 

+ . {(7a' + 7'a)Z-277'Z} 

+ {277'F-(/37' + /3'7)^} = 0, 

where A; is a positive integer not less than 2 ; hence except 
in the case A: = 2, all the terms ^, ff^\ ... ^, ^, have 
different indices, and the coefficients A;— 1, k^ &c. none of 
them vanish; if however A; = 2, then the terms ^**'*, ^* 
coalesce into a single term, as do also the terms ff"'^ and ; 
moreover the coefficient A; — 2 is = 0. 

The evolute is the envelope of the line represented by 
the foregoing equation, considering therein as an arbitrary 
parameter ; viz. the equation is obtained by equating to zero 
the discriminant of the foregoing equation in 0. Hence in 
general the class of the evolute is = 2A:, and its order is 
= 2(24- 1); results which agree with the formulae for n\ 
m", since in the present case w + n, = A: + A, = 2A;, a = 3n + /c, 
= 3Aj+ (A; — 2), =4A;- 2. And moreover there are not any 
inflexions, 4" = as before. 

The eauation may however contain a factor in inde- 
pendent of (X, Y, Z)y and throwing out this factor, say its 
order is = «, the expression for the class is 2A; — 5, = wi + n — «, 
and that for the order is 4Aj — 2 — 2*, =a-25. Moreover, 
in the original equation or in the equation thus reduced, it 
may happen that the equation will on writing therein Q, = 
(Q, a linear function of X, F, Z) acijuire a factor of the order 
c», independent of (X, F, Z) j the hne 12 = is in this case 
a stationary tangent =s co — 1 mflexions ; and the discriminant 
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contains the factor Xl'^^ which may be thrown oat; that 
is we have here n"=2i— «, a"=<»— 1. wi"=4A;— 2-2«— fo)— 1); 
agreeing with the relation w" — 2n ' + 2 + a" = whicn holds 
good in virtue of the evolute being a onicursal curve. ^ It 
IS in this manner that the values of m", n\ i are obtained * 
in the several cases to be considered, viz. : 

A^ Inflexion situate on IJj which is not a tangent. 

Bj^ Inflexion situate on IJ^ which is a tangent. 

C^ Cusp situate on IJ^ which is not a tangent. 

2>^ Cusp situate on IJ^ which is a tangent. 

P^ Inflexion at J. IJ not a tangent. 

Q^ Inflexion at «/, //a tangent. 

B^ Cusp at J^ IJ not a tangent. 

Sj^ Cusp at J*, //a tangent. 

The results being respectively as follows : 

A, B, C, D, P, Q, B, S, 
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read for instance in -B^, «i" = a — (3A; — 3), n" = m+n — (A — 1), 
i" = + (A:-l), ic" = -3m-3n + 3a+(5Jfe-5); and so in 
other cases. 

-4^(7, (that is indifferently A^ or (7,) b when there is on 
IJ an ordinary point, IJ not a tangent ; and so B D^ when 
there is on /«/ an ordinary point, IJ a tangent. Similarly 
P^B^ when there is at / an ordinary point, I J not a tangent ; 
only instead thereof I have written P^B^ to indicate that (for 
a reason which will appear) the numbers are not deducible 
from those for P, or -fe, by writing therein A = 2 ; and Q^8^ 
is when there is at J an orainary point, IJ a tangent. 

For the case A^ we have to take the line IJ passing 
through the inflexion ; the condition for this is /3y — p'y = : 
there is no speciality, or we have n" = 2A;, m" = 4A: — 2, *" = ; 
whence also #c" = 0; the value of k' being in every case 
deduced from those of m"j n"j i!' by the formula 

3m" + f" = 3n"4/c". 
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Case B^. I write 7 = 7=0, the equation of the normal is 

^ (^ - 1) {(a/3' + a 13) X- 2aa' Y) er\X, Y) 

+ fl«*-\ - h {2/3/3' X- {aff + a'fi) Y] + ^ (X, Y) 

+ ^. - (2k-l) (ai8' + a'/9) Z + Z 

+ ^* ^. 2)9)9'Z =0, + Z=0, 

where throwing out the factor ^*, the form is as shown on 
the right hand. Writing Z= 0, we have a factor ^, whence 
t" = jfe--l, and then n" = i+L, w" = 2A;- (i- 1) = Aj+ 1, 
agreeing with the table. The process holds good for Jc = 2. 

Case Cy I write )8 = )3' = 0; this brings as well the in- 
flexion as the cusp upon the line //; but it has been seen 
(Case A^) that there is not any reduction on account of this 
position of the inflexion, hence the whole effect will be due 
to the cusp. The equation is 

0^ ^Jc^l){-2aa'Y} 0^ Y 

4 ^* (A: - 1) {2aa'Z- {ay' + a'7) X} + 0^' (Z, X) 

+ 0" {k^2){ya' + y'a)Y +^(A:-2)r 

+ ^ . {(7a' + 7'a)Z-2ryX} +tf (Z, X) 

+ 2ry'r=o +r=o, 

so that here n" — 2k. On writing F=0, there is a factor 

(0 x*^* 
1 j thrown out (indicated by the reduction of the 

order from 2k to A;+ 1), whence 

t" = A;-2, 7n" = 2(2^-l)-(A;-2), =3Aj. 

The process holds good for i = 2. 

Case i)*. We may write a = a = ; the equation is 

0^\^k.2^PX 0^'X 

+ 0" . {k+l){/3y' + ffy)X +^ X 

+ ^\ - k[{/3y' + /S'7) Y- ^I3I3'Z] + ^* ( F, ^ 

^0 .-277'X +^ X 

+ 277' r- (/sy + )8'7) ^=0, + ( r, z) = o, 

so that n" = 2ft — 1. Writmg X=0, we have the factor 
( I J (indicated by the reduction of order from 2A:- 1 to 
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i - 1), whence t" = i - 1, and then m" = (4* - 2) - 2 - (A - 1), 
= 3A; — 3, agreeing with the table. The process holds good 
for A = 2. 

Case P^. We have ^' = 7' = ; the equation is 



0^ (A-l);o'j8Z-2aa'y} 

+ £r'(&-l){-a'7X} 

+ ^ (A-2)7a'F-(2Jfc-l)a'/3Z 

+ ^. 7a'-2'=0 



+^•(4-2) r+z 



80 that here n" = 2^—1. Writing ^= 0, we have the factor 
e^\ whence t" = A;-2, »n" = 4i- 4- (A:-2) = 3A;-2, age- 
ing with the table. If, however, 4 = 2, then on writing 
Z=-0 the eqaation (instead of the factor d*"') acquires the 
factor ^(=^); soUiat here n" = 3, t" = l, m" = 3, agreeing 
with the column PM^ of the table. 

Case Q^. We have 7 = 0, /3' = 7' = 0, viz. /8' = in the 
formulae of ^^. The equation is 



+ e>^'{k-i)2aa'Z 
H-^.-(2A:-l)a'^Z=0, 



+e z 



so that n" —le. For Z=0 there is the factor ^'', hence 
«" = ;fc - 2, m" = 2 (A - 1 ) - (A - 2), = A. The process holds 
good for k = 2. 

Case R^. We have /8 = 0, a' = 0, /3' = 0, viz. a' = in the 
formulae of C^. The equation is 



e^'{k-\)[-aiX) 
+ ^ (A-2)(a7'r) 
+ ^. {aiZ- 277'^) 

+ 277^=0, 



+ ^ r(ifc-2) 
+^ (-z;x) 
+ r=o, 



so that n" = A: + 1 , «" = 0, m" = 2i. But observe that in the parti- 
cular case k = 2, the form is ^X+ ^ (Z, X)+Y= 0, the term 
ff" Y disappearing on account of the factor k — 2. Here on 

1— — j (indicated by the 

reduction of order from 3 to 1), hence a" = 1, n" = 3, 
W = 2.2-l=3, agreeing with the colamn P^,. 

YOL. XI. 
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Caae /S^. We have a = 0, a' = )8' = 0, viz. /S' = in the 
fomnils of D^. The equation is 

^ (A:+1)/37'J5: e* X 






+ d .-277'Z 

+ 277'F-^y'Z=0, 

80 that n"=Ar, *"=0, »ii"=2A:-2. The process applies to the 
case A; as 2. 

As to the fonnula for A^j B^..,8^^ there is nothing spedal 
in these ; they are simply deduced m)m those for A^y B^...8^ 
by writing therein 4 = 3. And we have thus the foregoing 
series of ^o^nuI», which will apply to the greater part of the 
cases which ordinarily arise. For instance suppose there is 
at / or e/ a triple point = cusp + 2 nodes ; there is here an 
ordinary branch and a cuspidal (ordinary cuspidal) branch 
and according as // touches neither branch, the ordmary 
branch, or the cuspidal branch, the corrections to m", n", i!\ k 
are 22, + -ff„ S, + -ffg, -B, + S^ respectively. Observe moreover 
that A^C is no speciality, BJ)^ is the speciality </ = 1, Pfi^ 
the speciality /= 1. 

Tnere is a remarkable case in which the fundamental 
assumption of the (1, 1) correspondence of the evolute with 
the original curve ceases to be correct. In fact, lu the case 
about to 1)0 considered of a parallel curve: the parallel to 
any given curve is in general a curve not breaking up into 
two distinct curves of tne same order with such given curve, 
and when this is so (viz. when the parallel curve does not 
break up) each normal of the parallel curve is a normal at 
two distinct points thereof: the evolute of the parallel curve 
is thus the evolute of the given cufve taken twice ; and the 
parallel curve and its evolute have not a (1, 1) but (1, 2) 
correspondence. Hence, (tw, w, S, /c, t, i) the unaccented 
letters referring to the parallel curve, or say rather to a 
curve which has a (1, 2} correspondence with its evolute, 
and, as before, the twice accented letters to the evolute, it 
is not true that m' - 2n" + a" = 7n - 2n + x ; it will subse- 
quently appear that the values of w", n" are correct, those 
of i!\ K suffering a modification ; viz. the formulse are 
7n"= a -3/- 3^, 

n"= 711 + n - /- ^, 

k' =-3m-3n + 3a-5/-59-0, 
where, for the present, I leave @ undetermined. 
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ComiD^ now to the parallel curve, let the numbers in 
regard to it be m\ n', S\ ie\ t', t'; a', iV. Supposing in the 
first instance that the ffivcn curve does not stand in any 
special relation to /, e/, the formulae are 

w = 2m + 2w, a = 6n -f 2a, 

n' =2n, 2i)'=:-4m + 2 + 2a, 

a' =2a-6wi, =-2m + 2n + a. 

ie'=2a. 

Considering the parallel curve as the envelope of a circle 
of constant radius having its centre on the ^iven curve, it 
appears {e.g. by consideration of the case of the ellipse) that 
when the radius of the circle is =0, there is not any de- 
pression in the order of the parallel curve, but that the 
parallel curve reduces itself to the given curve twice, together 
with the system of tangents from the points 7, J to the given 
curve : the order of the parallel curve is thus m = 2m + 2n. 

To find the class, consider the tangents from a given 
point to the parallel curve; about the point as centre de- 
scribe a circle, radius k ; then the tangents in question are 
respectively parallel to, and correspond each to each with, 
the common tangents of the circle and the given curve, ana 
the number of these is = 2ri, that is n' = 2n. 

Each inflexion of the given curve ^ives rise to two in- 
flexions of the parallel curve; and the inflexions of the 
parallel curve arise in this way only: that is i'=2t, =2a— 6»n. 
And the PlUckerian relations then give #c' = 2a; a value 
which may be investigated independently. 

Attending now to the singularities / and g ; the values 
of 7i'y C are unaltered : to obtain m we as before consider 
the particular case where the radius of the variable circle 
is =0: the parallel curve here breaks up into the original 
curve, together with the focal tangents from the points J, J\ 
viz. we liave 

r/i' = 2n + (n-2/-^) + (n-2/,-5r), =2m + 2w-2/-25r; 

and knowing w', n', i we have #c'. 

The points on IJ of the original curve are 7, J counting 
as /^ and f^ respectively; or together as /points : the points 
of contact countmg as 2g : and besides m — /- 2g points. As 
regards the parallel curve, we have the same pomts on IJ\ 
but here 7 is («— 5^) tuple point, having in respect of each 
branch of the /,-tuple pomt on the onginal curve a pair 

02 
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# >* Im» \u^A\i*i vir^» ^ :s f ^ f ^ j^ 111 j M oegr 'P -ati Jt 
t*^ y/niu ;, r.» i;«v.» 1 vvnr 'TtiffiTt "facT im r?ra Ji muslin 
*./j/,.iijf/ *;%*»;j \/iipr Wil* "iui ine w". mii :tms yiuminy 4 
uti/>> \^ «yy:*?ti**r ;|j» p* : 3iAr'^'*'»r, in ii!f!niiiir it "hg twn 
ir>^u*Hf^ lit >A**ii ^r* -:i«wt -j/viata. / — i/- LnHtT- -HKa it 
*"*^ « ^- >ji vvnr* j« X i<yt*i la 'oe wruldL 3ir^: mil 

4'-s *r'.,-v, ^ 'w;.>li ,r^,Ut;//Xi bowerer b ik< tnae for a 
^-/^r* yr,*;* *//p< ^fuyr*t\s€r/\e% wbaterer* ; and fcrrbcr diat 

J J^>. ' i '/', '/f * 'ttfif$i Vff which n —f-a = is tctt inter- 
^»^<M»j{ »/.'! ffjftiiricsthUi, Htcurnng to the formDls for the 
^ y/Jt,«i'^ n#v fiMY*', h#rfrj ///'- /r, n '= 7/1, *"=«, «"=« — 3w + 3c 

/ " *'?/> // * '^// J f'^itniite which leaa to the aasomption that 
iht' ptittilM mnti here brcaku up into two distinct cunres, 
itnU nwU nn tli« givcfi rrarvc. 

Ol/wrvo further that for a curve posficssing the singo- 



hrUUn / atu\ f/^ hut where n -f-g b not =0; then for the 
jmnilhil <Mrv«j we have an above n -f -a' — 0\ or the 
|H(mll<<t of the paraUel eurvo nhould, accormug to the as- 



MMfiipfioM, hreak up into two distinct curves such as the 
p«nilli<l nirvej this \n of course correct. 

< !nn»i»lfr the evolute of the parallel curve : since for the 
tmmllel nirve n' /'-/jrVo, the formulae for the evolute 
ihnrnof (vi/i, tlio«e contftlning the undetermined quantity 0) 
lir«i m'"-^, ir^m\ r-n -(-), /r"'-n -8m' + 3/c'-0, or 
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substitutiug for m\ n\ k their values, and comparing with 
the formulas In regard to the evolute we have 

7w'"= 2a -6/- 6^ =2m", 

n'" = 2wi + 2n - 2/- 2y = 2w", 

i" = 2w - = 2a" + 2 (u -/-^) - 0, 

ic"' = - 6m - 4n + 6a - 12/- 12^ - = 2V' + 2 (n -/- fl') - 0, 

where w", n", t", /c" refer to the evolute. Hence by assum- 
ing = 2(n-/-.9), the values of m'\ ;?"', t'", /c"'^ become 
2m", 2n", 2t", 2ic", viz. the evolute of the parallel curve is 
the evolute of the original curve taken twice. Observe that 
in the foregoing value of 0, the letters w, /*, g refer not to 
the parallel curve, the evolute whereof is unaer consideration, 
but to the curve from which such parallel curve was derived ; 
this value = 2 (w— /— a) is not a value of applicable to 
be substituted in the evolute-formulse for the case of a curve 
which has with its evolute a (1, 2) correspondence. 

Instead of the foregomc case of the/, viz./ and ^-singu- 
larities we may, as regards the parallel curve, consider the 
original curve as having any i- and cAsingularities what- 
ever. Suppose in this case (excluding always the line U and 
the tangents at / or J) the number of tangents from /to the 
curve is =w— /, and the number of tangents from J to the curve 
is = n - e/", then when the radius of tne variable curve is = 0, 
the parallel curve becomes the ori^al curve twice together 
with the (p,'-l)'\^[n — e/), = 2n — J- J tangents ; so that the 
order is m' = 2m + 2n- /-e/'*; we have, as before, w' = 2w 
and i = 2t, and these values give /v', so that the equations are 

m'= 2m + 2n-/-e/, 

ri = 2w, 

C =-6?>i + 2a, =2a, 

/c' = 2a-/-«7, =6n + 2/c-3/-3e/: 

Suppose 2n— /-J=0; this implies n — 7=0, n-«/=0 
since neither w - / nor n — «/ can be negative ; viz. that there 
are no /- or J-tanffents ; and conversely, when this is the case 
2n— /- e7=0 : ana we have then m', w', a', k = 2?«, 2n, 2i, ^k ; 
viz. it is assumed, as before, that the parallel curve breaks 

• That the order of the evolute is not (in the case of a curve with 
any singularities whatever) one-half this, or « m + « - J ( J^^ J"), is at once 
seen by remarking that there is no reason why I\ J should be even. 
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up into two distinct curves such as the original curve : that is, 
the condition in order that the parallel curve should break 
up, is that the original curve has no focal tangents. Observe 
that the number of foci is =(n — /)(n — «/) which is =0 if 
only n — /= or n — «/= ; but as regards real curves /= J^ 
BO that the equations n — 7=0 and n — e7=0 are one and the 
same equation, satisfied if (n — 7) (n — J) = 0; so that for a 
real curve without foci (real or imaginary) the parallel curve 
will break up. An instance given to me by Dr. Salmon is 

the curve a;* + y'-c =0 or (o^ + y' - c')' + 27c'a;y = 0, here 
9n = 6, n = 4, 8 = 4, /c = 6, t = 0, t = 3: the points /, J are 
each of them cusps, the tangents being the line IJ\ the 
number of tangents from a cusp is n — 3, =1, but for the 
cusp I or e/, this tangent b the line IJ itself, so that we have 

/=e/=4. 

Theory when the Absolute is a conic. 

When the Absolute is a conic the formula for the evolute 
are essentially the same as those in the former case, but the 
formulsB for the parallel curve are modified essentially and 
in a very remarkable manner. I observe that corresponding 
to a passage of the given curve through 7 or e/ we have a 
contact with the Absolute, so that in the present case / will 
properly denote the number of contacts of the riven curve 
with the Absolute, and attending to this singularity only, 
viz. considermg a given curve (w, w, S, /c, t, t: a, D) having 
/ contacts with the Absolute, the formulsB for tne evolute are 

m"= a -3/, 

n" = wi + n — /) 

k" =-3m-3w+3a-5/. 

In the case /= 0, these at once follow from the two equations 

n" = ?n + w, and t" = 0. The normal is the line joming a 

point of the given curve with the pole of the tangent ; or, 

what is the same thing, it is the line joining the point of the 

given curve with the corresponding point of the reciprocal 

curve : the degrees of the two curves are ?w, n, and the corre- 

l, 1) correspondence. Hence by the general 

asly referred to, it follows that we have 

t' = 0. Compare herewith the demonstra- 

>rem m the case where the Absolute is a 
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The formulae for the parallel curve are 

w' = 2m + 2n - 2/, 

n = 2m -f 2w - 2/, 

i! = 2a-6/, 

/«' = 2a-6/, 

/' =2m + 2n-2/, 

^80 that m'=^n\ t =k'). The intersections of the curve and 
Absolute are in this case the points /each twice, and besides 
2m — 2/ points ; similarly the common tangents are the tan- 

fents at / each twice and besides 2w — 2/ tangents. Now 
remark that the parallel curve, when the radius of the 
variable circle is =0, reduces itself to the original curvo 
twice, together with the 2n — 2/ common tangents, and the 
2m — 2/ common points; the order is thus =2m + (2n-2/), 
and the class = 2n + (2m — 2f) : and these are the values in 
the general case where the radius of the variable circle is 
not =0. 

But in the remarkable case where the curve and its 
evolute have a (1, 2) correspondence, then I correct the for- 
mvisd by addmg — to the expressions for *', tc' respectively. 
We have for the evolute of the parallel curve 

m'" = 2m", 

n"'=2n", 

r =2t" +(2m + 2w-4/)-0, 

k" = 2k" + (2m + 2n - 4/) - 0, 

viz. assuming = 2m + 2n — 4/, this means that the evolute 
is the evolute of the original curve taken twice. 

A very interesting case is when m = n = f : observe that 
neither m —/nor ii-/can be negative, so that the assumed 
relation m -f n - 2/=b would imply these two relations. We 
have here for the parallel curve ?ii' = 2m, n =:2w, 4' = 2^, 
k'=^2k] the parallel curve in fact breaking up into two 
curves such as the given curve. And in this case the for- 
mulae for the evolute assume the very simple form m"=zKj 

Whatever the original curve may be, we have for the 
parallel curvo m' = n = /*', so that the formulae for the evolute 
of the parallel curve are of the foregoing form m"'=#c', n"'=/, 
i!" =/' - 0, k'" = - 2/' + ^K - 0, which agree with the above 
values of m'", n", t , k'". In the particSar case m = n=tf^ 
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we have = 0, so that the evolute-formulae, if originally 
written down without the terms in 0, would still be in" = 2m", 
n" = 2n", r = 2t", ie"' = 2/c"; viz. the evolute is here the 
original evolute taken twice; as already seen, the parallel 
curve consisted of two curves such as the original curve, and 
each of these has for its evolute the evolute of the original 
curve. 



ON THE SPOKE ASYMPTOTES OF RHIZIC CURVES 

By William Walton, M.A., Fellow of Trinity Hall. 

pERHAPS the demonstration of the three following theorems 
may he interesting to students in the Differential 
Calculus : 

(1) The asymptotes of each of two conjugate rhizic curves 
pass through a smgle point and divide plane space equian- 
gularly like the spokes of a wheel. 

^2) The common point of the asymptotes of either of two 
coniugate rhizic curves coincides with that of the asymptotes 
of the other rhizic curve. 

(3) The collective system of asymptotes of both curves 
divide space equiangularly like spokes. 

Let f{x) = a?" +jp,a""* +P^'"* +. . .+/?.. 

If /l«i+t^V(-i)}=P+<2V(-i), 

where P and Q are possible functions of u and t;, P=s and 
^ = represent conjugate rhizic curves. 

Let P^ Qtt^ denote the sum of all terms of y dimensions 
in P, Qj respectively : then 
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The equations to the asymptotes of P=0 are, by Gregory's 
formula^,* given by the equations 

Henco, by the formalse (1), the asymptotes of the curve P= 
are detcrmiiied by the equations 

{u+t;v(-i)r+{«-vV(-i)r=o, 

nu' [{u + V V(- 1)}"-* + {u-v V{- 1)}"-'] 
+ nv' V(- 1) [{« + t» V(- l)r- {u-t» V(- 1)1"-'] 
^p,[[u + v V(- 1)}- +[u-v V(- 1)}""] = ; 
and those of the curve Q = by the equations 

(«+»v(-i)r-("-w(-i)r=o, 
^j [{„-^ w(-i)r-{«-w(-i)r] 

+ nv' [[u + V V(- 1)}""' + {u-v V(- 1)}-*] 

Puttinff tt = rcos^, t; = rsin^, the equations for the asymp- 
totes of P= become 

cosnd =- 0, 

nu' cos(n-l)^-nv' 8in(w— 1) ^+/?^ cos(n- 1)^ = 0. 

From these two equations we have 

nu' sin^- nv' cos0+p^ 8in^ = 0, 

and therefore^ X being an integer, 

(2X + l)7r 
^^ 2n ' 

nt;' = K+;>Otan(?^l±^ (2). 

* CbmMc2^« MiUhemtUieal Jcumalf Vol. IV., p. 42. 
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In like manner the asymptotes of the curve Q^O are 
determined by the equations 

8lnnd = 0y 

ntt' 8ln(n- 1) ^+ wi;' cos(n- 1)0 +p, 8ln(n- 1) ^ = 0, 

and therefore by the equations 

nt?' = (nu' + j>,) tan— (3). 

From the equations (2) and (3) we see (1) that the asymp- 
totes of the curve P= all pass through the point w' = — — , 

v' = 0^ and divide space equlangularly like the spokes of a 
carriage wheel, the inclinations of these asymptotes to the 
axis of u being 

TT Sir 5w (2n— l)7r^ 
2w' 2/1 ' 2n' '" 2n ^ 

(2) that the asymptotes of the curve ^ = all pass through 
the same point through which those of P= pass, and like 
them divide space equlangularly, their inclinations to the 
axis of u being 

^ TT 2'7r Sir (n — 1) TT 

V|, , 9*** i 

^ n^ n ^ n ^ n ^ 

(3) that also the collective system of the asymptotes of both 
curves divide space like the spokes of a wheel, the angle 

between any two successive spokes being — • 

December Z, 1870. 
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THE DEDUCTION OF EULER'S EQUATIONS FROM 
THE LAGRANGE EQUATIONS. 

By W. H. Besant, M.A. 

"L^M PLOYING the ordinary figure (fig. 30), the general coor- 
dinates are 0, 0, and xp. and the angular velocities about 
the principal axes A^ Bj ana (7, are given by the equations 

CD, = 0' sin^ - xjj' sln0 cos0, 

0)^ = 6* 008^ + ifj' sinO sin^, 

0)3= fft' +^'C080. 

Taking 27 for the via vtvaj 

dT 

hence -75 = — Ato^xp' cos cos ^ + Boyjip' cos sin - Cto^xf/ sin 0, 
du 

-527 = -4a), sin (f) +5o), cos^, 

and one of the Lagrange equations is 

^ (-4a>, sin0+5oi, C09(^)+Aa>^\l/ cosO cos^-JBo^i/;' cosO sin0 

^ (1) 



+ Co),f sme = ^, 



£7" being the force function. 
Observing that 

dT 

-=-=-4», {ff coBjt+xf/ sinesin^)+JB6),(-0' sin0+^' sinOcos^) 

= -4a),a), - -ffctfja),, 
the other equations are 



^^.(7«>.-f(5-^)o,.o,.=^. 



(2), 



t: (- Aw, BinB coB^ + S», sin0 sin^+Ca*, co80) = ^...(3). 
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The equation (2) is Itself one of Euler's equations; to 
obtain the others, arrange the equation (1) in the form 

+ (7a,3 8ine.^' = ^ (4), 

and equation (3) in the form 

- Bind COS0 [ \ ^ - B(oj[dA -f sin© sin 9 [ * ' + ^^J^A 

4 (B-'A) a>.a>, cosO + cosO ^l^^Ca>,ff sin0 = ^, 
which, bj means of (2), becomes 
-sinO cos^ f ' ' -JBft)ga>3j + 8inO sin^ ( ' ^ -{■AtD^coA 

From (4) and (5), we obtain 

sine{^.(£.0)a,.o,.} 

= -7- smO sm0 — -ttCos^ + cosO cos^ -j- (6), 



and Bine|^^-(C7-^)a>36>l 



= -jflSinv CO80 + -T7«n0"-CO8O sm0 ^ (7). 

Taking i, 3f, -AT, as the moments of forces about the prin- 
ts about the axes 
intersection o( AB 



20s 0, 

+ iVcos0. 

9. and M sinO are 
ibers of equations 
Ilow at once. 
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It is instructive to notice the Interpretation of the equa- 
tions (1), (2), and (3) ; they represent the equalities of the 
rates of change of the eflfective angular momenta about the 
axes of G^ F^ and Z^ and of the moments of forces about 
those axes. 

Thus the angular momentum about Z^ is 

— -4o)j sinO cos^ + -B©, sinO sin<^ -f C(o^ cosO, 

from which the equation (3) follows at once, the axis Z being 

fixed, and -yr the moment of forces about it. 

For the equation (1), observe that in the fig. 30, K js 
the intersection of ZC with XY^ and that -F, the mtersection 

o{ AB and -XT', is the pole of ZC] and hence that -^ is the 

rate of rotation of the axes K and F. 

Let P and Q be the angular momenta about these axes^ 
then 

P= -4©, cosO cos^ — JBoi, COS0 sin ^ + Cco^ sin 0, 

and Q = Aco^ sin^ + B(o^ costp ; 

but the rate of change of the angular momentum about the 
moving axis F^ is 

dQ dxP^ 

'dt^^7t' 

hence, equating this to -jg , we obtain equation (I). 

Lastly, the equation (2) follows from the expression for 
the rate of change of angular momentum about u, i.e. 

— --^; — ' — -4(0 . (k> + ScO • ft) • 

which must be equated to -7- . 

October, 1870. 
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THE SMALL OSCILLATIONS OF A PARTICLE AND 
OF A RIGID BODY * 

By BoBEBT Stawsll Ball, A.M , Professor of Applied Mathematics 
and Mechanism, Royal College of Science for Ireland. 

L 

Introduction. 

T APLACE inyesti^ated the small oscillations of a particle on 
a sphere, roisson solved a special case of the same 

f)roblem on the ellipsoid. Lagrange discovered the general 
aws of small oscillations, and his methods have been im- 
proved by Messrs. Thomson and Tait. The results, of which 
the following is an abstract, have been obtained by an union 
of the method of Lagrange in its improved form, with some 
elegant theorems ot kinematics discovered by M. Chasles. 
Demonstrations of some of the theorems hero enunciated will 
be found in two papers written by the author. 

" On the small oscillations of a particle on a surface under 
the action of any forces." Quarterly Journal of Mathematics y 
No. XXXIX. 1869. 

'' On the small oscillations of a rigid body about a fixed 
point under the action of any forces, and more particularly 
when gravity is the only force acting." Transactions of the 
Royal Irish Acttdemy^ Vol. xxiv. Science, Part XVT. 

IL 

A Particle. 

1. There are in general three lines called normal linesy 
such that whatever be the small oscillations of a particle 
free in space, the movement is compounded of simple har- 
monic vibrations along the normal lines. 

2. When the forces have a potential, a constant small 
quantity of energy would draw the particle along any radius 
vector from its position of rest to the surface of a certain 
ellipsoid, the normal lines are in the principal directions of 
this ellipsoid, and the lengths of the isochronous simple 
pendulum are proportional to the squares of its principal axes. 

• Abstract of a paper read before the British Association at Liver- 
pool. 
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3. When the particle is constrained to a surface, the 
motion is compounded of vibrations in two directions on the 
surface, and when the forces have a potential, the tangent 
lines to these directions are at right angles. 

III. 

A free Rigid Body. 

4. A free rigid body may receive any displacement bv 
being screwed along an axis m space, the distance it travels 
along the axis when rotated through the angular unit being 
termed the pitch of the screw. 

5. The movement of a free rigid body when making 
small oscillations is compounded of six normal movements, 
each consisting of a to and fro vibration about a normal 
screwj the position, pitch, and period of which depends upon 
the forces. 

6. Whatever bo the initial motion of the body, it may 
bo distributed uni(][uely among the six normal screws, and 
thus the entire motion is determined. 

IV. 

A constrained Rigid Body. 

7. If a rigid body have k degrees of freedom, its motion 
is compounded of vibrations about k normal screws. 

8. A body capable of turning around a fixed axis, and 
sliding along it, nas two degrees of freedom, its motion is 
compounded of that about two normal screws whose pitch is 
different, but both of which lie iu the fixed axis. 

9. A body, three points of which are limited to a plane, 
has three degrees of freedom. Its motion is compoundea 
of vibrations about three normal screws whose pitch is zero, 
and the directions of which are perpendicular to the plane. 

10. A body rotating about a fixed point has three de- 
grees of freedom. Its motion is comnounded of vibrations 
about three noimal screws, whose pitch is zero, and whose 
directions pass through the point. 

N.B. The screws in this case may be conveniently called 
the normal axes. 
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V. 

A rigid body rotating about a pointy the forces having a 

potential. 

11. The body may be moved from one position to any 
other position by rotation through a certain angle, about a 
certain axis passing tbrough the point ; this angle and axis 
are called the axis of displacement and the angle cf displace'' 
ment respectively. 

12. On any axis through the point take a radius vector 
proportional to the small angular velocity, which a small 
quantity of energy would be able to communicate to the 
body aoout the axis. The quantity of energy being con- 
stant, the locus of this point on different axes is the well- 
known momental ellipsoia. 

13. On any axis through the point take a radius vector 
proportional to the small angle, through which a small 
Quantity of energy would be able to rotate the body about 
tne axis from its position of equilibrium against the forces. 
The quantity of energy being constant, the locus of this 
point on dinerent axes may be called the ellipsoid of equal 
energy. 

14. The three common conjugate diameters of the mo- 
mental ellipsoid and the ellipsoia of equal energy are the 
normal axes ; the body would vibrate about either of these 
axes, as about a fixea axis, and its motion is always com- 
pounded o/ vibrations about these axes. 

15. The length of the simple pendulum isochronous with 
the vibration about each normal axis is proportional to the 
square of the ratio of the corresponding aiameter in the 
ellipsoid of equal energy to that of tne momental ellipsoid. 

16. The body is slightly disturbed from its position of 
rest by rotation about an axis of displacement, through an 
angle of displacement, and also by receiving a small angular 
velocity about an initial instantaneous axis. This displacement 
and velocity may bo uniquely resolved into corresponding 
displacements and angular velocities about the normal axes, 
and thus the motion of the body is completely determined^ 
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VL 

A rigid body rotating round a fixed pointy gravity being the 
only force acting, 

17. A plane drawn in the momental ellipsoid conjugate to 
the vertical through the point of suspension is called the 
conjugate plane. 

18. For small oscillations to "be possible the instantaneous 
axis must lie initially in the conjugate plane, and it will 
continue there throughout the motion. 

19. There are two normal axes which are thus constructed. 
Draw an ellipsoid whose axes are in the same directions 
as and proportional to the squares of those of the momental 
ellipsoid, tne common conjugate diameters of the sections 
of these ellipsoids made by the conjugate plane are the 
normal axes. 

20. The normal axes are not at right angles, except when 
the centre of gravity lies in one of the principal planes about 
the point of suspension ; but a vertical plane drawn through 
one normal axis b always perpendicular to a vertical plane 
drawn through the other normal axis. 

21. The body would vibrate about either of these normal 
axes, as about a fixed axis, and any small oscillation is 
compounded of simple vibrations about the normal axes. 

Special attention b directed to the theorem of paragraph 
19y which cent WIS the solution of the conical pendulum under 
its most general form. 

Royal CoUege of Soienoe for Ireland, 
Dublin, DtcembfT IH^ 1870. 



1 
TOL. ZI. P 
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NOTE ON OSCULATING CURVES. 
By Joseph Woi^tenholme, M.A. 

1. TF a cwrve 8^ similarly and similarly situated to a 

given curve A^ have contact of the second order with 
a given curve B^ at a point P^ and G he the centre (or any 
point situated with respect to o, similarly to some fixed point 
with respect to A)j PC mil be the tangent at C to the locus 

of a 

For if OPQff be contigaoas points on the curve B^ the 
corves through OPQ^ PQff similar and simihu^lj situated to 
A^ will in the limit oe two curves 8^ 8', or we maj take 
the two curves as the limits of two curves touching £ at P, 
and passing through contiguous points 0, O' on opposite 
sides of P; but Pwill be a centre of similitude of these two 
curves, and P, Cy C will be on one straight line. Hence, 
in the limit when 0, C approach coincidence, PG will be 
a tangent at G to the locus ot G. 

2. If a curve 8j similar to a given curve A^in which the 
chord of curvature through the pole has a constant ratio to 
the radtus vector^ have contact of the third order unth a given 
curve B at a point P, and G be the pole of 8^ then PG makes 
equal angles unth the tangent at P and the tangent at G to 
the locus oi G. 

For if OPQILO be five contiguous points on 5, we can 
draw through OPQBy and through PQRO curves similar 
to -4, and when P, Q^ R move up to coincidence, these two 
curves will have the same circle of curvature at P, hence, 
if (7, C be their poles, PG : PG' :: PL : PL', where PL, 
PL' are the corresponding chords of curvature. Hence, in 
the limit, when G^ G' tend to coincidence, the tangent at G 
to the locus of G is parallel to the tangent at L to the circle 
of curvature, or makes with PG the same angle as the tan- 

Shese proofs of these two propositions are due 
oulton. Fellow of Christ's College), 
rve -4 is either wa equiangular spinJ, or one of 
r** = a"* cosTn^, f the values ± 1 of w being ex- 
t; in the case of the equiangular spiral| the spiral 
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of closest contact Is drawn at each Ppint, and Is not similar 
to any fixed equiangular spiral. The family includes the 
parabola (focus pole) ; the rectangular hjrperbola . (centre) ; 
the cardioid fcusp) ; and the lenmiscate of Bernoulli (node) ; 
a,nd in all tnese cases the osculating curve is everywhere 
similar to itself, and the correspondmg locus possesses the 
property here proved. 

The curve tor which the radius vector to the pole of the 
equiangular spiral of closest contact is constant, is the cate- 

nary of equal strength y s a log sec - , and in this case the 

arc described by C is always equal to the corresponding arc 
described by P. Many other interestmg properties of the 
osculating spiral for different curves may be investigated, 
and the property here proved seems to be of much use in 
such questions. 



EXAMPLE OF A SPECIAL DISCRIMINANT. 
By Prof. Caylby. 

TP we have a function (a, ...Ja?) yj «)**, where the coefficients 
(a, ...) are such that the curve (a, ...Ja?, y, 2)" = has 
a node, and h fortiori if this curve has any number of nodes 
or cusps, the discriminant of the function (that is. the dis- 
criminant of the general function (*3[a?, y, «)**, suDstituting 
in such discriminant for the coefficients their values for the 
particular function in question) vanishes identically. But 
the particular function has nevertheless a special discriminant^ 
viz., this is a function of the coefficients which, equated to 
zero, gives the condition that the curve may have (besides 
the nodes or cusps which it originally possesses) one more 
node: and the determination of this special oiscriminant 
(which, observe, is not deducible from the expression of 
the discriminant of the general function (*3[^, y, zf) is an 
interesting problem. I have, elsewhere, shown that if the 
curve in question (o, ...J^, y, «)" = has o nodes and k cusps, 
then the degree of the special discriminant in regard to tne 
coefficients a, &c., of the function is = 3 (n- 1)* — 78— 11 ^: 
and I propose to verify this in the case of a quartic curve 
with two cospB. 

P2 
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Consider the carre 

Gwaiy + 12r2*ary + (^ + 4iy + «) 2* = 0, 

where x = is the tangent at a co^; y = the tangent at 
a cnsp ; and s = the line joining the two cosps. 
For the special discriminant we hare 

3naj^y + 3ra»" + tB* = 0, 

2f {6rary -h (3^ + 3iy + 4C35) «} =0 ; 

the last of which may be replaced by the equation of the curve. 
Assume x = Tiz^ y = iiz^ the first two equations ^ve 

3(fiV + »')M + fl^ = 0, 

3(iiV + »')^+« = 0, 
whence also 

GnXV + ^V +9^ + «> = 0, 

and the equation of the curve ^ves 

6nXV + 12rV + ^^ + 4vA + c = 0, 

whence eliminating ^X + ifi, we find 

18fiXV + 12rX^-c = 0. 

Moreover the first two equations ^ve 

9(iiXA4-r)«XA4-i^ = 0, 

or putting X|a = we have 

18n^ + 12rtf-c = 0, 

from which d is to be eliminated. 
The equations are 

1811^4 ir '* 

9n"^+18nr^+9i 

and thence 

18n"^ + 36wr^ 

18nV + 12iir^ 

24nr^+(18r^- 

18iir^ + 
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6r*+3cn"3 2r'4cn * 
or substituting in 18n^+ 12r^- c = 0, this is 

8n {Sig - 2cr)* + 8r (3^ - 2cr) (2r* + en) - c (2r* + cw)' = 0. 
Hence developing, the special discriminant b 
D = -l cV 
+ 12 d^nf^ 
— 72 qgnVir 
-36 cr* 
+ 72/t«n 
+ 48 (Ttr^ 
which b as it should be of the degree 5, s 3.3^ — 11.2. 



ON THE ALGEBRA OF MAGIC SQUARES. No. III. 

By Joseph Hobneb, M.A., Clare College. 

XJAViNa already discussed the various classes of odd magic 
sQuares connected with the form Byax + bv^ we now 
proceed to even squares. In doing this, we shall represent 
a series of unities by their signs only, and in this sense 
speak of multiplTing by those si^. 

Take in any order the zero arithmetical series of 2n 
elements, - 2w - 1, - 2n + 1, ... 2n - 1, 2n + 1, and let X and 
- X represent any conjugate pwr of these elements. If X 
and — X be each multiplied by one and the same series of 
2n signs, and a like operation extended to all the values 
which X can take, and the results be arranged in columns 
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according to the assumed order of the original series, we 
manifestly form a square, every row of which is a zero 
series. 

We have next to consider what must be the nature of 
these series, in order that the diagonals and columns of 
the square may be zero series. Here simplicity will bo 
promoted by taking axes through the centre of me sauare 
parallel to its sides, and numbering the distances of the 
rows and columns from the centre positively and negatively 
on these coordinates as in the Cartesian system. Then (a;, y) 
will denote a point at the intersecton of the x^ row and y"* 
colunm. Suppose then that the cojmugate columns headed 
with X and - A are the r^*" and 5*^. The grave diagonal will 
meet these at the points r and s respnectively, reckoned from 
the axis of x. If, tnerefore, mamtaimn^ the principle already 
laid down for the zero rows, we multiply X and — X by the 
same sign (which we may express by the optional sign a), 
at the points r and s of both columns, X and X will both 
appear m the grave diagonal ; and when a similar operation 
has been extended to au the values that X can take| the 

frave diagonal will be a zero series. Again, the acute 
iagonal meets the same columns at — r and — s respectively ; 
and if at these points we multiply by the optional sign ft, 
and apply the like process to all the values of X, the acute 
diagonal will be a zero series. We may now so cJioose 
the signs a and J, and those for the remaining 2(n — 2) 
vacant places of each pair of conjugate columns, that n of 
them shall be positive and n negative. Thus the conjugate 
columns of X's are made zero series; and when this has 
been done for every value of X, the zero square is completed. 
K, however, for any particular value of X, the elements are 
equidistant from the extremities of the series in its assumed 
order, i.e. if r + 5 = 0, then — 5 = r, and — r = 5; so that the 
columns are symmetrically situated and the two sets of si^ns 
a, &, coalesce into one set In this case we can choose the sign 
a and those in the 2 (n — 1) remaming places in the same 
manner as before stated. It will be convenient to keep 
the sign-columns separate from the terms of the arithmetical 
series, and to speak of this system as the sign-square. If 
n = 2 or 3. it is manifest that a atid b must represent opposite 
signs. Also, if n be even, the 2 fn — 2) or 2 (n — 1) vacant 

{)laces can always be filled up, n desirable, with pairs of 
ike si^; but if 71 be odd there must be at least one pflfe ^ 
of unlike signs in every column. In the following c 
each letter represents an optional sign. The dots 
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vacant places which are to be afterwards filled up with 
suitable signs : 



5 13 5 3 1 

a c • a . c 

\ / 

. c e • e c 

a . e a e • 

X 

a . e a e . 

• c e • e c 

/ \ 

a c • a . c 



5 13 5 13 

a • d a • d 

• c • • c • 
a • 3 a • d 

X 

a • d a • d 

• c • • c • 
a . d a • 9 



9795173135 

a . a f f 

\ / 

• C* • • ClkaJk* 

\ / 

a • a • h • • h • • 

. . . e • . k • k e 

. d . . g d . g . . 

X 

c • • h c • h • • 

. . . f . . j . j f 

b . b . g . . g . . 

d . • • d j • J • 

b . b e e 



It will be seen that, while we keep the conjugate columns 
gi ike nga-t^iiare unaltered, the numbers, 1, 3, 5, ... may 
te iatttSnapd in any manner. 





Digitized by VjOOQ IC 



216 On the Algebra of Magic Squares. 

Also, reversing the order of all the columns would cause 
no change in any of them as to signs. 

We now go on to enquire how and under what conditions 
two such zero squares can be combined by juxta-position into 
a magic square. 

Suppose X and —X to stand at the head of two columns 
in the nrst square, and fi and -/t of two in the second. Turn the 
second square so that its rows become columns ; in particular, 
so that the upper row becomes the left-hand column. When 
the squares now have their respective elements in juxta- 
position, suppose that the four permutations in wmch X 
precedes, standmg thus: 





\ ...X 


• 


• 
• 
• 

...X,/tt, X^, 


A* 


V. V. 



where X„ X, ; /t„ fi^ are numericallj X and /t, but with signs 
at present unsettled. First imagine X,, X to result fi^m 
multiplying X by imlike signs, and /a,, /a^ nrom multiplying 
/Lt by unlike signs. Whence X, = — X, and /tt, = — ft, ; so that 
the four pairs become Xjit,, X^/it,, X,/a,, \ii^^ which are not 
all different, whatever tne signs belonging to X and /a^. 
Next conceive X^, X, to result from X and /Aj, /j^ from fi by 
multiplying in each instance by like signs.^ Then X^ = X, 
and /ttg = /A^ ; and we have the four pairs \fA^^ \fA^^ Xj/it^, Xj/i,; 
which are all different. Thirdly, if either pair, as X,Xj, 
result from multiplying X by like, and the otner fi^fi^ from 
multiply fi, by unlike signs, we have X,=X, and /Ag = — /a„ 
and accordingly X^/itj, X,/[t , X,/ia , \ii^ aU different. Upon 
the whole, therefore, we shall always . obtain the four per- 
mutations in which X stands first, provided X and fi are 
not both multiplied by unlike signs in the two places where 
they stand in their respective columns. And this holds good 
when X and /L&.are equal. 

When X and fi are unequal, the juxta-posed squares will 
contain four other permutations of X and fi having /t first, 
to which the same law is applicable; and the eight make 
up all the permutations of the elements X, — X, /a. — /*, which 
are required to be found in the magic square. When X and 
fi are «qual, they can only have the four permutations above 
mentioned. 
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Now assume that the X and -X columns in square L 
have the situations r and «, and the fi and — fi columns in 
square II. the situations p and a. Then when square II. 
is turned as aforesaid, /n and — /^ are in the rows p and a. 
Hence the permutations X/l&, X/h. X/t have the positions (r, p\ 
(r, cr), (s, p) ; and if X has imlike signs at (r, p) and fr, cr). 
/A must have like si^ns at (r, p) and («, p). That is. reterred 
to the original position of square II., /n must have like signs 
at (p, r) and (p, J). As this law depends not on the values 
of X and /i, but solely on the positions of their conjugate 
columns, we may take Ira generally as an abridged form 
of the words. * each column of that conjugate pair in the 
sign-square I./ which are at the distances r and s from 
the centre ; and then the rule will be conveniently expressed 
as follows : 

If Irs has unlike signs at the points p, er, Ilpa must 
have like signs at points r, s. And vice versd^ if Ilpa 
has unlike signs at the points r, ^, Irs must have like signs 
at the points p, a. 

If, nowever, square II. be turned so that its upper row 
becomes the right-hand column, then if Irs has unlike signs 
at p, (Ty Ilpa must have like signs at r, « ; and vice versd. 
N.B. Square II. is the displaced square. It will be sufficient 
for theory to treat the former of these cases. 

If Irs J Ir*s\ ... have unlike signs at the same points p, a 
in their respective columns, Ilpa must have like signs at 
Tj «, at /, «',... Consequently when n is odd all the n sets 
Irs J Irs' J ... cannot have unlike signs in the same rows p, a ; 
otherwise Ilpa would contain n pairs of like signs, which is 
impossible. 

When r and s are numerically unequal, Irs has of course 
a pair of like si^ns at r, s and another pair at r, « ; and the 
same may be said of Ilpa. See the examples above. 

The conditions for a magic square are manifestly irre- 
concileable if w = 1. If n = 2 or 3, the zero squares have 
peculiarities which render many combinations of them 
impossible. 

First suppose n = 2. Represent any two numerically 
unequal terms of the series 2 1 1 2 by r, ^ ; then r, s repre- 
sent the remaining two. There are three forms of zero squares, 
having their conjugate columns at r, ^ ; r, 5, or r, « ; r, «, or 
r^r'j s^s: the two first di£fering inter se, but being of the 
same type with reference to the third. 
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Now we canDOt have such associations as Ira and Urs 
or Irs smijlss. For Irs has contrary dgns at r^s^ and 
therefore Urs must have the same sign at r, s. Bat it lias 
the same sign at r, Sy and therefore a common sign at r, r, s ; 
which is impossible. In like manner IIss would require a 
common sign at ^^s^s] which is impossible. There only 
remain associations of the two kinds Irs^ r s with Ilrs^ r 5, 
and Irr^ ss with Ilrr^ ss^ where we use such an expression as 
Irsy r sto denote * the square /having its conjugate columns 
at r, 5 and r, sJ* Both these _kinds are possible and include 
712, i 2 combined with /Zl2, 12^ /I 2, 1 2 with //12, 1 2 and 
/ll" 22withZZil,22. 

Next assume ns=3, and let r, s^ t represent any three 
numerically dififerent terms of the series 3 2 1 1 2 3. It is 
manifest that Irs has a pair of like mgns at r, «, a pidr of the 
opposite like signs at r, s^ and opposite signs at f, t Con- 
sequently Irs has opposite signs at r, r, at «, i^and at f, 7; and 
this, whatever r and s be. Hence a square of the type Irs^ tr^ 
s t^va which none of the conjugate columns are symmetrically 
situated, cannot be associated with another which contains 
such a form as i/pp: that is, in which b a conjugate pair 
symmetrically situated. For whether p represent r, « or ^ 
each of the sets Irs^ Itr^ 1st has unlike signs at p, p, and 
consequently IIpp would have like signs at r^ «, at ^, r and at 
Sj t] tnree pairs, which is impossible. Agam, such associa- 
tions as Irs with Ilrs are impossible, because Irs has unlike 
signs at r, «, and therefore Urs would require like signs at 
r, Sj besides having like signs at n « and at r, s. That b 
Ilrs would have one sign at r, r^SjS] which is impossible. 

Now Square I has three types of conjugate columns, 
viz.: 

(a) comprising 3 wholly unsymmetrical sorts different 
inter w, IrSj tr^s t or I r s^ tr^ si ; Irt^ r s^st and Irs^ < r, «^ ; 

(JJ comprising 3 partially symmetrical sorts, Irs^ r Sy tt ;* 
Irty r ijS s and /r« rsj t i; 

(e) containing one wholly symmetrical sort Irr^ss^tt. 
The same is true of Square U« 
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Here for the reasons already giveD, no two squares of 
different types are compatible with each other. Neither are 
two of different sorts of the type (a). It may likewise be 
proved that two of different sorts of the type {b) are incom- 
patible. For, both Irs and Irj having unlike signs at Sy Sj 
IIss would require like signs at r, s and at r, Sy having already 
like signs at «, « ; and so have one sign at r, s^r^s] which is 
impossible. The same reasoning applies to Irs and to Irs 
in combination with IIss. 

It remains therefore to enquire under what conditions 
squares of the same sort under each type may be combined. 

Type (a). Irs^ tr^st with Ilrs^ tr^ st. Here Irs must 
have unlike signs either at ^ r or at 5, F; and Itr must, either 
at r, s or at s^ U But they cannot both have unlike signs 
sXsy'tui their respective columns, since II s T would then re- 
quire like signs at r, s and at F, r, having already like signs 
at Sy t and at ^,1; and consequently require like signs at 
r, 5, ty and therefore at r, r. So that II si would have 3 
pairs of like signs, viz. at s^ tj at «, t and at r^r] which is 
impossible. 

Suppose then Irs to have unlike signs at ^, r, / ^ r at Sj tj 
and 1st bX r^s. Hence Ilrs has like signs at 5, tj having 
them already at r, « ; and consequently unlike signs at ^, r. 
In like manner it may be shewn, that II t r has unlike signs 
SitSjly and list at r^s. In other words, the squares Irs 
t rysi must have unlike signs at the same pairs of points in 
their respective columns. That is, one scheme must repre- 
sent them both. The same reasoning applies if one of the 
squares, as the first, have all its columns in reverse order, 
viz. IrSyiry st. 

Under type (J) we havejonly to examine the combination 
of Irsy r Sytt with IlrSy r s^tt. Here Irs and Irs have 
each unlike signs at ^, ^ ; so that II tt would require like 
signs at r, Sy as well as at ^, ^: which is impoi^ible. Hence 
there are no possible cases of tnis type. 

Squares of the type (o) can be combined, provided no 
pair, as / 9* r and Issy have each unlike ugns at^ ^, ^ ; for then 
II it would require like signs at ryry at SyS and at ^, ^; 
which is impossible. The same applies, vice versdy to 
square U. 
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Example of the combination 

Irs J try St and llrs^ tr^st. 

Take r=l^ « = 2, ^=3. The Boman letters represent 
the optional signs employed in forming the diagonals; the 
Italic those afterwards supplied. 

c c h a a h 

c c & a a 5 

c c b a a b 

c c b a a b 

c c & a a & 

c c b a a b 

This is the scheme common to both squares ; but it is not 
necessary to give a, bj c the same values in each square. 
For the first square put - for a, + for 6, - for c ; and for the 
second put + for a, — for J, and — for c. Then the two sign- 
squares are 

+ +and + + - 

+ + + + 

+ + + + + + + + 

+ + 4+ 

+ + + + H-+. + + 

+ + -+ + - + + + + 

Hence applying arbitrarily the multipliers 5, 5 ; 3, 3 ; 1,1 
to the several pairs of conjugate columns, we obtain such 
squares as 



5 5 




3 3 




and 


3 3 5 






5 


5 5 




3 3 






3 3 5 






5 


5 5 




3 3 






3 3 5 






5 


5 5 




3 3 






3 3 5 






5 


5 5 




3 3 


~ 




3 3 5 




T 


5 


5 5 




3 3 






3 3 5 






5 



in each of which T 5^ T 3, ± 1 may be permuted in all possible 
ways. So that tummg the second square, we have the magic 
squares 
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55 


55 


15 


35 


35 


15 


55 


55 


61 


53 


53 


51 


51 


51 


11 


31 


31 


if 


15 


15 


11 


13 


13 


11 


51 


61 


11 


'31 


31 


11 


16 


15 


11 


13 


13 


11 


5 5 


55 


15 


35 


'3 5 


16 


55 


55 


51 


63 


53 


61 


53 


5 3 


la 


33 


'3 3 


13 


35 


35 


31 


33 


33 


3i 


53 


53 


13 


33 


33 


13 


35 


35 


31 


33 


33 


31 



which, by substituting the natural series for the zero arith- 
metical progression, give 

1 36 24 7 25 18 and 1 36 34 2 5 33 



4 34 16 9 27 21 

33 3 15 10 28 22 

6 31 19 30 12 13 

35 5 20 29 8 14 

32 2 17 26 11 23 

Example of 

Ira^ tr^s't with Ilr «, i r, at 



19 24 21 14 17 16 
18 13 15 20 23 22 
31 6 4 35 32 3 
30 25 10 29 8 9 
12 7 27 11 26 28 



Taking for the first square the same scheme as before, 
that for tne second becomes 



b 


a 


a 


b 


c 


c 


b 


a 


a 


I 


c 


c 


b 


a 


a 


b 


c 


c 


b 


a 


a 


b 


c 


c 


b 


a 


a 


b 


c 


c 


b 


a 


a 


b 


c 


c 



In the first write + for a, + for 6, — for c : and in the second 
— for a, + for 6, — for c, and apply the multipliers arbitrarily 
as before, and we have the squares 



5 5 


13 3 




and 


5 




15 3 3 


6 5 


13 3 






5 




15 3 3 


5 5 


13 3 






5 




15 3 3 


5 5 


18 3 






5 




15 8 8 


5 6 


13 3 






5 




15 8 3 


5 5 


1 § 3 






5 




15 8 3 



where ± 5, 1 3| ±\^ admit of all possible permutations. 
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The combined magic squares are 



53 53 13 33 33 13 


and 


36 35 31 33 33 


31 


53 53 13 33 33 13 




85 '3 6 31 33 33 


31 


55 65 15 35 35 15 




55 65 61 53 53 


51 


51 51 11 31 31 if 




15 16 li 13 13 


11 


51 51 "li 3 1 3 1 11 




15 15 11 13 13 


11 


56 55 15 35 35 15 




55 55 51 63 63 


51 


which give, by substitating \ 
the zero progression, 


the series of natural nambers for 


5 36 14 29 8 20 

2 32 23 26 11 17 

31 6 24 25 7 18 

4 34 16 9 27 21 

33 3 16 10 28 22 

36 1 19 12 30 13 


and 


25 30 9 29 8 10 
7 12 28 11 26 27 
6 31 34 5 2 33 
19 24 21 14 17 16 
18 13 15 20 23 22 
36 1 4 32 35 3 





When n exceed 3, so many of the signs are optional that 
particular rules are little necessary and in fact become 
scarcely possible. Obviously the simplest squares are those 
in which the conjugate columns are symmetrically situated, 
Ti.i 1 the case of n even is simpler, than that of n odd. In 
comparing the fWo squares it will conduce to clearness if 
the columns be arranged separately as seen below, and when 
filled up be re-composed into a square : 

I. II. 



..4... 
..3... 
..2... 
..1... 
..1... 
..2... 
..3... 
..4... 

we have assumed that a and h; c and d] ... are 
:e signs. Here, in completing square I., we attend to 



41 


32 


24 


31 


b 


d 


e 


9 


b 


d 


e 


g 


a 


c 


f 


h 


b 


d 


e 


g 


a 


c 


f 


h 


b 


d 


e 


9 


a 


c 


/ 


h 


a 


c 


f 


/t 



42 


3'i 


21 


34 


k 


m 


n 


q 


Tc 


m 


n 


q 


J 


I 


P 


r 


h 


m 


n 


q 


3 
k 


1 

m 


P 
n 


r 
9 


3 


1 


P 


r 


J 


I 


P 


r 
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the pairs of rows at 4, 2 ; 8, 1 ; 2, 1| 3, 4 j^ and in completing 

Xire II., to the pairs at 4, 1 ; 3, 2 ; 2, 4 ; 3, U From the 
ve we may derive such squares as 

753715 13 75353711 



+-+++-++ 


4 


- 4 - 


4 4 4 


4 


+-+++-++ 


4 


- 4 - 


4 4 4 


4 


- + - - 


- 4 - 


- 


- 


4-4 





— 


+-+++-+ 


4 


4 


- 4 - 


4 4 4 


4 


- + — 


- 4 - 


— 


— 


4-4 





- 


+ - + 4 
- 4 


4-4 
- 4 - 


4 


4 


- 4 - 
4-4 


4 4 4 


4 


- 4 

and thence 


- 4 - 






4-4 






71 


'5 1 31 


7i 


11 


5l 11 


31 




71 


51 31 


71 


11 


51 11 


Si 




77 


57 3 7 


77 


17 


57 17 


37 




73 


53 33 


7 3' 


13 


53 13 


33 




75 


55 35 


75 


15 


55 15 


35 




73 


53 33 


73 


13 


5 3 13 


33 




75 


55 35 


75 


15 


65 15 


35 




77 


57 37 


77 


17 


57 17 


37 





and another with each pair of figures reversed, viz. 17, 15, 
&c., as ah^adj seen. By substituting 1, 2, 3, ... for 7 7, 7 5^ 
7 3, ... we obtain magic squares formed of the natural series 
from 1 to 64. 

If in a square of side 8, rstu represent any four nume- 
rically unequal numbers of the series 4, 3, ... 3, 4, and con- 
sequently r alu the other four, and it be assumed that in 
every such set as Irs there are like signs at the four points 
r, Sj Tj Sy it is impossible to combine such sets as IrSj^IIrt. 
For in Irs we necessarily have like signs at f, m, ?, m, and 
consequently unlike signs at r, t So that Ilrt has like 
signs at r, 5 as well as at r, f, r, 7, and consequently like 
signs at 5 points, viz. r, «, r, f, t which is impossible. The 
same reasoning applies to Irs with II rf or Ilrt or II r t 
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In fact if we assume that any such fonn as Ilrt has like 
signs at r, *, r, t^ the four forms Ilrt^ Ilrty Ilr «, Ilrt 
must have exactly the same character, and differ only as to 
their positions in the sauare. In consequence of this re- 
striction, the only possible combination_of t^o such squires 
is IrSj tUy r s. tu with Ilrsj tu^ r«, tu or IlrSj tu^ rs^ tUj 
which are all three the same. e.g. 

I. and II. 





13 


24 


13 


24 


4 


a 


b 


c 


d 


3 


a 


b 


c 


d 


2 


a 


b 


c 


d 


1 


a 


b 


c 


d 


1 


a 


b 


c 


d 


2 


a 


b 


c 


d 


3 


a 


b 


c 


d 


4 


a 


b 


c 


d 



whenoe may be derived such squares as 

J3 53 13 73 53 33 73 33 

15 55 15 75 55 35 75 35 

13 53 13 73 53 33 73 33 

11 51 11 71 51 31 71 31 

15 55 15 75 55 35 75 35 

17 57 17 77 57 37 77 37 

Tl 51 11 71 51 31 71 31 

17 57 17 77 57 37 77 37 

and its reverse 31. 3 5, &c., which may be reduced to the 
natural scale, as beiore. 
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ON CONCYCLIC CONICOIDS. 
By Henry M. Jbffeby, M.A. 

1. THE foUowmg memoir may be considered an ex- 

ercise in Duality, founded on that Chapter(viii) 
of Dr. Salmon's Oeometry of Three Dimensions, which 
treats of Confocal Conicoids.* It may be a useful preliminary 
to the study of the dual curvature of surfaces. The reader 
is referred to some of the demonstrations, which appear in 
that chapter ; it being premised that Boothian and Oartesian 
coordinates are exchanged, as occasion may require.t 

On UmhUics of Ellipsoids and their Duals, 

2. The parallel circular sections of an ellipsoid terminate 
in four umbilics, at which the radius of curvature of all 

normal sections is the same, viz. — • 

' ac 

By du-umbilics of a surface may be denoted points in 

which the curvature is that of the osculating conicoid of 

revolution, whose focus is the origin, for every plane section 

through the radius-vector. In the ellipsoid there are four 

real du-umbilics, at which points the asymptotes to the focal 

hyperbola meet it, and the semi-latus rectum of each focal 

conicoid of revolution, which measures the dual curvature, 

is also — . For in a conic, /=—=-= — (JournaL Vol. X., 
ac ^ r ac ^ ^ ' 

p. 323, on the Dual Curvature of Curves). 

(Strictly speaking, the dual of an umbilic is. the du- 

umbilical tangent plane\ 

* The theory of confocal ellipsoids was first considered by Maclaurin 
in treating of the attraction of ellipsoids, and finally established by 
M. Chasles (Briot et Bouquet, Qeometrie Anatyti^^ p. 432). Dr. Salmon 
has also briefly sketched out the reciprocal doctrine of concydic coni- 
coids (p. 157). 

t The duals of Cartesian coordinates have been designated Boothian, 
as Dr. Booth introduced them into notice here (Tangential Coordinate$^ 
Dublin, 1840). But they were first conocived by MM. Chasles and 
Pliicker, to establish analytically the principle of duality, which had 
been previously recognised by the method of reciprocal polars. (Briot et 
Bouquet, p 388). 

VOL. XI. q 
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For the sake of distinctnesB, the foUowijig properties of 
the ellipse, and the coDfocal and concyclic hyperbolad (the 
former being the focal conic) are considered in one plane {xz). 
See fig. 31, 

Their equations are 

^ + i* = l, orar + cr = l (^), 

*°^ ^Tji - J^« = 1 (^)» 

-r^+T^=^ (^)- 

b* a* (? b* 

The conies {A) and {B) intersect in umbilics, the common 
tangents to {A) and {U) touch {A) in du-umbilics. (The 
conic ( C) is the boundary between concyclic hyperboloids of 
one and two sheets). 

3. (1) The asymptotes of (1) The asymptotes of the 
the confocal hyperbola pass concyclic hyperbola are pa- 
through the du-umbuics. rallel to the tangents at umoi- 
(They also intersect the auxi- lies. (Tangents to the auxi- 
liary circle [x* + «* = a*} in liary circle, which are parallel 
points corresponding to the to these asymptotes touch it 
umbilics. In other words, the in points tangentially corre- 
umbilics have for their repre- spending to the du-umbilics). 
sentative direction* the a^mp- 
totes of the confocal hyperbola) . 

If the equation to the extremities of the asymptotes of the 
concyclic hyperbola be combined with that to the ellipse, 

^ -J^ L- 

which determine the tangents at an umbilic. 

If they are combined with those of the auxiliary circle, 

a«-ft«-ft«_c«""J*(a«-c'')* 

(2) Tangents to the ellipse (2) The asymptotes of the 
which are parallel to the concyclic hyperbola, lie in the 
asymptotes of the confocal planes of circular section. 

• In general the direction (a, /3, 7) is said to be the representative 
direction of the point a co8a» h cos/3, c cos 7. 
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hyperbola, lie at the distance 
ot the semi-minor axis from 
the centre* 

If the equation to the extremities of the asymptotes of the 
confocal hyperbola be combined with that to the ellipse, 

r _r_-^ i_ 
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(7) The poles of all cir- (7) The shadows cast by 
cular sections lie in the radii- points in the radii-vectores 
vectores through the umbilics. drawn through the du-umbi- 

lics on the planes perpen- 
dicular to them are conies 
with a common focus in the 
centre of the ellipsoid. 

Let the new lines of reference be inclined to the old at 
angle 0^ so that 

f = f COS0 — f sinff, ^ = 1' sintf+i;" costf, 

where cos'a = -^ — - , sm'^ = -^ — ^ , 

a — c a — c 

determining the du-umbilics. 

The transformed equation to the ellipsoid 

(aT + JV + or=l) 

becomes f ^V 17V + \b^+ 1 V{(a* - V) {V - c«)} 1* = 1. 

By assigning various values to f , the property may be 
established. The limiting cases of these comes are circles 

noticed above, and points, when f = — or the luminous point 

is a du-umbilic. 

(8) Any two of the cones, which determine the shadows 
in two different systems, may be circumscribed about the same 
conicoid of revolution, whose focus is the centre of the 
ellipsoid. 

The proof is the same as for the familiar dual theorem. 

With the axes as lines of reference, combine the equations 
to two points in the radii-vectores through du-umbilics, with 
the equation to the ellipsoid. 

rru — jsulting equation denotes a conicoid of revolution 

ie radius-vector of (9) The perpendicular on 
ic is equal to a the tangent at a du-umbilic is 
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perpendicular through a du- 
umDilic to a tangent. 



eaual to the radius-vector, 
wnich is perpendicular to a 
plane of circular section. 



On Concyclic Conicoids. 

4. Concyclic conicoids have been also designated cO' 
directive^ i.e. as having a common director cone. See Journal^ 
Vol. IX.. pp. 314 — 5, where the theoij of the director-cone, 
the dual of the focal conic, is detailed. If the centre of 
reciprocation is, as in the following pages, the centre of the 
coDicoid. the director-cone becomes the cylinder, whose 
principal section is a concyclic conic. 



6. (1) Two conicoids are 
confocal if the differences of the 
squares of the corresponding 
axes are the same for both, 
or if the difference of the 
squares of the perpendiculars 
drawn on two parallel tangent 



(I) Two conicoids are con- 
cyclic if the differences of the 
squares of the reciprocals of 
the correspondinc^ axes are 
the same for both, or if the 
difference of the squares of 
the reciprocab of coUinear 
radii-vectores is constant. 



planes is constant. 

Thus the equation to a system of concyclic conicoids may 
be written indifferently 

_ + X j-, + X ^ + x 

(2) Three conicoids can be 
drawn touching a given plane 
concyclic to a eiven ellipsoid, 
viz. (1) an ellipsoid, (2) a 
hyperooloid of one sheet, and 
(3) another of two sheets. 

(3} If two concyclic conies 
reconicoids of different species 
have a common tangent, the 
points of contact are quad- 
rantal, i.e. subtend a right 
angle at the origin. See 
fig. 31. 



(2) Through a given point 
three conicoids can be drawn 
confocal to a given ellipsoid, 
viz. (1) an ellipsoid, (2) a 
Iiyperboloid of one sheet, and 
(3) another of two sheets. 
Salmon, p. 131. 

(3) Two confocal conies or 
conicoids of different species 
cut each other at right angles. 
See fig. 31. 
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(4) Whore diree oonfocak (4) If diree ooiHTdicsliaTe 
intersect the tangent plane to a oonunon tangent plane^ the 
any one oontaina the n<»inals da-normala of each point of 
to the other two. contact pass throng the 

other two. Salmon^ p. 97. 

Def. By dn-normal is 
meant that line in the tangent 
plane which is qoadrantal with 
the point Its equation is 
thus expressed by Boothian 
coordinates. 

d^ cUff d^ 

d( dii d^ 

6. (1) The axes of any (1) The axes of the cone, 
tangent cone to a conicoid whose vertex is the centre 
are the normals to three con- of the ellipsoid and dirigent 
focalsy which can be drawn conic a plane section of the 
throueh the vertex of the ellipsoid, pass through the 
cone.* points of contact with that 

plane of throe ooncyclic 
conicoids. 

Two proofs of this theorem of M. Chasles are given, (1) 
by Briot and Bouquet, Oeam. AnaLj p. 429 : (2) by Salmon, 
p. 189. To these a third solution (S) is nere aadea in Boothian 
coordinates. 

(2) If the vertex of the enveloping cone be the new 
origin, and the three normals to the confocals through the 
vertex the new rectangular axes^ the transformed equationa 
to the cone and ellipsoid are (p. 140) shewn to be 

^ V* ^ r. 
/*! /*t A*. 



i /*, f^n \/*i f^t A*. / 



where o*+m,, «* + Mti «* + /*8 denote the squares of tho 
principal axes of the confocals, and S denotes ^^" • 

* The axes form with the lines through their intersections with the 
plane of contact, a tetrahedron which it self-conjugate with respect ta 
the conicoid. 
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(8) Proof of the dual theorem, which again, being dually 
interpreted, furnishes a third solution of Chasles' theorem. 
Let a plane (a?? + yi7 + «?= 1) cut the ellipsoid 

the equation to the cone through the dirigent conic of inter- 
section is 

Take as new axes the lines (r , r,, r^ joining the centre 
with the points of contact of the three concyclic conicoids, so 
that the old coordinates expressed in terms of the new have the 
form 

^'(^•■^^0 ^«G+^) ^-S-^^.)' 

After transformation, a?f + yi? + «(r becomes 

OS tl Z Su If Sj 

- + - + -, and -7 + i; + 1 becomes 
Tj r, r,' a" 6* c" 

The transformed equation to the ellipsoid assumes the 
remarkable form 

The dual theorem is proved by the form of the equation 
to the cone 
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The equation to the coacycUc 

«*(^.+\)+y(^.+x.)+.«(i.+x,) = i 

becomes^ when transformedi 

(^ + f^ + 7j+(^.-\)y'+(\-\)*'=i, 

(since «• +y*+ «* is unaltered). 

(4) Dually viewed, the Boothian equation to the ellipsoid, 
when the new lines of reference are parallel to the n<HTnals 
of the confocals through a given point (x , y\ z\ may be 
written 

(5) The Cartesian equation to the ellipsoid referred ta 
the new axes, but with origin unaltered, may be written in 
the form 

f! + 3f! + f!+, = s{^4.i2, + 5P.r ((7). 

/», /», /», (M, /*, M,J 

The envdopbig cone is thus denoted in this system : 

Ml M. M, iM. M, M.j £^' 

with dual Boothian forms for the ellipsoid and dirigent conic 
referred to certain radii-vectores above described as lines of 
reference* 

The forms [A\ {B\ (C\ and (Z>\ the Boothian dual of ((7), 
are important transformations of the equation to a central 



conicoK 



id. 



7. It is next proposed to consider the dual interpretations 
of certain linear equations, in the transformed system of coor- 
dinate axes 

M +5? +/•.»=' (,>, 

M. M. A«, S 
££ + ^*4^ = ± V, (2), 

M+i:^ + ^ = ,4i (3), 

M, AS ^ "!> 

C^4C^ + ^' = l.'i + ^^ w. 

»•. ^ ^ Sv > 
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Thej may be thuB interpreted : 

(1) The plane of contact 
of the cone jenvelopmg the 
given ellipsoid. 

(2) The mtersections with 
the ellipsoid of a cone asymp- 
totic to the auxiliary hyper- 
boloid (§8), whose vertex is 
the centre, equal and parallel 
to the enveloping cone. The 
distances of (]) and (2) from 
the centre are as 

(3) The parallel plane 
through the vertex or the 
enveloping cone. 

fHence£i-V^-f^'=l + i) 

(4) The intersection o.. the 
two cones which is at half 
the distance of (3) from the 
centre. 



( 1 ) The vertex of the cone 
enveloping the given ellipsoid. 

(2| The vertices of en- 
veloping cones, which are 
equal and parallel to the cone 
through the diriment conic, 
which has the origin for its 
vertex. 



(3) The intersection of the 
line joining the points (1) 
and (2) with the given plane. 



(4) The vertex of the cone 
passing through the dirigent 
conic, which is equal and 
parallel to the former cone 
through the same conic. 



8. An auxiliary hyperholoid of one sheet touches the 
given ellipsoid in a section parallel to the plane of contact, 
and belongs as a conjugate to a second system of confocals 
passing through the {>oint of intersection of the original con- 
focals, noticed below in § 11. 

It is thus defined : 

a? v" if a* v" «* 

-+^ + -=-4 1=0, or -^ + ^,+ f-,= i, 

M. A*. A*. P, P. Ps 

smce /i,, ^, are essentially negative (Salmon, p. 131), and /n, is 
positive for an external point. The hyperholoid is a surface 
of revolution, if the external point lie on a focal conic of the 
ellipsoid, see § 14. 

9. It is desirable next to transpose the equations of the 
confocab through {x\ y\ z'\ as in {Salmon, p. 139. 
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On Concydic Oonicoida. 



The equation -= \- rs^ h -i = Ij becomes 

^' Ua'+M.)' (*'+/».)• (<^+A».n !>.(/* -/*J i'.(M.-M.: 



+ _? — + 



=1. 



Sbce the points {paP^p^ lies on the surface 

the equation maj be written 

and similar equations for the other two confocals. 

If the origin be transformed to the point of intersection 
{PijP^jPi)i *^® section by a tangent plane is thus denoted : 



y" 



= 0. 



M.-Mt Mi-/*. 



10. Hence the following theorems readily follow : 



(1) The focal lines of a 
system of cones which have a 
common vertex and envelop 
confocal conicoids, are gene- 
rating lines of the confocal 
hyperboloid which passes 
through the point. 



(2) The sections of the 
confocals by planes through 
the centre parallel to the 
tangent planes, are the focal 
conies of an auxiliary hyper- 
boloid. See §12,(1). 



(1) The circular sections of 
a system of cones whose vertex 
is the centre, and dirigent 
conies formed by the intersec- 
tion of a fixed plane with 
concyclic conicoias, contain 
generating lines of the con- 
cyclic hyperboloid at the hy- 
perbolic pointof contact, where 
it is touched by the given 
plane. 

(2) The principal sections 
of the cylinders enveloping 
concyclics, whose generating 
lines are parallel to the radii- 
vectores drawn to the points 
of contact^ are the cyclic conies 
of an auxiliary hyperboloid. 
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(8) The axes of such a (3) The axes of the prin- 
central section are parallel to cipal sections of snch circum- 
the normak to the two con- scribing cylinders pass throueh 
focals. the points of contact of the 

two concyclics. 

(4) The lengths of these (4) The lengths of the 
axes are those of the confocal axes are those of the concj- 
conies of an auxiliary hyper- clic conies of an auxiliary 
boloid. hyperboloid. 

For separate proo£i, see Salmon^ pp. 134^ 135. 

11. Ifthree additional con- If three additional concy- 

focak be described whose axes dies have the axes of the 

are those of the original con- original concyclics, but in 

focak, but in cross-order, and cross-order, and measured 

measured in the direction of alone the radii-vectores to the 

the normals at the point of quaorantal points, they have 

intersection, they will inter- the same common plane of 

sect in the same pomt^ and contact, the ^uadrantal points 

their tangent planes will be of contact lying in the primi- 

parallel to the original prin- tive principal axes, 
cipal planes. 

The equations to the new confocals are 

a^ y iB* 

a? y« g« 

a? y" g« 

?T7^+?T^ + d" + ;..='^' 

which determine the same point of intersection as for the 
original confocal system.* When transformed to the original 
principal axes, they assume the form 

* These surfaces are confocal with the hyperboloid of two sheets 

— •!• ^ -h — - 1 j , which by a change of axes may be shewn, as in $ 8, 
A*i A*« /*! / 

to osculate the imaginary conjugate (^-l-p-l-p-l-l^Ojofthe given 
ellipsoid. 
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Similaiij, the equations of the new concyclics have this form 

(.f+y,+.rr-(,4-f.)y'-(J.-^.)^=i, 

if ({, fi^ (f) denote the common plane. 

The Boothian duals of these equations will point out the 
corresponding properties. 



12. (1) The sections of 
one set of concurrent confocab 
made bj the principal planes 
of the other set, are the con- 
jugates of the focal conies of 
the latter. 



(1) The sections of one 
set of co-tangential concjlics 
made by a plane through the 
centre parallel to the common 
tangent plane are conies, 
which, when orthogonally pro- 
jected on the principal planes 
of the other set of concyclics, 
are the conjugates of its con- 
cyclic conies. 

12) The cylinders, circum- (2) The cylinders, which 

)ed along these curves of are circumscribed about these 

intersection, have their gene- curves of intersection, have 

rating lines parallel to the their generating lines parallel 

radii-vectores at the points of to the lines of reference, 
concurrence. 

Def. A& focal cones are those, of which the focal conies are 
dirigent and the vertex indefinite, so cyclic cones are those, 
whose vertex is the origin, and whose dirigent conies are the 
intersections of any plane with the cylinders passing ortho- 
graphically through the cyclic conies. 



(3) The focal cones of one 
set of concurrent confocals are 
equal and parallel to the 
asymptotic cones of the other 
set of concurrent confocals. 

(If the centre of one set of 
confocals were the point of 
intersection of the other set. 
the focal cones of one woula 
be the asymptotic cones of 
the other). 



(3) The cyclic cones of 
one set of concyclics are the 
asymptotic cones of the other 
set of concyclics, which are 
co-tangential with the former 
set. 
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13. The preceding theorems are repeated for plane 
conies. 



If there be two sets of 
concurrent confocal conies, 
each ellipse passes through 
the foci of tne other; the 
tangents at the foci are parallel 
to the radii-vectores at the 
points of concurrence, and the 
asymptotes of one hyperbola 
are parallel to the lines which 
join the common point to the 
foci of the other. See iig. 32. 
The eauations to the two sets 
of contocal conies are 



If there be two sets of co- 
tangential concyclic conies, the 
points of contact of one set 
with the common tangent line 
lie in the principal axes of 
the other set; lines parallel 
to the common tangent meet 
the ellipses in points at which 
the tangents are parallel to 
lines of reference; and the 
asymptotes of the one hyper- 
bola intersect the common 
line in points, which are ortho- 
gonally projected in fixed 
points of the transverse axis 
of the other hyperbola. See 
fig. 33. The two sets of con- 
cyclics are thns denoted, the 
axes of the one being radii- 
vectores to the points of con- 
tact of the other in the 
common tangent line (^, (;), 

The equations (2) (whose axes ? "^ ^ " ^ 

of figure are parallel to the 

tangents to (In, when trans- _ /i LW-L^l_i^*«-i 

fonSed to the axes of (1), U' aV^+W W "M 
become 



a* 


^ i 


^ 


z* 


a*-V 


' V^c" 


^ 
? 


^A 


a? 


+ 6--C' 



»=1 



al 



-l\ 



(1), 



...(2). 






3^ 



(^^)- 



...(2). 



a ^c 



To these may be added the 
dual forms : 

(a:.f+«.r)'-(a*-<^)r-i. 



These equations (2), when 
transformed to the axes of 
(1), become 
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To these may be added the 
dual forms : 

i -. i 

^ 11 ^»* 



14. The locuB of the ver- If plane sections of an 
tices of right cones, which can ellipsoia (drawn parallel to 
envelope an ellipsoid, is one the principal planes] form the 
of the focal conies. dirigent conies of nght cones 

with their vertics in the centre, 
these planes envelope the con- 
cyclic conies. 

The dual theorem may be established, as in Salmon, p. 
149, from examining the general equation of such a cone 
(§6,(3)), 

The following Is a direct proof. 

It is required to find the conditions that the following 
cone be right: 

Change the axes, to avoid the term mvolring (ys), so that 
the new axis of y or 2 maj be an axis of the cone, 



2a^ 



If the coeffidents of a? and ^ or jz;* are identified, 



that is, T^"^l"^"^' 

J» ~ ? ?~a* 
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15. If a spherical ellipse The orthographic projec- 
bc orthogonally projected on tion of the developable tormed 
either of two principal planes by the tangent planes com- 
of the ellipsoid, on which it mon to a sphere and ellipsoid 
lies, the section of the cylinder (which touch the former in a 
thus formed by the plane of spherical ellipse) on either of 
circular section is a circle. two principal planes is a 

conic, which conic, if projected 
on a principal section of the 
right cylinaer, which is cir- 
cumscribed about the ellipsoid, 
is a circle. 

For the equation to the trace of the developable on a 
principal plane is 

^ , y* ^ 

That to its projection is 
if the conic be projected on the plane thus denoted ; 

16. Two confocal coni- Two concyclic conicoids 
coids can be drawn to touch can be drawn to touch a given 
a given line, and the tangent line, and the points of contact 
planes drawn at the points of are quadrantal. 

contact are at right angles to 
each other. 

(1) Let (a„i9, 7,), (a,, A, 7,) be the two fixed points: 
and f (a* + /A), ^(J* + /*), Hct + m) denote an assumea point 
of contact on the confocal of a given conicoid. 

Since they are collinear, 

a,-ai ft-^i 7t-7i ^ 

The eliminant of these and the two equations 
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^ n t 

line — ^ — = o~zrH ~ "Z — ^'^ ^^ ^^^ hyperboloid. In 

, I ^ "i "a % 'ya 

this line, planes perpendicular to the line joining the fixed 
points meet infinity. 

One of the generators is the polar line of the given line 
with respect to anj confocal, as maj be shewn by the 
equation 

The equation to the surface may also be written 

= f (^.7. - ^.7.) + V (7.«. - 7.«.) + ?(«A - «^.). 

Hence, the pole of the plane at infinity with respect to the 
surface is also the quadrantal pole of the plane tnrough the 
origin and the fixed points. 

The ortho^aphic projections on the principal planes are 
parabolas touching the axes. 

If the given line be a normal at a confocal to a tangent 
(a, 13 y 7), the equation to the locus becomes 

+ (7^7 + «/9r) («*-&") = 0. 

Since the discriminant is zero, it denotes a plane conic, viz. 
a parabola. The polar line of the fixed normal is perpen- 
dicular to it, and passes through each point of the parabola 
cylindrically. 

In die dual theorem, if the du-normal to a concyclic be 
the intersecting line, the developable surface is a cone. 

18. The locus of the points The envelop of tangent 

of contact of parallel planes, planesdrawn at collinear points 

touching a system of confocal in a system of concyclic coni* 

conicoicb, is a hyperbola. coids is a conic. 

Klx + my + nz^O denote a parallel plane to the system, 
the locus may be shewn to be defined by tnese two equations : 



Jx 

VOL. XI. K 



V-c" U n) '^'c'-a^ \n 1) '^ a^ - b* \l m) ' 
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19. Def. Correnponding planes, which toach concycHcs 
of the same species, such as ellipsoids, pass through straight 
lines (dn^normals of the points of contact), which touch two 
concyclic hyperboloids of different species. These planes 
touch the developable formed by tangent planes common to 
the hvperboloids. 

The intercepts of corresponding planes on the axes arc 
proportional to those axes. 

Their Boothian coordinates are thus related : 

i - ^' ^ - ^' f - £ 

The difference of the reciprocals of the squares of the per- 
pendiculars from the centre on two corresponding planes is 
constant, and equal to the difference of the reciprocals of the 
squares of the axes. 

(The dual of Ivory's theorem). If OJ/, ON' denote the 
perpendiculars from the centre on the tangent planes to two 
concyclic conicoids, and OJf ', ON^ those on the corresponding 
planes. 

Mir M'N 

OM.ON'^ OM'.ON' 

20. Confocal conicoids are Concyclic conicoids do not 
not co-tangential. intersect each other. 

Since concyclic cones, which are asymptotic to concyclic 
conicoids, only meet in the vertex, there is no direct dual of 
MacCuUagh's theorem on the intercept of the chord common 
to two focal conies. 



21. The concluding theorems are connected with dual 
curvature. 

(1) If a developable be formed by two concyclics, and 
radii-vectores be drawn to the points of contact of any common 
tangent line, the intercept [P) of either radius-vector by a 
tangent plane parallel to the other radius is constant. 

(2) If a developable be formed by two concyclics, and r 
be the radius-vector drawn to a point in one of them, and p 
the perpendicular on a tangent plane, which is parallel to the 
central plane through the two aoove-named points of contact, 
rp is constant. 
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Since r, p, P form a conjugate system, 

The dual theorem is Important in the theory of geodesic lines 
on conicoids. 

(3) The polar of a given point with respect to a system of 
concyclics passes throngh the da-normal of that concyclic 
on which tne point lies. 

The polar of the point (/, ^, h) with respect to a system 
of concyclics 

passes through the intersection of the two planes 

which determine the du-normal. 

(4^ If three concyclics (A)^ {Ej^ ((7) are co-tangential, 
the directrices of the two focal conicoids of principal curva- 
ture of if^) for the common tangent plane are the polar 
planes ot the point of contact with {A) with respect to {B) 
and ((7). This is the dual of Dr. Salmon's theorem (p. 161). 

(5) The Doints of contact of the common tangent plane 
with {B) ana ((7) are the intersections of consecutive du- 
tan&^ent lines (or intersections of consecutive tangent planes) 
to the dual curves of curvature, which pass through the point 
of contact with {A). 

These dual curves of curvature may be thus defined. The 
vector-plane through the tangent to such a curve is perpendi- 
cular to the vector-plane through the du-tangent. 

The locus of the points of contact with (S) and (C) is the 
dual of the surface of centres of a conicoid, and may be called 
its du-centro-surface. 

Cheltenham, F^. 4, 1871. 



R2 
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ON THE ENVELOPE OF A CERTAIN QUADRIC 
SURFACE. 

By Frof. Catlet. 

TO find the envelope of the quadric surface 

oar* + by" -f cz* + c7w' = 0, 
where the coefficients vary subject to the conditions 

(aa'-f Jiy + C7* + rfS* = 0, 

[a 6 e a ' 

(a, I3j 7, 8) and ( p, j, r, a) being respectively constants 
We nave in the usual manner 

and thence «' = -,— ^t, &c., and substituting these values 
/A disappears and we have 

^f{ai' + \a') ^ V(/ + X)8*) "^ VC^^ + X^) V(i^' + X8^~ * 

from which X is to be eliminated; the second equation is 
here the derived function of the first in regard to X, so that 
rationalising the first equation, the result is, as will be 
shown, of tne form {*][\^ J)* = 0, and the result is obtained 
by equating to zero the discriminant of the quartic function. 
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On the Envelope of a certain Quadratic Surface. 245 
Denotiug for shortness the first equation by 

the rationalised form is 

(^* -f i?" + C* + i>* - 2A^B* - 2A^U* - ^A^D" 

- 25*C« - 2B'ir - 2 C^D")* - 64^'J5«(7«i)* = 0, 
which is of the form 

- (a + 2»\ + er\y 4 (a, b, c, d, ejl, X)* = 0, 

where 

9=:;;V...-2/2Vy*... 

» =/aV.,. -/2« (ay + )8«x').., 

e=pV...-2pV«"i8*... 

a = 8.a*yVM7* 

4b = 8.ay;5V+... 

6c = 8.a"/3*«V+... 

c = 8.a«i8*7*S'. 

Writing /', e/' for the two invariants wo find without 
difficultj 

where 

/=ae-4bd + 3c*, 
J^= aco - ad* - b*o - c' + 2bc<l, 
A = «€-»', 

P = a®' - 4bB® + 2c («e + 21!)') - 4daU + o*', 
<2 = (ce - d") ft" + (ac-f 2bd - Sc") . | («« + 2»») + (ac - b*) <5.» 

- 2 (ad - be) »ffi - 2 (be - cd) «». 

The result thus is 

(/-P+JAY-27(/-(2 + iAr-j'VAy = 0, 
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or what is the same thing, it is 

(/-P)* -27 (/- ^)«-9AP(J- 2(2) 

+ A*(4P-8/P+P^ 
+ 8A*(/-2^) 

where the left-hand side is of the order 24 in (a;, y, «, tu)* 
I apprehend that the order should be = 12 only ; for writing 
{xj y, Zj w) in place of (a^, y*, «*, u^, the equations which 
connect (a, i, c, cQ express that these quantities are the 
coordinates of a point on a plane cubic ; and the problem is 
in fact that of finding the reciprocal of the plane cubic: 
this is a seztic cone, or restoring (a^, y*, z\ ur) instead of 
(x, y, Zj w). we should have a surface of the order 12. I 
cannot explain how the reduction is effected. 



TABLES OF TUE BINARY CUBIC FORMS FOR THE 

NEGATIVE DETERMINANTS, =0 (MOD. 4), FROM 

-4 TO ^400 ; AND = 1 (MOD. 4), FROM -3 TO -99; 

AND FOR FIVE IRREGULAR NEGATIVE 

DETERMINANTS. 

By Prof. Catlet. 

THE theory of binary cubic forms for determinants, as well 
positive as negative^ has been studied by M. Arndt in 
the memoir "Versuch emer Theorie der homogencn Func- 
tionen des dritten Grades mit zwei Variabeln," Orunerfs 
Archiv. t. XVII. (1851, pp. 1—54) and in the later memoir, 
^^ Tabellarische Berechnung der reducirten binHren cubischen 
Formen und Klassification derselbcn fiir alle negativen De* 
termmanten (- D) von Z> = 3 bis i)s2000," rfttto, t. xxxi. 
(1858), pp. 335-445, he has given a very valuable Table of 
the forms for a Negative Determinant. It has appeared to 
me suitable to arrange this Table in the manner made use of 
for Quadratic Forms in my memoir "Tables des formes 
quadratiques binaires pour les determinants neffatifs Z) = — 1 
jusqu'^ i>^— 100, pour les determinants positifs non carrfes 
depuis i)H2 jusqu'i i)= 99, ct pour les treize determinants 
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negatifs du premier miUier," CrelU^ t. LX. (1862), pp. 357— 
372 ; and confining myself to the limits of the last mentioned 
tables I deduce from that of M. Amdt the three Tables 
which follow: 

To explain the arrangement, I give in the first instance 
the foUowmg extract from M. Arndt's Table : 

Reducirte Formen mit 
-D. Charakteristik. Klassen* 

3(0,1,1,0)(1,0,-1,-1)(1,1,0,-1)1 I 1 0) fl -1 ±1) 
(2,1,2) (2,1,2) (2,1,2) p"»^»*'"^»^^»"' »»±1^ 

4 (0,1, 0,-1) (1,0, -1,0) 
(2,0,2) (2,0,2) 

(2,1,6) Jl^j-'.-l^Z) 

(2,0,6) J(".-1.0.3) 

: (2,1,8) P' ^' ''^^ 

44 (0, 1, 0,-11) (1, -1,-2, 0) i _ 
: (2,0,22) (6,2,8) J(">-1,0,1I),(0,-2,±I,1J 

112 (0,1,0,-28) (0,2,2,-2) (1,2,0,-4)] 

(2,0,56) (8,4,16) (8,4,16) (0,-l,0;28), (0,2,2,-2), 
(1,-1,-3,-1) (i,±i,_3,±l) 

(8, 4, 16) J 

'^'°',:;:;r.rv:'-)' )(».-<.«m(«,-.-v) 

216 (0,l,0,-54)(l,-2,-3,0)(2,0,-3,0)|(0,-l,0,54), (0,:P3,0,±2), 
(2,0,108) (14,6,18) (12,0,18)1 (0,T3,2,±1) 

The first column contains the value of the determinant, 
the second column contains the reduced forms, omitting tho 
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contrary and opposite forms ; viz. for the cable form (o, 5, c, d)y 
the contrary form (equal, that is, properly equivalent to the 
^ven form; is f— a, —J, — c, —d)] and the opposite form 
(improperly equivalent to the given form) is (a, - J, c, — d) 
or (— a, i, — c, (Q ; this second column contains also the cka^ 
racteristic of each cubic form, viz. the cubic form (a, i, c, c2) 
has for its characteristic the quadratic form 

{2(J*-ac), hc-ad^ 2(c*-JJ)}, 

(so that the cubic form and its characteristic have the same 
determinant 

-i> = (5c-ac?)"-4(J*~ac) (c»-Ji), = 1 or (mod. 4)), 

and a cubic form which corresponds to a reduced characteristic 
is itself a reduced form. The third column contains for each 
determinant the entire series of unequal cubic forms (that 
is of the forms whereof no two are properly equivalent to 
each other), the representatives of the classes for this 
determinant. M. Amdt has included in his table the 
non-primitive classes (for example Det. = — 112, the form 
(0, 2, 2, —2)), for whicli the terms (a, 6, c, d) have a common 
divisor /i, but as these are at once deducible from the 

classes which belong to the determinant = n i^^ seems 

better to omit the non-primitive classes. 

The two opposite forms included m a single expression 
by means of tne sign ± have opposite characteristics which 
arc for the most part unequal to each other, for instance 

Det. - 44 ; (0, - 2, 1, 1) has the characteristic (6, - 2, 8) 

(0,2,1,-1) „ „ (6, 2, 8), 

where (6, - 2, 8), (6^ 2, 8) are unequal forms, but this is not 
always the case, for mstance 

Det. - 1 12 ; (1 , - 1, - 3, - 1 )• has the characteristic (8, - 4, 16) 

(1,1,-3,1) „ „, (8, 4, 16) 

where (ft, — 4, 16) = (8, 4, 16), since each is an ambiguous 
form. Instead of the two unequal forms (1, -1, —3, —1), 
(I, 1,-3^ 1) which correspond to the opposite (though equal) 
charactenstics (8, —4, 16), (8, 4, 16), M. Amat might have 
given the two forms (1, 2, 0, —4) et (1, — 1, —3, -^1) corre- 
sponding to the same characteristic (8, 4, 16) ; but then it 
would not have appeared at a glance that the two classes 
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were opposite to each other; and I presume that it is for 
this reason that he has selected the two representative forms 
(1, -1,-3,-1) and (1, 1^ -3, 1). It must not, however, 
be imagined that the opposite cubic forms which correspond 
to opposite characteristics, which are ambiguous (and therefore 
equal to each other), are always, as in the last preceding 
example, unequal : for example Det. - 144, there is only the 
form (0, -2,-2, 3) given as corresponding to the ambiguous 
characteristic (8, 4, 20) ; the opposite form (0, 2, — 2, - 3) 
corresponding to the opposite but equal characteristic 
(8, — 4, 20) IS equal to (0, - 2, — 2, 3), and so does not give 
rise to a distinct opposite class. In the new tables, the 
sign ± is only employed in regard to opposite ambiguous 
characteristics j for instance, Det- 4x28 there are given 
(not included in a single expression by means of the sign ±) 
the two forms (1, — 1, - 3, 1), (1, 1, - 3, 1) corresponding to 
the characteristic 2 ^2, ± 1, 4). 

I remark, that in a few instances M. Amdt, in passing 
from the second to the third column, has modified the ex- 
pression for a cubic form in such manner that the characteris- 
tic has ceased to be a reduced form ; for instance, Det. — 216, 
ho has given in the third column the two forms (0, T 3, 2, ± 1) 
belonging to the characteristic (18, T 6, 14) ; it would have 
been better, it appears to me, to preserve the expression of 
the second column (1, —2, —3. 0), and adopt the two re- 
presentative forms (1, T2, — 3, 0) ; I have accordingly made 
this change. 

I divide M. Amdt's table into two tables; the first of 
them corresponding to the determinants = (mod. 4), the 
second to the determinants = 1 f mod. 4). In uie first table 
I take for the characteristic the term 

{V-ac, ^{bc-ad)^ W-c"), 

which belongs to the determinant — ^2>, and I arrange the 
cubic classes according to their order; viz. we have the 

Eroperly primitive order (pp) when the terms (a^ 3J, 3c, d) 
ave no common divisor ; and the improperly primitive order 
(tp) when the terms (a, 36, 3c, d) have no common divisor 
other than 3, or what is the same thing when a and d being 
each of them divisible by 3, the terms (a, J, c, d) have 
no common divisor. But, moreover, the characteristic 
{b'*-'acj i(Jc — orf), bd-c^}^ may be of the properly primi- 
tive order pp] or of the improperly primitive order tp ; or 
it may be of a derived order fi (A'y Bj C), ^fi.m or /t.ijp, 
according as {A\ B^ C) considered as a form belonging to 
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tlie determinant -B** — -4'(7', = - — ^ 2) Is of the properly 

primitive or the improperly primitive order. And in these 
different cades, the cubic class is said to be of the order 
pp on jsjp, pp on tp, pp on ^*ppj pp on /t.tjp, ip on j?p, &c., 
as the case may be. 

For the determinants = 1 (mod. 4), I retain the cha- 
racteristic 

{2(6*-ac), hc'od^ 2(c"-Jd)}, 

and this being so, the division into orders is the same as in 
the former case ; only as the characteristic, when primitive, 
is of necessity improperly primitive, the orders pp on pp ana 
ip on pp no longer exist. 

To every characteristic I annex in the tables the symbol 
of its composition; viz., 1 denotes the principal forms, c a 
form which by its duplication, d a form which by its 
triplication, &c., produces the principal form, <r denotes the 
most simple form of order ip^ crc, ad^ &c., the forms obtained 
by combmiug a with the forms c, rf, &c., of the order m>. 
Similarly to a characteristic fi{A\ B\ C) I annex the 
symbol of composition of the form {A'^ B , C')^ (considered as 

belonging to the determinant JS** — -4' C, = — j-j) multiply- 

ing this symbol by the number /a; for instance, /*.! denotes 
that {A\ B'y C) is the principal form, and similarly in 
other cases. 

1 have given a third table for the determinants 

-4x243, -4x307, -4x339, -4x459, -4x675, 

where -243, -307, -339, -459^ -675 are those of the 
thirteen irregular negative determinants in the first thousand 
for which the number of classes is divisible by 3. The 
number — 4 x 675, = — 2700, is beyond the limits of M. 
Amdt's Table, but the calculation (at least for the order 
pp on pp) presents no difficulty. 

I remark, that according to M. Amdt {Grunert^ t. 
XVII., p. 19), the number of cubic forms corresponding to 
a given characteristic (-4, J5, C) is equal to the number 
of proper transformations of (4, —5, (7). Det. i>, into 
{^A% j5'-J4(7, ^(7*), Det.i)J5», so that when there is no 
such transformation, there exists no cubic form corresponding 
to the characteristic {A^ J?, G). This includes, I believe, 
the theorem in a letter of mine to M. Hermitc, Quarterly 
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MathematicalJoumalj t. I., (1855) p. 85, Tiz., that for a j)p 
form (-4, J5, C) of nee^ative determinant^ there is either no 
corresponding cubic form, or else a smgle corresponding 
cubic form, according as {Aj B^ C) does not, or does, produce 
by its triplication the princi^l form; but the particular 
theorem, m the cases to which it applies, is tne more 
convenient one : it shows at once that for a regular negative 
determinant the number of cubic forms corresponding to a 
properly primitive characteristic (or, what is the same thin^, 
number of cubic classes of the order (pp or ip) on jpp) is 
1 or 3, accordmg as the number of quadratic classes is not, 
or is. divisible bj 3. 

The inspection of the tables gives rise to other remarks, 
but at present I abstain from pursuing the subject further ; 
I will only notice that in some instances for example 
Det. — 224, the classes which correspond to characteristics 
of the principal genus are partly of tne order pp on pp and 
partly of the order ip on pp. 

Table 1. of the binary cubic formSy the determinants of 
which are the negative numbers = [mod. 4) from - 4 to 
-400. 



Det. 




Order 






4x 


Classes. 


' 


on 


Charact. 


Compn. 


1 


0, - 1, 0, 1 


PP 


PP 


1,0,1 


1 


2 


0,-1,0,2 


PP 


PP 


1,0,2 


1 


3 


0,-1,0,8 


<P 


PP 


1,0,3 


1 


4 


0, - 1, 0, 4 


PP 


PP 


1,0,4 


1 




1,-1,-1,1 


PP 


2pp 


2(1,0,1) 


2.1 


6 


0, - 1, 0, 5 


PP 


PP 


1,0,5 


1 


6 


0,-1,0,6 


*P 


PP 


1,0,6 


1 


7 


0,-1,0,7 


PP 


PP 


1,0,7 


1 




1,0,-2,2 
1,0,-2,-2 


PP 


2ip 


2 (2, ±1,4) 


2<r 


8 


0,-1,0,8 


PP 


PP 


1,0,8 


1 




0,-2,0,1 


PP 


^PP 


2(1,0,2) 


2.1 


9 


0,-1,0,9 


«> 


PP 


1,0,9 


I 


10 


0, - 1, 0, 10 


PP 


PP 


1, 0, 10 


1 
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7a&/e* 


of the Binary 


Cubic Forms 




Det. 




Older 






4x 


Classes. 


' 


on 


ChancL 


CompB. 


11 


0, - I, 0, 11 


' 




1,0,11 


1 




0,-2,-1,1 


PP 


PP 


3,1,4 


d 




0,-2,1,1 


. 




3,-1,4 


<r 


12 


0,-1,0,12 


IP 


PP 


1, 0, 12 


1 


13 


0, - 1, 0, 13 


PP 


PP 


1, 0, 13 


1 


14 


0, - 1, 0, U 


PP 


PP 


1, 0, 14 


1 


15 


0, - 1, 0, 15 


*P 


PP 


1, 0, 15 


1 




1,-2,0,2 
1, 2, 0, - 2 


PP 


*P 


4, ±1,4 


oc 


16 


0, - 1, 0, 16 


PP 


PP 


1,0,16 


1 


17 


0, - 1, 0, 17 


PP 


PP 


1, 0, 17 


1 


18 


0, - 1, 0, 18 


V 


PP 


1, 0, 18 


1 




1,1,-2,-2 
1,-1,-2,2 


PP 


3pp 


3(1,0,2) 


3.1 


19 


0,-1,0,19 


] 




1, 0, 19 


1 




0,2,1,-2 


\PP 


PP 


4,1,5 


d 




0,-2,1,2 


J 




4,-1,5 


<r 


20 


0, - 1, 0, 20 


PP 


PP 


1, 0, 20 


1 




0,-2,-2,1 


PP 


2pp 


2(2,1,3) 


2c 


21 


0,-1,0,1 


tp 


PP 


1, 0, 21 


1 


22 


0,-1,0,22 


PP 


PP 


1,0,22 


1 


23 


0, - 1, 0, 23 


] 




1, 0, 23 


1 




1,-1,-2,4 


tPP 


PP 


3,-1,8 


d* 




1,1,-2,-4 


J 




3,1,8 


d 


24 


0,-1,0,24 


t> 


PP 


1, 0, 24 


1 




0, - 2, 0, 3 


t> 


Ipp 


2(2,0,3) 


2c 


25 


0, - 1, 0, 25 


PP 


PP 


1, 0, 25 


1 




1,-2,-1,2 
1,2,-1,-2 


\PP 


bpp 


5(1,0,1) 


5.1 
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Det. 




Order 






4x 
26 


Classes. 
0, - 1, 0, 26 
1,0,-3,2 
1,0,-3,-2 


PP 


on 
PP 


Cbaract. 
1, 0, 26 
3,-1,9 
3,1,9 


Compn. 
1 

if 
9* 


27 


0,-1,0,27 

0,-2,1,3 

0,2,1,-3 


\> 


PP 


1, 0, 27 

4,-1,7 

4,1,7 


1 

d 




0, - 3, 0, 1 


PP 


Zpp 


3(1,0,3) 


3.1 


28 


0, - 1, 0, 28 


PP 


PP 


1, 0, 28 


1 




1,1,-3,1 
1,-1,-3,-1 


PP 


2ip 


2 (2, ±1,4) 


2<y 


29 


0,-1,0,29 

2,1,-2,-2 

2,-1,-2,2 






1 

S 


1 

9' 
9* 


30 


0, - 1, 0, 30 








1 


31 


0, - 1, 0, 31 

2,1,-2,-3 

2,-1,-2,3 






7 


1 
d 
d* 


32 


0, - 1, 0, 32 








1 


33 


0, - 1, 0, 33 








1 


34 


0,-1,0,34 








I 


35 


0,-1,0,35 

0,2,1,-4 

0,-2,1,4 






9 


1 

a* 


36 


0, - 1, 0, 36 


V 


PP 


1, 0, 36 


1 




0,-2,-2,3 


ip 


2pp 


2(2,1,5) 


2c 


37 


0, - 1, 0, 37 


PP 


PP 


1, 0, 37 


1 


38 


0,-1,0,38 

2,-2,-1,3 

2,2,-1,-3 


]> 


PP 


1, 0, 38 

6,2,7 

6,-2,7 


1 

9' 
9* 


39 


0, - 1, 0, 39 


»> 


PP 


1, 0, 39 


I 



Digitized by VjOOQ IC 





" i. - - : 


v> 


« — r, '. 5» 




* — ' — 




:. -^ -:- t 


i.> 


> -;. . ..I 




i. « - 1 I 




i, V ~\.~\ 


« 




*r 


'.. - :. •' ir 




: -x->. 2 




:. 2, -i, -2 


v< 


'.. - \. :. t^ 




»-■ — ** — ->, ^ 




*; 'J "J •» 


V.1 


0, - I, 'z. O 


-V; 


'». - 1, % -V/ 




J, 0,-2, J 




*/',-?',-« 


r.\ 


0,- J, 0,51 




' -^ 1,« 




-« 




»,52 




-2,5 



TO 



57 






^ K -^1 



4* — I- "i 
r? Kj ^ >- '- 

t> pp 
PP FP 



L :. 4* 


I 


1. *. >> 


I 


<T-2,» 


5* 


<,2,» 


5* 


1,0,51 


I 


4,-1,13 


5* 


4,1,13 


/ 


1,0,52 


1 


2 :«, 1, 7; 


2.: 



Digitized by VjOOQIC 



Det, 
4x 

53 0. 
1 
1 

54 
1 
] 

0: 
0. 

0, 

1 
1 

0, 

0. 

67 0, 

58 0. 



65 



56 



59 
60 

61 

62 
63 

64 
65 



Jbr lite 

Classes. 
-1,0,53 
-3,0,2 
3,0,-2 

- 1, 0, 64 

2,-3,0 

-2,-3,0 

-3,0,2 
3,0,-2 

- 1, 0, 55 

-1,-3,5 
1,-3,-5 

- 1, 0, 56 

-2,0,7 

- 1, 0, 57 

- 1, 0, 58 

- 1, 0, 59 

-2,1,7 

2,1,-7 

- 1, 0, 60 

0,-4,4 
0,-4,-4 

-1,0,61 

-2,-1,6 

2i-l,-6 

- 1, 0, 62 

- 1, 0, 63 

0,-4,2 
0,-4,-2 

- 1, 0, 64 

0,-4,0 

- 1, 0, 65 



Negative Determinants &c. 

Order 

ou Cbaract. 
1 1, 0, 53 

\PP PP 6, - 1, 9 

J 6, 1, 9 

1, 0, 54 

7,-3,9 

7,3,9 



256 



Compn. 



PP 



9' 



3 (2, 0, 3) 3<J 



PP 


PP 


1, 0, 55 


1 


PP 


ip 


4, - 1, 14 
4, 1, 14 


ae 


PP 


PP 


1, 0, 56 


1 


PP 


2pp 


2(2,0,7) 


26" 


*> 


PP 


1, 0, 57 


1 


PP 


PP 


1, 0, 58 


1 






1, 0, 69 


1 


PP 


PP 


4,-1,15 


r 






4, 1, 15 


f 


ip 




1, 0, 60 


I 


PP 


2ip 


2 (2, ±1,8) 


2<r 






1,0,61 


1 


PP 


PP 


5,-2, 13 


ff' 






5, 2, 13 


9* 


PP 


PP 


1, 0, 62 


1 


ip 


PP 


1, 0, 63 


1 


PP 


ip 


4,-1,16 
4, 1, 16 


ae 


PP 


PP 


1, 0, 64 


1 


PP 


App 


4(1,0,4) 


4.1 


PP 


PP 


1, 0, 65 


1 
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Det. 

4x 

81 


Classes. 
0, - 1, 0, 81 
0,-3,2,2 
0,3,2,-2 


Order 

on 

PP' 
ip J PP 

ip) 


Charact. 
1, 0, 81 
9,-3,10 
9, 3, iO 


Gon^n 
J 

9* 


82 


0,-1,0,82 


PP 


pp 


1,0,82 


I 


,83 


0,-1,0,83 
0,-2,1,10 
0, 2, 1, - 10 


PP 


PP 


1, 0, 83 
4, - 1, 21 
4, 1, 21 


1 
/ 


84 


0, - 1, 0, 84 


ip 


pp 


1, 0, 84 


1 




0,-2,-2,9 


ip 


2pp 


2(2,1,11) 


2«r 


85 


0,-1,0,85 


PP 


PP 


1, 0, 85 


1 


86 


0, - 1, 0, 86 


PP 


PP 


1, 0, 86 


1 


87 


0, - 1, 0, 87 

1,-2,-3,2 

1,2,-3,-2 


ipy 

PP \ 
pp) 


PP 


1,0,87 
7,-2,13 
7, 2, 13 


I 

9* 


88 


0, - 1, 0, 88 


PP 


PP 


1, 0, 88 


1 




X), -3, 0, 11 


PP 


2pp 


2(2,0,11) 


2<r 


89 


0, - 1, 0, 89 

1,-1,-4,2 

1,1,-4,-2 


PP 


PP 


1, 0, 89 
5,-1,18 
5, 1, 18 


1 


90 


0, - 1, P, 90 


ip 


PP 


1, 0, 90 


1 


91 


0, - 1, 0, 91 
0,-2,1,11 
0,2,1,-11 


\pp 


PP 


1, 0, 91 
4,-1,23 
4, 1, 23 


1 

9' 


92 


0, - 1, 0, 92 

2,-3,0,4 

2,3,0,-4 


\pp 


PP 


1, 0, 92 
9,-4,12 
9, 4, 12 


1 
9* 

at 


93 


0, - 1, 0, 93 


ip 


PP 


1, 0, 93 


1 


94 


0, - 1, 0, 94 
VOL. XI. 


p 


PP 


J, 0, 94 


1 

8 
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^t.hrr'i 






\ — I. *^ I'i 

.\ — r. '^ 7} 



• «. 


" - * - 




1--I, :. 1 




1.3. r.-3 


ri 


0. - :. }. Ti 




0. _ 2, \ J 




1,-2,-2.^ 




1 "» — ■» _ 
•: — — -T - 




2,-3, 0. 




2, S, 0, - 


73 


0,-h 


74 


0,-1 


73 


0,- 



76 
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1 


w. 




i 


f 




J 


h,- 




r 


,-1, 


w 


^) 


,-1, 


f 


0, - 1, 


J 


0,-1, 




0,-1, 


»5 


0,-1, 


59 


0,-1, 




1,-1. 




1,1,- 


63 


0,-1, 


67 


0,-1, 


71 


0,-1, 


75 


0,-1, 


79 


0,-1, 


83 


0,-1, 




1,-1, 




1,1,- 


87 


0,-1, 




1,-2, 




1, 2, 0, 


91 


0,-1, 


95 





,-1, 



-1,14 

-2,1 

2,-1 

-1,15 

-1,16 

-1,17 

-1,18 

-1,19 

-1,20 

-2,3 

2,-3 

-1,21 

0,3 

-3 

-1,22 

-1,23 



on Charact. Compn. 
ip ip 2, 1, 14 <r 



>pp 3ip 3(2, 



pp ip 

ip ip 

pp ip 

pp ip 

ip ip 

pp ip 

[pp ip 

ip ip 
pp ip 

PP *> 
ip ip 
pp ip 

\pp ip 

ip 

ip 
ip 



2,1 
4,- 
4,1 

2,1 
2,1 
2,1 
2,1 



2,1 

2,1 
6,1 

6,- 

2,1 

2,1 

2,1 

2,1 

2,1 

2,1 
«,- 
6,1 

2,1 

8,- 
8,3 

2,1 
2,1 



± 1, 2) 3«r 



16 

1,8 
8 

18 

20 

22 

24 

26 

28 

30 
10 
1,10 

32 

34 

36 

88 

40 

42 

1,14 

14 

44 

3,12 

12 

46 

48 



a 
<rd 
ad* 

a 

<r 

<r 

<T 

a 
a 
a 

a 
a 
a 
a 
a 
a 

«^/ 

eg*, 
a 
cr 



S2 
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Det. 




Order 






4x 


Classes. 




on 


Charact 


Compn. 


95 


0, - 1, 0, 95 


pp 


PP 


1, 0, 95 


1 




1,-2,-2,6 
1,2,-2,-6 


PP 


ip 


6, - 1, 16 
6, 1, 16 


at 


96 


0, - 1, 0, 96 


ip 


PP 


1, 0, 96 


1 


97 


0, - 1, 0, 97 


PP 


PP 


1, 0, 97 


1 


98 


0, - 1, 0, 98 


PP 


PP 


1, 0, 98 


I 


99 


0, - 1, 0, 99 


' 




1,0,99 


1 




0,-2,1,12 


tp 


PP 


4,-1,25 


f 




0,2,1,-12 


■ 




4, 1, 25 


sT 


100 


0,-1,0,100 


PP 


PP 


1, 0, 100 


1 




0,-2,-2,11 


PP 


2pp 


2(2,1,13) 


2.1 




1,-1,-4,4 
1,1,-4,-4 


PP 


5pp 


5(1,0,4) 


5.1 




1,-3,-1,3 
1,3,-1,-3 


PP 


lOpp 


10(1,0,1) 


10.1 



Table 11. of the binary cubic forms the determinants of 
which are the positive numbers =1 [mod. 4) from -3 to 
-99. 



Det. 




Order 






4x 


Classes. 


■ 


on 


Charact. 


Compu 


3 


0, 1, 1, 


ip\ 










1,0,-1,1 


PP 


ip 


2, ± 1, 2 


a 




1,0,-1,-1 


pp) 








7 


0,-1,-1,1 


PP 


ip 


2,1,4 


a 


11 


0,-1,-1,2 


PP 


ip 


2,1,6 


<T 


15 


0, - 1, - 1, 3 


ip 


ip 


2,1,8 


a 


19 


0, - 1, - 1, 4 


PP 


ip 


2, 1, 10 


<T 


23 


0,-1,-1,5 


« 




2, 1, 12 


<T 




1,-1,-1,2 


■PP 


ip 


4,-1,6 


cd 




1,1,-1,-2 


. 




4,1,6 


ad* 
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Det 
4x 

27 

1 
I 
2 

31 0. 
1 
1 



35 
39 
43 
47 
51 
55 
59 

63 
67 
71 
75 
79 
83 

87 

91 
95 



for the 

Classes. 
-1,-1,6 

1,-2,-1 
-1,-2,1 
-1,-1,2 

-1,-1,7 

0,-2,1 

0,-2,-1 

-1,-1,8 

-1,-1,9 

-1,-1,10 

-1,-1,11 

-1,-1,12 

-1,-1,13 

-1,-1,14 

-1,-2,1 

1,-2,-1 

-1,-1,15 

-1,-1,16 

-1,-1,17 

-1,-1,18 

-1,-1,19 

-1,-1,20 

-1,-2,3 

1,-2,-3 

-1,-1,21 

-2,0,3 

2,0,-3 

-1,-1,22 

-1,-1,23 
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on Charact. Compn. 
ip ip 2, 1, 14 a 



\pp Sip 3(2, 



PP *P 

ip ip 

PP ip 

PP ip 

ip ip 

PP ip 

\pP *P 

ip ip 

PP «P 
PP ip 

ip ip 

PP ip 

\pP *P 

ip 

ip 
ip 



2,1 



\PP »P 4,- 



4,1 
2,1 
2,1 
2,1 
2,1 

2,1 

2,1 

2,1 
6,1 

6,- 
2,1 
2,1 
2,1 
2,1 
2,1 

2,1 

€,- 
6,1 

2,1 

8,- 
8,3, 

2,1 
2,1 



± 1, 2) 3<r 



16 

1,8 

8 

18 

20 

22 

24 

26 

28 

30 
10 
1,10 

32 

34 

86 

38 

40 

42 

1,14 

14 

44 

3,12 

12 

46 

48 



a 
ad 
ad* 

a 
a 

9 
<T 

a 
a 

<r 

V 
V 

a 

a 
a 

9 
9 
9 

aj 
aj 

9 

«^/ 
99^- 

cr 
cr 



S2 
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^f«if 


V* 


UCl 




4 X Classes. 

99 0,-1, -1,24 
1, 0, - 3, 3 
1,0,-3,-3 


ip 
■PP 


on 
Sip 


Charact. Compn 
2, 1, 50 a- 

3 (2, ±1,6) 8<r 



Table III. of the binary ct^tc forma the determinants of which 
are the negative numbers - 972, - 1228, 1336, - 1836 et - 2700. 
(- 4 X 675 = - 2700 Is beyond Arndt's Tables). 

Det. 
4x 
243 



3Q7 



339 





Order 






Classes. 




on 


Charact. 


Compn. 


0,-1,0,243 


ip 




1, 0, 243 


1 


1,-1,-6,0 


PP 




7, 3, 36 


d 


1,1,-6,0 


PP 




7,-3,36 


<P 


0, 2, 1, - 30 


ip 




4, I, 61 


d, 


2,3,-2,-5 


PP 


) PP 


13, - 2, 19 


dd. 


0, 3, 2, - 8 


PP 




9, 3, 28 


d'd, 


0, - ?, 1, 30 


ip 




4, - 1, 61 


d; 


0,-3,2,8 


PP 




9, - 3, 28 


dd,' 


2,-3,-2,5 


PP 




13, 2, 19 


d'd: 


0, - 1, 0, 307 \ 






1, 0, 307 


1 


1,1,-6,-8 






7, 1, 44 


d 


1,-1,-6,8 






7,-1,44 


d* 


0,2,1,-38 






4, 1, 77 


dr 


1,-3,-2,8 


PP 


PP 


11,-1,28 


dd. 


4,1,-4,-3 






17, 4, 19 


d'd. 


0,-2,1,38 






4,-1,77 


d,* 


4,-1,-4,3 






17, -4, 19 


dd* 


1,3,-2,8 1 






11,1,28 


d'd; 


0, - 1, 0, 339 


ip) 




1, 0, 339 


1 


1,0,-7,-4 


PP 




7, 2, 49 


d 


1,0,-7,4 


PP 




7,-2,49 


d* 


0,2,1,-42 


ip 




4, 1, 85 


d. 


3,0,-5,-4 


PP 


' PP 


15, 6, 25 


dd. 


2,-3,-2,8 


PP 




13, - 5, 28 


d'd. 


0,-2,1,42 


ip 




4, - 1, 85 


d; 


2,3,-2,-8 


PP 




13, 5, 28 


dd,' 


3, 0, - 5, 4 


ppl 




15, - 6, 25 


d'd^ 
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for the Negative Determinants &c. 
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i)et. 




Order 






4x 


Classes. 




on 


Charact. Compn. 


459 


0,^1,0,459 


ip] 




1, 0, 459 


1 




0, 3, 2, - 16 


PP 




9, 3, 52 


d 




0, - 3, 2, 16 


PP 




9,-3,52 


d' 




0, 2, 1, - 57 


ip 




4, 1, 115 


<i^ 




1,4,-3,-4 


PP 


) PP 


19, - 4, 25 


dd. 




2,-1,6,0 


PP 




13, 3, 36 


d'd. 




0,-2,1,57 


ip 




4,-1, 115 


d; 




2,1,-6,0 


PP 




13,-3,36 


dd: 




l>-4,-3,4 


PP) 




19, 4, 25 


d*d; 




0, - 3, 0, 17 


PP 


Zpp 


3(3,0,17) 


3/ 


675 


0,-1,0,675 






1, 0, 675 


1 




0, 3, 2, - 24 






9, 3, 76 


d 




0, - 3, 2, 24 






9,-3,76 


d* 




0, 2, 1, - 168 






4, 1, 169 


A 




0,6,-4,-3 


\ip 


PP 


25, - 10, 31 


dd. 




3,-1,-6,0 






19, 3, 36 


d'd. 




0, - 1, 1, 168 






4,-1,169 


d' 




3,1,-6,0 






19,-3,36 


dd* 




0,-5,-4,3 






25, 10, 31 


d*d* 



N.B. For this last determinant — 4 x 675, there may 
possibly be other cubic classes based on a non-primitive 
characteristic ; I have not ascertained whether such forms do 
or do not exist. 



Digitized by VjOOQ IC 



( 262 ) 



ON THE TRANSFORMATION OF TWO 
SIMULTANEOUS EQUATIONS. 

By William Walton, M.A., Fellow of Trinity Hall. 

q^HB object of this article is to prove that the two 
simultaneous equations 



equations 

a — a i — /9 c-7 

a -a b- fi c-7 

which are satisfied bj either of the two systems 
'j-c = /9-7 



(1), 
.(2), 






c— a=7— a 
and sub modo by each of the three systems 

(c = 7, a = a), 

(a = a, i = /8); 

can be satisfied by no other independent system. 

Pato-a = w, J — /9 = », c — f = v>', then (1) becomes 



-(J-c) + -(c-a) + -(a-5)-0, 



(3), 



Again, (2) b equivalent to 

«(/3-7) , ^(7-«) , ^(«--/3) ^o 
a-a i — /8 c-7 ' 

and therefore, by (1), we have 



and consequently 



c-7 



{(a-a)-(J-/9)} = 0, 



- (t;-w?)+- (m;-w)+- (M-t;)=0 (4). 



Digitized by VjOOQ IC 



Tranrfonnation of Two Simultaneous Equations. 263 
Multiply the equations (3), (4), and the identical equation 

- .tt (i; — tr) -h - • V (i(7 — 1«) + — . w? (u — t?) = 

bj \ fij V, respectively, add together the resulting equations, 
and equate to zero the coefficients of - , - • — • and we have 

Xa{b'- c)+fia{v — m?) + fu (t? - ir) = 0, 
Xft [c'-d) +fAb (t(? — tt) -f Kt? {w - u) = 0, 
Xc{a'-'b) + fic{u - r) -f vw (m — v) = ; 
whence, by addition, 

«(i-c) + t>(c-a) + t(?(a-5) = (5). 

The equation (3) may be written in the form 
t» {c (a — 6) v + i (c — a) tt?} 
+ r {a (5 — c) w + c (a — J) tt} 
+ w {6 (c - a) u + a ( J - c) v} = 0, 
and therefore in the form 

/WW w u\ 

+ «'(-^-^a-6J=^ ^«)' 

Multiplying the identical equation 

li (t? — tt?) -f v (m? — w) + tr (a — r) = 0, 

and the equations (5). (6), respectively by 1, X, ^, adding, 
and equating to zero tne coefficients of u, v, tr, wc have 

«,-u + X(o-a) + /i(-j-+^-^)=0 ...(7). 



Digitized by VjOOQ IC 



tiM uUtDMM, 



_7l» 



-^^'tnrrT. . .\a 









Digitized by VjOOQ IC 



Transformation of Two Simultaneous Equations. 265 

" that if two concentric and similarly situated quadrics intersect 
in a common line of curvature, they are confocaL" 

Let, in fact, the equations to two confocal quadrics ht 



a ^ b 



1 =1. 
c 



— + i^ + - = !• 

a — TJ O — ff C — T) 



^nd suppose that the quadric 



/*,* mJ* -•* 

a P 7 



•(14), 
.(15); 

(I6)x 



intersects (14) in the line of curvature of (14) in which (14) 
and (15) intersect. 

From (14) and (16) we have 

Then, under our supposition, we must have 



a—Tf a a 

l^\ _ 1 X 

b — T) b fS 

1-fX^ 1 X 

c- 17 "" c . 7 



(17). 



Eliminating X and 17 between the equations (17) we shall 
Easily ascertain that 

a (ft — c) b{c~ a) cla — b) ^ 



a — a 



i-/3 



c — 7 



as the condition that the intersection of (14) and (16) shall 
be a line of curvature of (14). 

Similarly the condition that the intersection of (14) arid 
(16) shall be a line of curvature of (16) is 

«(/3--7) , fiiya) , 7(«-^) _o 
a— a 6-p c— 7 

Of the systems (12) and (13), deduced above from these 
two equations, the former shews that (14) and (16) are confocal ; 
the latter shews that (14) and (16) are either coincident sur- 
faces or that they do not intersect. 
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266 Tranaformation of Two Simultaneous Equations. 

Observe, however, as regards the system of the three 
solutions, that if for instance the quadric surfaces are 

a? y" z^ ' 
- + ^ + -=1, 
a b c ^ 

a:* V* «"• 
a b ^ ^ 

these surfaces are not confocal but they intersect (touch) in 

the ellipse «=0, — + ^=1, which is a principal section, and 

consequently a curve of curvature, of each of them ; and 
similarly for the other two of the three solutions. 

Note by Prof. Cayley. 

Writing in Mr. Walton's equations (1) and (2) 

a b c a ^ y 
5' 5' d' V 1' I 

instead of a, J, c, a, ^, 7 respectively; and puttiug for 
shortness 

A^^by— c^j F=^ aS — ^a, 

£ = ca-a7, = bS-d^^ 

C=al3-ba, i/=cS-f?7, 

the equations become 

a{h-c) bjc-a) c{a-b) _ 
—y— + — ^— + — jy— -y, 

a(g-7) , /3(7-g) 7(«-ff)_n 

Multiplying by FOE and effecting some obvious transforma- 
tions, the equations become 

aAF-^ bBG + cCir=0 (18), 

a^i^ + /8^(7+7(7J/=0; 
whence also 

AF^^BG^-\-CH^^O (19). 

Now regarding (a, ^, 7, S) as the coordinates of a point 
jpace, the equations (18) and (19) represent each of them a 
ic having for vertex the point a \ ^ : y : h ^-a : b i c x d^ 
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On RiccatVa Equation. 267 

Tiz. (18) is a quadric cone, (19) a cubic cone; they intersect 
therefore in six lines ; and it may be shown that these are 

the line a : jS : 7 = a : J : c (twice) 2 



w 


^17: 8=J:c id 


1 


n 


7 : a : 8=c \ a: d 


1 


99 


a:/3: 8 = a:i:rf 


1 


99 


j9_*y:ry — a:a-/9: S^b-cic--aia-'b:d 


1 
6 



agreeing with Mr. Walton's result. 



ON RICCATI'S EQUATION. 
By J, W. L. Olaisher, B.A. 

in the sixteenth Cahter otthe Journal deTicoh Poly technique ^ 
Poisson has shown that if 



■r--- 



'1^ dx (1), 

then y satisfies the differential equation 

S=«**a"-y (2), 

which is well known as the form of Riccati's equation 

when transformed by assuming 

y da* 

From this result, by (juotin^ the conditions of intc^bility 
of Kiccati's equation, roisson mfers that the definite integral 

2 

(1) can be evaluated in a finite form whenever nsr — —:• 
^ ' 1 ± 2i ^ 
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268 On RiccatVa Equation^ 

i being zero or an integer ; but, with the exception of re^ 
marking that (1) affords a particular integral of (2) in the 
form of a definite integral ne makes no use of his investi- 
gation to obtain the solution of Riccati^s equation. Th6 
condition of integrabilitjj however, of this equation,* and 
the general integral when it admits of expression in a 
finite form can be obtained as follows : 

Taking Riccati^s equation in the form in which Prof. 
Cayley has written it in the Philosophical Magazine^ Vol. Ii.^ 
p. 348, for 18G8, we have 

t^y'--"^ (^)* 

which, on assuming y = —.i becomes 

S-^^«'=« (*)^ 

so that if tt7= C^P'\-G^Q is the general Integral of (4), C^ 
and C, being the arbitrary constants, then 

y" P^-CQ 

Is the general Integral of (3), where P' = -7-, ^ = -y-, and 

C is the constant of Integration. From Polsson's investi- 
gation we know that 

w=l e 41^*^ dz (5) 

is a particular integral of (4) ; put z^ = ar', a being a con- 
stant, and (5) takes the form 



<1 K 



Take JL=a (6), 

* The form of n fdr which (2) admits of a particular integral ex- 
presaible in finite terms is deduced from (1) by IJe Morgan, Diff. and 
InL Caic,^ p. 704 ) but neither the particular nor general integrals of 
Kiccati's Equation, to which the method leads, are deduced. 
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On RtccatVs Equation. 269 

and we obtain 

•'0 

leaving out the constant multiplier. JSow 

2Va ' 

f being positive ; if thjBp we take - - 1 = 2i, that is j = . • , 

we have a particular integral of (4) expressed in a finite 
form, viz. 

"=n^) v^ (')' 

where a is given by (6), so that 

da 2q dx^ 

whence «, = a:(x-«^' ^J^^ (8). 

Now if y = ixf{af) is a solution of (4), so also is y = firf (- a;*),^ 
{Phil. Mag. loc cit.), so that when g= . , the general 
integral of (4) is 

— (^-^'^-'-^'^^ (»!. 

6\ and C^ being arbitrary constants. 

Similarly, we can obtain the solution if j = - -^ — r-, for 



putting 2* = V in (5), and taking 

§ = '3 (»«)' 

* This can be shown by substitutinff in the differential equation (4). 
Similarly if w =f{p^) is a solution, so sLo is w «/(- ««). The change of 
sign of z^ in {fi) is l>est effected by changing the sign of v^a in (7). 
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270 On RtccatVa Equation. 

we have as a particular integral 

Jo 

-l=-2»- 

=(-r^(|)".-'. 

whence substituting for )8 and -1-5 from (10), we obtain the 



.1 . . 1 

which, if — 1 = — 2» - 2, that is if ^ = - -: — - , 



ig for fi ani 
particular integral 



and the general integral 



«'=(^""'^r(^'«"'''+^««'") (»^)' 



when J = - 



2i + l 



The expressions (9) and (11) give the solution of Riccati^s 
equation in the only two inte^able cases ; in (9) i may be 
any positive integer or zero, m (11) t may be any positive 
integer, zero, or — 1. 

It should be noticed that since 

the formula (9) may also be written 

which is a form more nearly resembling (11). 
If in (9) we put t = 1 we obtain 

«. = C, (- J - xJ) e-^* + a, (- i + aA) e»^, 
as the solution of 
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On RiccatVa Equation. 271 

and, by pntting t=:2, 

w = <7. (A + «ari + xS) e-*** + C, (,/«5 - f xi + X?) c-*, 



J -x»w = 0, 



as the solntioD of 

and if in (U) we pnt t = 1, we obtain 

w - C. (irf - \x) «»''* + C, (xi + ix) c-"'*, 

which agree with Prof. Galley's solutions in the Fhtloaophtcal 
Magazine. 

By equating the values of vi in (9) and (11) to those 
given in the I^hilosophical Magazine^ and properly deter- 
mining the constants D, and C,, we obtain the theorems. 

Ifj(2t+l) = l, then 

*r W/^ " ^"^ ^ (j-l)(3j-lM(2.--l)j-l} 

I 2(g-l) j(j-l)2j{23-l) j 

*r dx) ^* '^ ^-^ ^ (j-l)(3j-l)...{(2t-l)j-l} 

( g(g-l) g(g- 1) 23 (2J-1) ) \" 

and if y(2t+l) = -l, 

Z^-^. £r «-:•' - f-F' X (g + l)g(2g+l)2g--(^ + l)^ 
r dirj *' -^ ' *(j+l)(32+l)...{(2,'-l)j+l} 

r "^^nii **+ (2+1^) j(2j+ 1) 2j ^+-} *"•''' 

/,-..« <* \**' !«» _ r ^' ^ ( g+l)g(2g+l)2g...(jg + l)tg 
r dirj *• -^ ^'"(j+l)(3j+l)...{{2t-l)j+l} 

U g+^ 3:*, (g + l)(3g + l) ^ ) i.» 

r (g+i)g^(g^-i)g(2g+i)2g'^ -r' • 

The first two of these theorems may be verified in the 
following manner: 
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On RtccatVa Equation. 273 

easily seen, for the coefficient of the latter, on writing 

j = p — r so that wj — l = (n — 2i — 1) J, becomes 

/ y « (-t--l)t.,.(-V-m)(t-?l|-f 1) 
^^^* -.2...-2tn 



(-r(i)"-L^ 



I^Li: 



Bj changing the sign of a;"*, (]3] is also verified. 
In (]2) and (13) we can, as before, replace 

X (x^' ^y {x-^e'-/) and z {f^'^ {x''e\'') 

by-aj(a:'^*^VVi'' and • raj^^'^W/ respectively. 
In connection with the integral 



-•cfe.^- «-""'" 



two results easily obtained from it may be noticed^ 



and also 



4'{r4"^'- 



® 1 ^-« 



€-*^^W»). 



whence |Y* cfysl «-^^-/»' = Va (- ^) 

Similarly, by eqaating the two ralnes of 

,eha.e (f"^}' ^' = ^^ (- |) .-<v>, 

or Va {f*«r e"""' '^' = (-r (^)' e""'*^'- 

itavA 16, 1871. 
VOL. XI. 
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Curvature of Khiztc Curves at Multiple Points. 275 

(2r-l)(2r-2)(2r-3)(2r-4) d*rP 

■*■ 1.2.3.4 "* rftt'^rft;' 



4 



?!:;ii?«,- '^^ 



rfMrfw" 






«*»-» 



hence, by the formulae given in page 179 of this Volume 
of the JoumaL 

(l£ rn^^' — 
\ du dv) dv 

. (2r - 1) (2r - 2) (2r - 3) (2r - 4) ^ « «£■.<? 



Again 






{'i^'iT-'^- 



du du* 



2r-l _^ rf^P 



du^'dv 



(2r-l)(2r-2) -^, . (^''P 
■^ 172 ' "* Jtt»-^rf»« 

(2r-l)(2r-2)(2r-3) -^ c^'-P 
"^ 1.2.3 «itt— rf»" 

+ 

t2 
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car- !)>-») rf-P 



1 A**^ 



(ar-i}(ar-») <rp 



+^-) -1-'" a? 

Hence 

('i-sr('*-s)' 

_«r^f p, lr(»r-l) -^. ar(2»^l)(ar-2)(ar-3) y^ 






(_1)'^;«-.J 
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Bat, being the inclination of the tangent of any branch 
of the multiple point to the axis of ti, ?=cosd, mssin^; 
hence 

« - T-^ C082rr - -5-5: 8Ui2r&. 

. (2r+l).2r ^. , dr»P 
■^ L2 ' *" SPW 

(2r+l).2r.(2r-l) -^ d^'P 

+ 1:21 * *" S?=W 

(2r+l).2r.(2r-l).(2r-2) _rf*^VP 

1.2.3.4 *" du*^dv* 



(2r+l).2r.(2r-l) rf^'P 

■^ 1.2.3 '*" du'dv"-' 

(2r-H).2r ^T^'P 

■*■ 1:2—^'" dTd?^' 

^2r+l , ^ <r"'P 

.,.rf»*'p 

, ..(2r+l).2r rf-«P 

+ (-1) - j-.^- P-7/. ^-^-. 
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Imagine now that the two conjugate rhlzic curves in- 
tersect at a multiple point, the multiplicity of each being, 
as is known, the same. Then, the equation 

c = p sin(0 + e) 

being common to both curves, the centres of curvature at 
the common multiple point of both curves all lie in one and 
the same straight line. The values of <f> for the curve 
Ps»0 differ by a constant quantity from the corresponding 
values of for the curve Q = 0, and the centres of curvature 
of the two curves lie alternately in the conunon straight 
line. 

By way of illustration, let 

f{x) = aj* + io^ - (6a* + 3aJ) a:* + (8a' + 3a»i) a: - 3a* - a'i. 

Then the equations to the two rhizic curves are 

P= u* - 6mV + v* + Ju» - Sbuv* ' 

-(6a* + 3aJ)V-r') 

+ (8a" + 8a*6) u - 3a* - a"4, 
Q^v {4tt' + 3iu* - (12a' + 6ai) w + 8a' + 3a'J} 

-(4u + J)r' = 0. 

It may easily be ascertained that the two curves P=0, ^=0, 
have a common point {u=^a^v^ 0), a triple point of each. 

At this point, in the curve P= 0, we may find that, with 
respective reference to the three branches, 

[p 3(4a+5)J [p = -|(4a + J)J lp = f(4a + J)J 

In relation to the curve ^ = 0, 

1p-:FooP [p = «^3(4a + i)]' lp = V3 (4a + i)J 

In the figure (34) the tangents at the triple point of P= 
are denoted by straight lines, those at the triple point of Q~0 
by dotted lines, and the centres of curvature, each at a 

distance f (4a + h) from the line ^ = ;r , by asterisl 

one infinitely distant not being indicated. The cer 
curvature of each curve lie in the tangents to the b 
of the other. 
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(4) Zr=0, Zr = 0, therefore XZ=0. 

(5) Xr=0, ZT not =0. 

(6) Zrnot=0, ZT not =0. 

And of these, there are (as shown by the third coluran) 
only two which give rise to a conclusion (or relation between 
the extreme terms). As regards the negative cases, this 
is at pnce seen to be so; thus XY=^0^ ZY=0 (no X's are 
ys, no Z^a are F's) leads to no conclusion in regard to Jf, Z. 
As regards the positive cases, it is also at once seen that 
the conclusions do follow ; but we may obtain the conclusions 
by symbolical reasoning, thus 

(2) r=FZ+rX', = YZ'; 

therefore ZY=ZYX\ not =0; therefore ZX' not =0. 

(4) XZ=XZY-{^XZY\ where on the right-hand side 
each term (the first as containing XY^ the second as con- 
taining ZX') is=0; that is, A'Z=0; where the logical 
signification of each step is obvious. 



ON THE INVERSION OF A QUADIUC SURFACE. 
By Prof. Cayley. 

^UE inversion intended to be considered is that by reciprocal 

radius Tcctors, viz. if a:, y, z are rectangular coordinates, 

and r*^x^ + i/*-^z*y then a;, y, z are to be changed into 

-« * H * -« • But it is convenient to introduce for homo- 
/^ r^ r 

geneity a fourth coordinate w?, = 1 ; and the change then i» 

. ^ Qcto^ yu? zu? 
ar,3^,«into^,^,~,-. 

Starting from the quaJilc surface 
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or what U the same thing 

+ 2m7 (£r + wiy + nz) 
•k-dvf =0, 

the equation of the inyerse surface is 

+ 2m7 (ic 4 my + n«) f' 

+ rfr* =0, 

where t' = a?* + v* 4 t*. The inverse surface is thus a quartic 
having the nodal conic w=0, a:^4y*4«* = (circle at in- 
finity); and having the node a; = 0, 3/s=0, «s=0 (the centre 
of inversion) : or sa^ it is a nodal bicircular quartic surface, 
or nodal anallagmatic 

For 0?, y, z write x-^-^ti?, y-^^w, « — i^w?, and 

put for shortness 

Ix-^-my^-nz^i^ P + m' + fi* = a, 

aZ4Am+^n = a, 

AZ 4 Jm +yn = b, (a, ft, c,/, ^r, AX^ wi, n)' = A^ 

gl-^fm + cn^c^ 

then t' becomes ^ — -^ "^ ^ 5» ^*> 

Ix-^my + nz „ ^-i^"^) 

(a,...Xa?,y,«)' „ («r-I«>y)«)*-(a«+*y"K5«) |4H ^, 

Hence the equation is 
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viz., arrangmg and rodumg, this is 
rfr* 

+ «^ |- 2 3 ♦^ - 5 + ("> •••l''» y> ")'} 

and we may without loss of generality assume 

_~+/=0, that is df-mn = 0. 



- ^ ^9-0, 


„ dg-nl^O, 




-^+A = 0, 


„ <2%-7m=0. 




The equation then is 






+«^(-^j.(«^+y+*o 






-s-s^^a-sy-(a- 


■'M 


1 \ 

+^'^-^i'^+^+<^) 






-^-l-fe^+i^^}'*^- 


• 




Write ai-/» 


= o'rf, 




M-m' 


-W, * 




cd-n* 


= cU 





We have 
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n 









aad tke e^satioB 



This is KmmiMT^f Ibmi, eaj 

where 

1 a a ^ id' 

Hence Eommer^s equation 
or laj 
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becomes 

C4X* - -j, [Pa -f m«6' + wV) - ^, 

4Pa'' 4m»i'« 4wV 

T 



^ai--s-*^) ^^G^M "•(L-.-i--)' 

which is satisfied by 4X = — - —^ . Write therefore 

^ a _ 

20 a 

that 13 8X = — T - TiJi 

a a 

, 4^ . 40a a* 

and the equation is 

A0* A0a 4 /t« » , «7r , t /\ 
"5^ ■*■ "^ " 5* ^ "^ ^^ 

viz. this is 

ra' + m'b' + n'c'-da-0'd 

Va"* »nV nV* 



0^-a e-\-b' + c^ 

which is of coarse satisfied by = 0. Moreover the derived 
equation 

nz»^_ f'g^ m'&'' nV 

« 2*'^- (tf + a'j- (tf + *')- (tf4cr 

is also satisfied by ^ = 0, so that this is a double root. ^^^-^ 
equation in fact is 

{^rf+ 0a - (Z V + m'b' + nV)} {0 + a') {0 + b'){0-^ c') 
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or, expandmg and dividing by ^, this is 
d{0+a'){0-^V)[0-{'c') 

+ a{^H-5(a' + i' + c') + JV + c'a' + aJ'l ' 

-(ZV + «n'y + nV)(tf-|.a' + i' + c') 

which eives the remaining three roots. 
J{a:=b' = c' the equation is 

{0^a' + a)[0 + aT^O. 

I recall that we have 

so that the quadric surface is 

and that a^^ /9,, y^j S,, a^, 5 , c denotmg as before, the eyi9^ 
tion of the inverse surface (reterred to a different origin) is 
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ON CERTAIN DEFINITE INTEGRALS. 

By William Walton, M.A., Fellow of Trinity Hall. 

n^HE object of this article is to give new and more simple 
demonstrations of properties of certain definite integrals 
which form the principal subject of the Suite du Me moire sur 
le^ Integrales dSfinies^ published by Poisson in the tenth 
volume of the Journal Poly technique. 

1. To evaluate the integral 

f {AnxY^dx , 

v= I jz — 7; jTs , when a < I. 

^ j^ (I-2acosa? + a'') ' 

Poisson, in the first instancCi puts 

r*" (sina?)'da: 

^^j^ (l-2acosa: + aY" 

then, differentiating y with regard to a, and integrating by 
parts, he finally arrives at the differential equation 

(!_«.) g+|P±i_a(4«+l-y)}|-2n(2n-i,)y = 0. 

He then selects, as a particular case where integration can 
be effected| the value 2/t for j;: his equation then becomes 

rfV . 2« + l dy 
da'^^lT'di"^' 

the integral of which is 

He tiftn, in virtue of the general nature of the expan- 
sion of the expression for y under the integral sign, shews 
that C = 0, and then, by equating a to zero, proves that 

C= r (sin xfdx. Thus he shews that 

r» (sina?)*"^; f . . .^ , 

J, (l-2aco8a;-fa*)" j, ^ ' 

Of course, if a be greater than unity, we at once infer from 
this result that 

J^ (l-2aco8a: + a') a" }^ ^ ' 
VOL. XI. U 
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The following method of establishine: these results is more 
simple and points out more clearly the intrinsic origin of the 
simplicity of the case where2? = 2n. 

^"Jo {(a-cosa^r + sin^u:}"* 

a being less than unity. Let a- cosa;=r cos^, sina? = r sin (f> ; 
then 

(a — cos j:) sin <f> = sina: cos^, 

sin (^ + a;) = a sin ^ = a sin {(^ + a:) — a;}, 

whence tan (0 + ar) = ; 

^^ 1— acosa;' 

a result which shews that tan (^ -f x) is negative while a? 
varies from to -tt, and zero at both these limits. Hence, 
while X varies from to tt, ^ varies from tt to 0. 
Thus we see that, y^ representing ^ + a?, 

i/==l (sm^)^dx 
= r^ (sin i>)*'d^ - C' {%xT^^fd^ 

J WmC •' aP-0 

and therefore, the former term of the right-hand member of 
the equation being zero, 

y=| (sin a;)*" da?. 

2. To evaluate the integral 

y^\ d!r.log(l — 2a cosa? + a*), a<l. 

Poisson evaluates this integral by first differentiating the 

equation 

C (sin a;)*" da; f ' / • w^j 

\ T^ — h^ ^n = I (8ma;)'^da:, 

J, (l-2acosa; + aT Jo 

with regard to w and afterwards putting n = 0. For the sake 
of verification he effects the evaluation also by the aid of 
the series 

1 = 1 +a cosa?-f-a cos2a: + a cos3a;+ — 



1 — 2a cosa; + a 
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The following method is easy and Independent, and does 
not require the aid of series. 

By the relations connecting x, (f>j >•, above given, we 
see that 

y = 2 J dxlogr 

= 2 I dx (log einx — log sin ^) 

= 2 1 log 8ina?.<£c — 2 I log sin ^rf^ 

+ 2 / log sin<l>.d4>- 

But j 'log8in^J^=riog(?^W^ = 0, 
and 

2/ log 8in<^.rf^ = 2 I log Bin^.rf^=-2 / log 8ina:.c?a;; 

and therefore y = 0. 

If a>l, of course it follows, from this result, that 
y = 27r log a. 

3. To give a demonstration of the following relation 
between two definite integrals, viz. 

p (Bin xydx ^ fl'V*^'* r (sina;)^^ 

j, (l-2acosa: + ay ^^ " ^ J^ (l-2aco8a;+a7*^' 

Poisson's demonstration of this " rapport remarqttahle " is 
grounded upon his primary differential equation between 
y and a, and is certainly abstruse. 

The following investigation is comparatively easy. 

By the aid of the relations between a?, ^, r, we see that 
the relation is equivalent to 

[^ {8mil>ydx _ . ..^ r» {sin il>y dx 

C2 



-j, r"- +j. 
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But sin^s — ^1 and r may be expressed in terms of 

sin^ and therefore of sin'^: hence the former term of the 
right-hand member of the equation is zero : thus 

K ^'' ^l ^ ' 
Thas Poisson's relation is equivalent to 

From the relations between x^ ^, r, we see that 
r = o cos^ 1 (1 — a" sin*^)*, 

1 — <2* 

and therefore s= — a cos ^ + (1 — a* sin'^)*. 

Hence f ^^^ 

= (l,l^*-> /' (9in^)'rf^ {-a co8^ + (1 -a* sin*^)*}'-^ 

= . J" \^^ j {smmydu [ a cosw + (I - a* sin'oi)*}*"-', 

where m = ir—<f>, 
- 1 /■"■ (Bin^)><f^ 
"(l-ar-'i. r^ ' 
But r ^^ — =2acos^: 

hence /' (?1^ = (i !„«)-/; 'J^?^ 

2a r* (8in<^/ cos^d^ 



(sin0)''£2^ 



(1-ay^^ r 

2 r» (sin'i^y cos'^dylr 
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But the last term Is evidently zero : hence 

p (sin^^^^j^^t^x.^ r (sin»/d» 

Jo ' Jo ' 

If a be > 1 , then this relation must of coarse be replaced by 

Jo ^'' Jo ^-"^^ 

4. To evaluate 

/•*• a; Hinxdx 

J^ H-co8*a:' 

The evaluation of this integral is effected by Poisson in 
the same memoir by the aid of expansion. It may however 
be effected more simply in the following manner : 

r*" X sinordb; _ ["^ xd.cosx 
J^ 1+cos'a? J^ l + cos'a: 

= — a?tan'*(cosa?)+|tan"*(cosa?)<&,betweenlimit8, 
= —- + I tan** (cosa?) dx + I tan"* (cosa?) dx. 
But I tan"*(co8a?)dic= / tan"'(cosaj')<ir', where a;'=v-a;, 

= — I tan'*(cosa?)efc. 

/•«• X sina;da; _ tt* 
j„ 1 -hcos'x ~" 4 ' 



Hence 

June 19, 1871. 
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ON THE THEORY OF THE CURVE AND TORSE. 

By Professor Cayley. 

T^^HE fundamental relations in the theory of the Curve and 
Torse were first established in my "Memoire sur 
fes Conrbes k double courbure et sur les Surfaces de- 
reloppables," Liouv, t. x. (1845), see also Camb. and Dub. 
Math. Jour.y t. IV. (1850), viz. I showed that the systems 
(w, r, /8, A, w, y) and (r, n, tw, a*, a, ff)^ (the notation is sub- 
sequently explained), each of them satisfied the Pliickerian 
relations. An additional set of eauations giving the values 
of (7, t, Jcj qj 7, t\ k\ q) was furnished by Dr. Salmon's 
** Theory of Eeciprocal Surfaces," Trans. R. 1. Acad,^ 
t. XXIII. (1857), see also the Solid Geometry. The theory 
tLB thus established is complete in itself, but it does not take 
account of certain singularities r, «, IT, (?; the singularity 
V was first considered in my paper *'0n a special sextic 
Developable," Quart. Math. Jour. t. Vll. (1865)^ (there called 
^), ana I afterwards endeavoured to take account of the 
remaining singularities w, 5, G. I was in correspondence 
on the subject with Prof. Cremona, and the discovery of 
the complete forms of several of the formulae is due to 
him. 

There has recently appeared a very valuable memoir by 
M. Zeuthen, " Sur les singularit6s ordinaires d'une courbe 
gauche et d'une surface developpable/' Annali di Matem. 
t. III. (1869) ; he excludes, however, from consideration the 
singularity cd, and does not throughout attend to 5, G. 

I propose in the present memoir to reproduce and dcvelope 
the whole theory. 

Explanations and Notation, 

1. We have a singly infinite series of points, lines, and 
planes ; viz. each line passes through two consecutive points 
and lies in two consecutive planes ; each plane passes through 
three consecutive points and contains two consecutive lines ; 
tach point is the intersection of three consecutive planes and 
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of two consecutive lines. The points describe and the lines 
envelope a curve ; the lines describe and the planes envelope 
a torse; the entire system of points, lines, and planes is thus 
the system of the curve and torse. The curve is the edge of 
regression or cuspidal curve of the torse ; in regard to the 
curve the points are points (or ineunts), the lines tangents, 
and the planes osculating planes : in regard to the torse' the 
points are points on the edge of regression, the lines generating 
lines, and the planes tangent planes. 

2. Each line of the system is met by a certain number 
of non-consecutive lines, ftnd the locus of the points of inter- 
section (or say the locus of the intersection of two intersecting 
non-consecutive lines) is a nodal curve on the torse, or say 
simply it is the nodal curve. The plane containing the two 
intersecting non-consecutive lines envelopes a torse which is 
called the nesfal torse. 



3. There is occasion to consider 

nty order of the system ; this is the number of points of 
the system which lie in a given plane; or it is the order 
of the curve. 

r, rank of the system ; this is the number of lines of the 
system which meet a given line. It is thus the class of the 
curve ; and the order of the torse. 

n, class of the system ; this is the number of planes of 
the system which pass through a given point. It is thus the 
class of the torse. 

a, number of stationary planes ; that is, planes each passing 
through four consecutive points of the system. 

)8, number of stationary points, that is, points each of them 
the intersection of four consecutive planes of the system. 

ffj number of lines m two planes (that is, lines each of 
them the intersection of two non-consecutive planes of the 
system) contained in a given plane; or say, number of 
apparent double planes of the torse. 

Cr, number of double planes, or tropes^ of the torse; 
viz. considering the torse as the envelope oS a variable plane, 
if the plane in the course of its motion comes twice into the 
same position, we have then a double plane or trope. 

A, number of lines through tioo points (that is, lines eacli 
through two non-consecutive points of the system) passing 
through a given point; or say, number of apparent double 
points of the curve. 
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Hy number of double points, or nodes of the curve ; viz. 
considering the curve as described by a variable point, if 
the point in the course of its motion comes twice into the 
same position we have then a double point or node of the curve. 

ar, number of points in two lines (that is, points each of 
them the intersection of two non-consecutire lines of tlie 
system) contained in a given plane; or what is the same 
thing, order of nodal curve. 

y, number o( planes through tiro lines (that is, planes each 
containing two non-consecutive lines of the system) passing 
through a given point} or what is the same thing, class 
ot' the nexal torse. 

V, number of stationary lines of the system, that is, lines 
each containing three consecutive points of the system. 

6>, number of double lines of the system^ that is, lines each 
containing two pairs of consecutive points of the system. 

ty number of points on- three lines (that is, points each of 
them the common intersection of three non-consecutive lines 
of the system) : these are also triple points on the curve. 

7, number of points of the system, through each of which 
passes a non-consecutive line of the system : these are inter- 
sections of the curve with the nodal curve, stationary points 
on the latter curve. 

ky, number of apparent double points of nodal curve. 

<7, class of nodal curve. 

t\ number of planes through three lines (that is, planes 
each of them through three non-consecutive lines of the 
system) : these are also triple tangent planes of the torse. 

7, number of planes of the system each of them passing 
through a non-consecutive line of the system: these arc 
common tangent planes of the torse and nexal torse, stationary 
planes of the latter torse. 

k'j number of apparent double planes of nexal torse. 

2', order of nexal torse. 

4. The formuTsB thus contains in aU the 21 quantities 
w, r, n, a, ^, ffy G, A, fl, x, y, v, || «, 7r ^r ? I t'j 7, ^', ?'• 

My own PlUckerian equations, or, say, the Plticker-Cayley 
equations, establish in all 6 relations between the first 13 
quantities, and thus enable the expression of thein in terras 
of any seven, say of 

w, r, 11, Gj If J Vj i». 
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and the Salmon-Creraona equations then lead to the ex- 
pressions in terms of these, of the remaining eight quan- 
tities L y, kj J, t\ 7, k\ q\ 
I also consider 

Z>^, the deficiency of the curve, 

D^y the deficiency of the nodal curve. 

I will first consider the equations themselves, and the mere 
algebraical transformations thereof; and afterwards the geo- 
metrical theory. 



The PlUcker-Cayley Equations. 

5. These are found (as will be further explained) by con- 
sidering first the cone, vertex an arbitrary point, which 
passes through the curve; and secondly, the section of the 
torse by an arbitrary plane. We have m the two figures 



Cone. 

my order, 

r, class, 
h -f //, double lines, 

^, stationary lines, 
// -f 0), double planes, 
n -f V, stationary planes. 



Section. 

91, class, 

r, order, 
g+ O^ double tangents, 

a, stationary tangentfl^ 
a: 4- tt>, double points, 
m + v, stationary points. 



And hence the two sets of quantities respectively are con- 
nected by the PlUckerian relations, viz. these are 



w + V = 3m (m-2) - 6A+ J?- 8^8, 
y + » = Jm (in - 2) [m* - 9) 

^ (,w* - wi - 6) (2AT^+ 3)S) 

+ 2AT//A+if-l 

■f|)8(i8-l), 

wi = r(r-l)-2(y + a)) 

- 3 (n + v), 
/3=3r(r-2)-6(y-f a>) 



n^ r(r-l)-2(a?+«i>)-3(in+i;), 
a =3r(r-2)- 6 (a:+«)-8 (wi4 v), 
(?+G^ = ir(r-2)(r'-9) 
- (i^-r-6)(2x+« i- 3m+w) 
+ 2 (a? + «)(«+«-!> 
+ 6(x+ft>)(?/i+v) 
4|(m+v)(m+v-l), 

r = w(n-l)-207+G^) 

-3a, 

wi-t u = 3ii(n-2)-6(^+ <?) 

-8«, 
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« -f V — >S = 5 V — K-j , a — '« -•- V* = 3 '■ — r), 

-A + JSr^-^. -;^ + G -a, 

and combuiliig tbe two srstems 

/8 = a+2{w-it), 

A + i5r=^+<7 + J(w-ii)(m + fi-7), 

6. Taking as data r, fw, n, G, H^ w, », we find very easily 

A = J(m*-10wi-3n +8r -3w-2i?), 
g^\[n' -lOn -3m + 8r -3i;-2G), 
a;=|(r*- r — n - 3m - 3i; - 2a)), 
y-i(y'- r -7n-3n-3i;- 2«), 
a = fn - 3r + 3n + v, 
y8= n-3r+37w + v. 

The Salmon^ Cremona Equations. 

7. Tlicse are 

m (r - 2) = 2n + 4y3 + 7 + 4v + 4© + 4i7, 
0? (r - 2) = w(r-4)+2)3+ 37+3<+K3r-14j+o)[2r-10)+12S; 
ir(r-2)(r-3) = w (a; - 2r + 8) + 3mx + 4i - 3a - 9/3 - 67 

+ i;(3a:-6r-f 18) + co (2x~4r + 8) - 12S, 
17 = x''-ar-2Z:-37-6^-3i;(r- 6)-2co(r-8)-2 6^-185; 
[^r(n-3)'3a-26?], 
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and 

n (r - 2) = 2m + 4a + y + 4i; + 4a) + 4 ^, 

y(r-2)=wi(r-4)+2a+3y+3e'+i;(3r-14)+«(2r-10)+12(7, 

y(r-2)(r-3) = m (y - 2r + 8) + 37iy + 4A:' - 3)8 - 9a - 67 

+ V (3y- 6r + 18) + o) (2y- 4r + 8) - 12(7, 

^ =y«-.y-2A; -3y-6< -3v(r-6)-2(»(r-8)-2i7- 18 G^, 

[=r(m-3)-3)8-2i3'], 

where the second values of y, q respectively are reduced forms 
obtained by the aid of the foregoing PlUckerian relations. 

8. Expressing these in terms of r, w, w, O^ J7", u, ©, we 
obtain 

7 = n/i + 12r — 14m — 6n — 81; — 4(0 — 45, 

< = ^[/-3r"-58r-3r(ii+3m+3i;+2G>)+42ii+78r/i+78i;+48a)], 

t = J [r*- 6r" + llr* + 66f - (2r'' - lOr) (n + 3m + 2i; + 2g)) 

+ (n + 3m -f 3i; + 2©)* - 58n- 126m-126i;- 76(»-24//], 

gr = rn + 6r-3m-9n-3i;-2(?, 

and 

y=:m+ 12r-14n-6m-8v-4a)-4(?, 
<' = ^[r'-3r*-58r-3r(m + 3n+3i; + 2a>)+42m+78w+78i;-f-48a>], 
i' = ^[r*-6r'+llr^4 66r-(2r*-10r)(m+3/i + 3i; + 2ft>) 

+ (m -h 3n + 3i; + 2co)'- 58?n - 126n - 126i; - 76© - 24 C?],, 
^' = rm + 6r - 3n - 9m - 3v - 2^. 

9. We have thence 

y-ry = -(r-8)(m-n)-4(G-5'), 
t'-«= (r-6)(m-n), 
j'-j= (r-6)(m-w)+2(G-fi^), 

Jfc'-A:= i(m-w)(r*-5r-2m-2/i-3c;-2a)+17)-3(ff-77) 
= |(m-n)(u; + y-4r+17)-3(0-//). 
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10. Instead of obtaining the above valaes of y^ t^ k^ q 
dire^Alj it is convenient to verify them by substitution in 
the equations from which they were obtamed; viz. writing 
for shortness n + 3m + 3i; + 2a) = P, these may be written 

-r/i(r-2)+2n + 4)8 + 4i; + 4a)4 4-ff+7 =0, 

- 2j;(r-2) 4 2r(P- 3m) - 8n+ 4^8- 28i;-20« +67+24J3+6« = 0, 

-2jr(r^-5r+6-P)-4(r-4)n -18^8-127- 6a+36i;+16«-24^ 

- 4r (- n - 3m + P) + 8i =0, 

-.4j + 2x(2j;-2)-8i-8flf-4r(-n-3m + P) + 72i;+64<» 

-127-24<-72jr =0, 

which are to be satisfied by 

Y = rm + 12r- 14m -6ii-8i;-4«-4fi, 

f = J [r' - 3r" - 58r - 3rP+ 42n + 78m + 78i; + 48»], 

k = ^[r'''Gr^'{^Ui^-{GQr'-{2i^^l0r)P+I^ 
- 58n - 126m - 126i; - 76(» - 24Jr], 

5' = rn + 6r-3m-9n-3i;-2G^, 

:c = i(r^-r-P), 

a = m - 3r + 3n + i;, 

^ = n-3r+3m4 i;, 

P=w + 3m + 3i; + 2ai. 



11. We have, in fact, first 

^mr-^ 2m 

4 2n 
4l2m4 4n-12r4 4i; 
4 4i; 

44© 

4 4J5r 
4 tnr - Um - 6n 4 12r - 8i; - 4« - ^H 



>=0, 
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secondly 

-r^+ r* -^ rP 
+2r*- 2r -2P 

+2rP -Bmr 

- 8n 
-12r + 4n+12m+ 4i; 

-28i; 

-20a> 
+72r +6mr-36n-84m-48i;-24«-24fl" 

+24H' 
4r^-3y^-.58r-3rP +42n+78m+78^^^48(» 

thaUs ^^2P +2n +6m +61/ ^ 0, 

thirdly 

+ f^- 5r^+ 6r+P(2r'-6r+6) -P* 

-4m+16n 
+ 54r -18n- 54m- 18v 

-144r * -12nn +72n+168m+ 96v+48oi+48fl 
+ 18r -18n- 6m- 6v 

+ 36t/ 

+16()i> 

-24ff 
+P(-4r)+12nn+4m 
+r*-6r^+llr^4 66r+P(-4r*+10r) ^P" -58n-126m-125u-76(»-24Er 
thatiB 6P - 6n- 18m- 18i^-12«-24H-0, 

and lastly 

- 24r -4ni + 12ffH- 86fH- 12w +8(r 

+r*-2r«- rM- 2r+P(-2r*f 2fS-2)+P» +126»H- 58iH-126iH- 76«H-24Jy 

-r*+6H^Ur»- 66iH-P( 2r«-10r )-P» -8(? 

+P( - 4r ) +4nH-12rfi» + 72iH- 64« 

-li4r -12niH-168»H- 72fH- 96iH- 48«H48J7 

-4f*fl2H4-282rfP( 12r ) -^12i i»-168n-812v~1 ^m-l^H 

that is 2P - 6i»- 2ii- 6u- 4<o =0, 

which completes the verification. 
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12. The deficiency of the curve m is given by the equation 

2i)^ = r-2w-+2 + i8, 
or substituting for its value = n — 3r + 3m + 1;, this is 

2jD^ = w + n-2r + v + 2. 
The deficiency of the nodal curve x is given by 

2Z>^ = j-2a; + 2 + 7+t;(r-6) + 25; 
which, substituting for j, x^ and 7, the values 
m+ 6r - 3m — 9n -3i;-2(?, 
i(r'- r - n -3m- 3i;-2g)), 
rm + 12r — 14m — 6n — Sv — 4© — 4^, 
respectively, becomes 

2Z>,= (r- 14) (m + n) + v) - r*+ 19r-h 2 - 2a>- 2G^- 2J7; 
whence, also, writing herein m+n+t;=2Z>^+2r— 2, we have 

22>^-.(r-14).2Z>^=(r-5)(r-6)-2G)-2G^-2i?, 
a relation between the two deficiencies. 

Geometrical Theory of the foregoing Relations. 

13. In considering the geometrical theory, we have to 
speak of the original curve, or curve of the system, and also 
of the nodal curve ; it will be convenient to call them the 
curve m and the curve x respectively. I speak of the torse 
absolutely, to signify the torse of the system, as in what 
follows there is not the like occasion to speak of the nexal 
torse. I speak also of a plane a, meaning tnereby any one of 
the stationary planes, the number of which is = a ; and so of 
a line a, meaning the line in the stationary plane a ; and a 
point a, meaning the point of contact of such line with the 
curve m ; or in the plural, the planes a, lines a, &c. And so 
in other cases ; thus we have tne stationary tangents v. and 
the points v, which are the points of contact hereof witn the 
curve m. As regards a double tangent q>, we have here two 
points of contact ; one of these separately would be a point 
o) ; and we may speak of the pomts (or pair) 2a>, meaning 
thereby the two points of contact of the same tangent <o ; 
or of the points 2a>, meaning the system of the 2» points 
of contact of the tangents on. 

14. Observe that the expressions, the planes a, lines a, &c., 
have an absolute signification; there are other such ex- 
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presalons which have only a relative signification, in regard to 
the system considered in connexion with a given point, line, 
or plane, as the case may require. Thus the expressions, the 
lines g^ must be understood of the system in connexion with 
a given planCj to signify the lines in two planes contained in 
the given plane ; the planes g^ points g^ would of course mean 
the planes or points of the system belonging to the lines g. 

In particular the points m are the points of the system 
which lie in a given plane, the lines r are the lines which 
meet a given line ; the planes n are the planes which pass 
through a given point. There will be occasion to speak, not 
only of the planes ^, but also of the lines n and points n ; 
these are of course the lines and points iti the planes n, 

15. It is to be remarked that^ considering the torse as 
a surface, the nodal curve thereof is made up of the curve x 
and of the double lines a> (or its order is = a; + a>) ; the cus- 

fddal curve is made up of the curve m^ and of the stationary 
ines V (or its order is = m + u). 

The Pliicker-Cayley Equations. 

16. The mode of obtaining these equations has already 
been indicated. We in fact consider the system in con- 
nexion with an arbitrary point, and with an arbitrary plane. 
The point is the vertex of a cone passing through the curve 
fn, and this cone is of the order jn, the class r, with h + H 
double lines, 13 stationary lines, y-\- ta double tangent planes, 
and n + V stationary tangent planes ; viz. the order of the 
cone is equal to the number of lines in which this is inter- 
sected by a plane through the vertex; but each of these 
is determined as the line joining the vertex with an inter- 
section of the pl&ne by the curve m, and the number of them 
is thus = m. The class of the cone is eaual to the number 
of the tangent planes which can be drawn through an 
arbitrary line through the vertex; but this is in fact the 
number of lines of the system which meet the arbitrary line, 
viz. it is = r. Again, any line drawn from the vertex to 
meet the curve twice, and also any line drawn to one of the 
points Hy is a double line of the cone, that is, the whole 
number of double lines is = A + 5^ A line from the vertex 
to one of the points /3 is a stationarv line of the cone ; the 
number of these is =/8. A plane through the vertex, and 
containing two tangents of tne curve r?i, or containing a 
double tangent o), is a double tangent plane of the cone, the 
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number of these is thus =^^ + fi>. A plane through tlie 
vertex, which is also a plane of the system, is a stationary 
tangent plane ; in fact, we have here on the curve m three 
consecutive points lying in a plane with the vertex, the 
tangent-plane of the cone is the plane through the vertex, 
and the first and second of the points on the curve; but this 
is also the plane through the vertex, and the second and 
third points, or the plane is a stationary tangent plane. But 
the plane through the vertex and the tangent v is also a 
stationary tangent plane of the cone; and the number of 
stationary tangent planes is thus = w + 1;. 

17. Similarly foi^ the section by the arbitrary plane; 
this is a curve of the order r and class n with x-\-<a double 
points, m + t; stationary points, g-{ O double tangents, and 
a stationary tangents, in fact the order of the curve ia 
eaual to that of the torse ; that is, to the number of lines 
wnich meet an arbitrary line, or =r. The class of the 
curve is equal to the number of tangents which pass through 
an arbitrary point of the plane ; or, what is the same thin^, 
the number of planes of the system which pass through this 
same arbitrary point, viz. it is = n. Each point of the plane 
which is the intersection of two lines of the system,- ana also 
each intersection of the plane by a line co is a double point 
of the curve; viz. the number of these is =a; + ek). E;icli 
intersection with the curve w, and also each intersection 
with the tangent u, is a stationary point of the curve ; viz. 
the number is =w + v. Each line in the plane, which is 
the intersection of two planes of the system, and also each 
intersection of the plane with a double tangent plane G^ is 
a double tangent of the curve; viz. the number is rs^-\-G. 
And, finally, each intersection of the plane with a stationary 
plane a is a stationary tangent of the curve ; viz. the number 
of these Is = a. 

18. We have thus the Pltickerian relations as above 
between ^^ ^^ ^^^^ ^^ ^^^^ „^^^ 

and between n, r, g-{-G^ a, a; + o>, ti + v. 

ZeutherCa Tables. 

18. The vertex of the cone and the plane of the section 
may occupy special positions. We have a table given by 
Zeutheu, but which I have completed so far as regards the 
double lines o> as follows : 
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CONE THROUGH THE CURVE. 



dOi 



Vertex, 


Order. 


Cktss. 


DouNe 
lines. 


Slationarg 
tintt. 


Double 
tangent 
planes. 


Stationary 
tangent 
planes. 


Arbitrary 


m 


r 


h 
+ H 


P 


y 


n 

+ w 


On a tangent 


m 


r-1 


A-1 
+ H 


fl 


y-r+4 


»-2 

+ 1/ 


Onthecurre 


m-1 


r-2 


A-m + 2 


fi 


y-2r+8 
+« 


«-3 


At a point E 


»-2 


r-4 


A-2m-|-6 


fi 


y-4r+20 


i»-6 
+* 


Atapoint/9 


m-2 


r-8 


A-2m + 6 


p-l 


y-8r+18 


i»-4 
+ */ 




m 


r-2 


A-2 

-i-ir 


A 


y-2r+9 


«-8 
+ i;-l 


At point of contact of 
ditto 


m-1 


r-8 


A-m-l-1 


A 


y-8r+14 


11-4 

+ U-1 




m 


r-2 


A-2 
+ ff 


A 


y-2r+J0 
+ «-! 


11-4 
+ v 


At point of contact of 
ditto 


»-i 


r-S 




+ 1 


y-8r+16 
+ «-l 


»-6 


PLANE SECTION OP THE TORSE. 


Plane, 


Class. 


Order. 


Double 
tangents. 


Statianarg 
tangents. 




Stationary 
points. 


Arbitrary 


n 


r 


^'g 


a 




m 


Throngh a tangent 


ft 


r-1 


\g 


a 
+ 1 


as-r+4 


m-2 
+ w 


A tangent plane 


n-l 


r-2 


g-n+i 

•k-G 


a 


«-2r + 8 


m-8 

+ w 


A doable tangent plane 
G 


11-2 


r-4 


^-2ii+6 
+ (7-1 


a 


«-ir+20 
+ • 


01-6 

TV 


A stationary tangent 
plane a 


11-2 


r-8 


'^IT 


«-l 


a.-8r+18 


+ v 


Throngh stationary 
tangent V 


A 


r-2 


V.^ 


a 
+ 2 


«-2r+9 
+ « 


»-3 

+ i;-l 


Tangent plane at con- 
tact of ditto 


l»-l 


r-8 


jr-n + I 
+ 


a 
+ 1 


«-8r+14 


in-4 
+ i;-l 


Throngh doable tan- 
gent •» 


n 


r-2 


+ 


a 
+2 


«-2r+10 
+ --1 


m-4 


A tangent plane at one 
of contacts of ditto 


• -I 


r-8 


+ 


a 
+ 1 


x-8r+16 


fii-6 

+ w 



VOL. XI. 
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19. To avoid confusioii with the geometrical tenn line, 
I will speak (not of the lines, bat) of the cases of these 
tables; the numbers in each case satisfy the foregoing 
Pltickerian relations. To fix the ideas, I attend to the second 
table. We require to know in each case, say the numbers 
in the (n, r, a) columns ; these beings known, the other three 
numbers wHl be determined. 

20. First for the n column; for the cases 2, 6, 8, the 
plane is not a tangent plane ; the number of tangent planes 
which pass througn a fixed point in the plane is still ^n. 
For cases 3, 7, 9, the plane is a tangent-plane, it therefore 
counts 1 among the tangent-planes which pass through a 
fixed point thereof; and the number of the remaining tangent- 

f planes is = n — 1. And so for cases 4 and 5, the plane counts 
or 2 among the tangent-jdanes which pass through a fixed 
point thereof, and the number of the remaining tangent- 
planes is = n — 2. 

21. Next as to the r and a columns. 

Case (2). The plane passes through a generating line, and 
therefore besides cuts the torse in a curve of the order r — 1 ; 
this generating Yrne is a stationary tangent cutting the curve 
r — 1 in the point of contact with the curve fw, counting 3 
times (in all a+1 stationary tangents), and in r — 4 other 
points. 

Case (3). The plane cuts the torse in the generating line 
counting twice, and in a curve of the order r — 2 ; the gene- 
rating line is in regard to this curve an ordinary tangent at 
the point of contact with the curve m (so that the number of 
stationary tangents remains = a), and besides cuts the curve 
in r - 4 points as in Case (2). 

Case (4j. The plane cuts the torse in two generating lines, 
each counting twice and in a curve of the order r — 4 ; each 
of the generating lines is in regard to this curve an ordinary 
tangent at the point of contact with the curve m (number 
of stationary tangents remains » a), and besides cuts the 
curve in r — 6 other points. 

Case (5). The plane cuts the torse in a generating line 
counting 3 times, and in a curve of the oraer r^d; the 
generatmg line is in regard to this curve an ordinary tangent 
at the point of contact with the curve m, and besides cuts it 
in r - 5 points. The plane being in the present case a plane 
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a, its intersections with the remaining planes a, gives the 
a — 1 stationary tangents. 

Case (6). The pUme meets the torse in a generating Ima 
counting twice, and in a curve of the order r — 2 ; the gene- 
rating hne is in regard to the curve a singular tangent 
meetmg it in the point of contact with the curve m, counting 
4 times, and besides meeting it in (r — 6) ^ints. The gene- 
rating line in respect of this four-pointic intersection counts 
as a stationary tangent twice ; and the number of stationary 
tangents is = a + 2. 

Case (7). The plane meets the torse in the generating line 
eountin^ 3 times, and in a curve of the order r — 3 ; the 
generatmg line is in regard to this curve a stationary tangent 
at the point of contact with the curve nij counting 3 times, 
and besides meeting it in r — 6 points as in Case 6. The 
whole number of stationary tangents is thus := a + 1. 

Case (8). The plane meets the torse in a generating line 
counting twice and in a curve of the order r — 2. The 
generatmg line is in respect of the curve a stationary tangent 
at each of the points of contact with the curve 9n, viz. each 
of these points counts 3 times, and there are besides r — 8 
intersections. Moreover, the generating line counting as 2 
stationary tangentS| the whole nnmber of stationary tangents 
is = a + 2. 

Case (9). The plane meets the torse in a generating line 
counting 3 times, and in a curve of the order r — 3. The 
generatmg line is in respect of the curve an ordinary tangent 
at one of the points of contact with the curve m (viz. the 
point at which the plane is a tangent plane of the torse), so 
that we have here two intersections ; and it is a stationary 
tangent at the other of the points of contact with the curve m 
(viz. the point at which the plane is not a tangent plane of 
the torse), so that there are here 3 intersections; there are 
therefore (r— 8) other intersections. The generating line 
reckons once as a stationary tangent, and the whole number 
of stationary tangents is = a + 1* 



22. The r — 6 points in Cases % and 7, are the points of 
intersection of the stationary tangent v by other tangents of 
the curve m ; and so the r — 8 points in Cases 8 and 9 are the 
points of intersection of the double t angen t <o by o ther 
tangents of the curve m ; these numbers r — 6 and r — 8 will 
present themselves in the sequel. 

X2 
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We may as to the a-column sum np by saying, tbat in 
cases 2, 7, 9 there is a generating line which reckons as a 
stationary tangent; in Case 6 a generating line, which in 
respect of 4 consecutive intersections, reckons aa two sta- 
tionary tangents ; and in Case 8 a generating line, which in 
respect of two pairs of 3 consecutive intersections, reckons aa 
two stationary tangents. 

In the a? + G) and m + v-columns, observe that in cases 
(6)? (7)) (^)> (9)? w® have in tl>e first two eo, u — 1, and in the 
last two ft> — 1, v; viz. these numbers refer to the intersec- 
tions of the plane with the tangent ca, v respectively ; the 

actual numbers ( j and ( 1)9 ^^* ^^^ equal 

for the cases 6 and 8, and also for the cases 7 and S. So in 
the g-\-0 column in case 4, we have (? - 1 for O. 

The Nodal Curve x ; Intersections with the Curve m ; 
and Singularities, 

23. The intersections of the curve m with the nodal 
curve a;, are points a, yS, 7, i7, v or o. 

24. At a point a, four consecutive points of the curve m 
lie in a plane ; the point may be considered as the intersec- 
tion of two consecutive tangents, viz. of the line through two 
consecutive points with that through the next two consecutive 
points; and it is thus a point on the curve x. We may 
imagine the points Aj A' starting from a in opposite direc- 
tions along the curve m, and moving in such manner that 
the tangents at these two points respectively continually 
intersect ; we have thus a portion of the curve a;, proceeding 
apparently in one direction only from the point a; and 
being, as regards the portion in question, an intersection of 
two real sheets of the torse ; that is, a crunodal curve. The 
.curve 0?, however, really extends in the opposite direction 
from 0;, bjut it is as to this portion thereof an intersection of 
two imagijaary sheets of the torse : that is, an acnodal curve. 
The nodal curve x thus meets the curve m in the several 
points a, the curve a;, each time that it passes through such a 
point of intersection, changing its character from crunodal to 
AcnodaL The two half sheets^ of the torse cross each other 

* In a curve (plane or twisted), the portions extending each way 
from a cusp (and considered without reference to a termination) are 
called half-branches ; and so in a surface which has a cuspidal curve, or 
in 2)articular, in a torse, the portions extending each way from the 
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in the crunodal portion, extending in one direction from tbe 
point a of the nodal carve ; and tbe acnodal portion extends 
in the opposite direction from the same point. 

25. At a point )8, or stationary point (cusp) on the 
curve m, four consecutive osculating planes meet at this 
point; and it is thus a point of intersection of two con- 
secutive tangents (viz. ot the line of intersection of two 
consecutive osculating planes, and of that of the next two 
consecutive osculatine planes), consequently a point on the 
curve X. We may imagine the points -B, B starting from 
yS, and moving along the two half-branches of the curve w, 
in such manner that the tangents at the two points respec- 
tively continually intersect. We have thus a portion of the 
curve a?, proceedine apparently in one direction only from 
the point P (and having at this point a common tangent 
with the curve m\ and b^ing as regards this portion thereof 
an intersection of two real sheets of the torse; that is, a 
crunodal curve. The curve a?, however, really extends in the 
opposite direction from the point /8, but it is as to this portion 
thereof an intersection of two imaginary sheets of the torse ; 
that is, an acnodal curve. The nodal curve thus meets the 
curve m in each of the points ^, the curve a;, each time that 
it passes through such a point, changing its character from 
crunodal to acnodal. There are at three partial sheets of 
the torse ; viz. if we imagine at this point the half-tangent h 
in the sense of the two half-branches of the curve m, and the 
half-tangent b' in tbe opposite sense, then we have through 
V and one of the half-branches a partial sheet, and through 
b' and the other half-branch a partial sheet ; these two partial 
sheets touching along b\ ana intersecting in the crunodal 
portion of the curve x ; and a third partial sheet through b 
and the two half-branches of the curve m, 

26. At a point 7 on the cuspidal curve 9ra, we have, 
traversing the curve and tbe two half-sheets which meet along 
it, another sheet of the torse, meeting the two half-sheets 
respectively in two half-branches, which are a portion of the 
nodal curve x, and which unite together (as at a cusp), in the 
point 7, which is thus a cusp or stationary point on the 
curve X. 

cuspidal curve (and considered without reference to a termination) are 
called balf-sbeets. In the ca«e of higher singularities of a like nature, 
we may speak of a partial branch or partial sheet (as the case may be). 
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27. A point J7 is the intersection of two branches oi the 
enspidal curve m. There are for each branch two half-sheets ; 
and we have thus at the point H four (saj) quarter-branches 
of the curve ar, touching each other at the point (viz. the 
common tangent is the intersection of the osculating plane» 
belonging to the two branches of the curve m respectively). 
I find in a special manner that in regard to the curve x a 
point JSTis equivalent to six double points, plus two stationary 
pomts ; it thus causes a reduction 2*6 + 3'2 ^ 18 in the dan 
of the curve. 

28. The nodal curve x has in each of the double tangent 
planes G an actual double point. In ftict the plane is an 
osculating plane of the curve m at two points thereof; that is, 
it contains two consecutive tangents i2, JS!j and two other 
consecutive tangents 8j 8' ; hence US is a point on the nodal 
curve X } and not only so, but this is an actual double point, 
the two tangents being H and 8; {or since R is met by 8 
and 8*^ there is a consecutive point on the line E; that is, 
£ is a tangent ; and similarly since 8 is met by It and B! 
there is a consecutive point on the line 8*^ that isj 8is also 
a tangent. 

29. At a point v the tangent has with the curve x a 
d-pointic intersection (whence also the tangent is a stationary 
tangent v in regard to the curve x)^ the curves m and x 
have also a 3-pomtic intersection at v. 

30. At each of the two points » the tangent has with 
the curve x a 3-pointic intersection (viz. the tangent is in 
regard to the curve x more than a double tangent a>, instead 
of two 2-pointic intersections, or ordinaiy contacts, there are 
two 3-pomtic intersections: I am unable to perceive tbis 
directly, but accept it on otner grounds). But as at each of 
the points a> the mtersectlon of the tangent with the curve 
m is 2-pointic, the intersection of the curves x and m is 
only 2-pointic. 

31. The curves m and x meet In the points a each once, 
yS each 3 times, 7 each twice, v each 3 times, 2c» each twice, 
and ZTeach 8 times : we have thus 

a+ 3/3+ 27+ 3u+ 4» + SJT 

for the number of actual intersections of the two curves ; and 
the number of apparent intersections is therefore 
= wa?-a-3y8-27-3i;-4(»-8ir, 
a result which is required in the sequel. 
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32. Consider the cone vertex an arbitrary point, through 
the curve x^ or say simply the cone x. 

Each line n [quh ordinary line of the system) is met 
by r - 4 other lines, the r — 4 points being situate on the 
curve X ; the line n at each of these points touches the cone 
Xj and it therefore besides intersects it in (a? — 2r + 8) points. 

33. A line v meets the curve x in the point v counting 
3 times, and in r — 6 points each a stationary point of the 
curve; it consequently meets the cone Xj in the point v 
counting 3 times, in each of the {r - 6) points counting twice, 
and besides in a; - 2r + 9 points. 

34. A line a> meets the curve x in the two points co each 
counting 3 times, s^i in r — 8 points each an actual double 
point of the curve ; it consequently meets the cone x in the 
two points ci> each counting 3 times, in the (r - 8) points each 
counting twice, and besides in a; — 2r -I- 10 points. 



35. Each of the r — 8 points in which the double tangent 
ck) meets another tangent of m is an actual double point 
of the curve x ; and each of the r - 6 points in which a 
stationary tangent v meets another tangent of m is a sta- 
tionary point or cusp on the curve x. We have thus as 
singularities of the curve Xj the k apparent double points, 
O actual double points, ca (r — 8) ditto, t triple points, H 
4-branch cuspidal points, 7 stationary or cuspidal points, 
i;(r- 6) ditto. In regard to the efiect upon the class of 
the curve re, each of the points t is equivalent to 3 double 
points, and produces a reduction s=6; each of the points 
M is equivalent to 6 double points +2 cusps, and produces 
a reduction 2*6 4 3'2, =» 18 as already mentioned. We have 
thus the relation 

j = a?(ir-l)-2A:-2(?-3i;(r-6)-2(»(r-8)-37-6<-18-H; 

which is one of the Salmon-Cremona equations. 

36. The stationary points of the curve x are the points 
7, the i;(r — 6) points, and the points -H, each counting as 
2 stationary points ; that is, we have 

2i>, = j-2aj+2 + 7 + t;(r-6) + 25; 

used above for finding the value of the deficiency Z)^. 

The remaining Salmon- Cremona Equations. 

37. The formulae for wi (r - 2), a? (r - 2) and a? (r-2) (r- 3) 
correspond to those for c[n'- 2), ft (n — 2) and ft (n — 2) (n - 3) 
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m the case of a general surface (Salmon. Solid Geometry^ 
2nd Ed., Nos. 522 and 525), being obtained as follows ; con- 
sidering as before the cone, vertex an arbitrary point, which 
passes through the curve w, the total number of lines hereof 
which have with the torse a 3-pointic intersection at the 
curve m is = rw (r — 2) ; and, similarly, considering the cone, 
vertex the same arbitrary point, which passes through the 
eurve a?, the total number of lines hereof which have with 
the torse a 3-pointic intersection at the curve a? is = a; (r — 2) ; 
viz. these numbers w(r — 2) and a;(r — 2) are the numbers 
of the intersections of the two curves respectively with the 
surface of the order (r — 2), which is the second polar of 
the arbitrary point in regard to the torse. And so also in 
the cone', vertex the arbitrary point, which passes through 
the curve a?, the total number of lines which touch the torse 
at a point not on the curve x is =a?(r — 2) (r — 3) ; viz. this 
is obtained by Salmon, the number of intersections of the 
curve X with a certain surface of the order (r - 2) (r — 3) 
(Salmon, Nos, 269 and 273, writing r for w), but in a pre- 
ferable manner by Cremona thus; the cone through the 
curve X meets the torse in the curve x counting twice and 
in a residual curve of the order a; (r — 2) ; the lines in ques- 
tion are the tangents from the vertex to this curve, which 
is a curve meeting each line of the cone r — 2 times; we 
may on the surface of the cone metrically, as in the plane, 
construct the polar of the vertex in regard to the curve of 
the order a; (r — 2) ; vi^ we have thus on the cone a curve 
meeting each generating line (r — 3) times; and tliis polar 
curve meets the curve of the order x{r-2) in a; (r - 2) (r — 3) 
points (this would be clearly the case if only the curve of 
the order a: r — 2 were the complete intersection of the cone 
by a surface of the order r — 2^ for then the polar curve 
would be the intersection of the cone by the polar surface 
of the order r — 3; but in the case in hand, where this is 
not so, some additional considerations would be required 
in order to sustain the result), and we have thus the number 
X (r— 2) (r " 3) of the lines in question^ 

38. ] 
belongs 
such tha 
torse 3-p 
second f 
points n. 
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39. We may consider through any such point, and the 
arbitrary point either a particular section of the torse or any 
section whatever. If the line joining the two points has at 
the point in question a 3-pointic intersection with the section, 
then it has a 3-pointic intersection with the torse, viz. the 
point possesses the required property. For the points n and 
n (r — 8), the plane may be taken to be the osculating plane 
of the curve m. This meets the torse in the line n twice,^ 
and in a curve of the order r ~ 2 touching this line at the 
point n and meeting it in the r — 4 points. Hence, considering 
the complete section made up of the line twice and the curve 
of the order r — 2, the line fr om th e arbitrary point to the 
point n or to any one of the r - 4 points meets the section 
3-pointically ; viz. the lines to the pomts n and to the points 
n (r — 4) meet the torae 3-pointically. 

40. For the points )9; we may consider any section 
through the arbitrary point and /3; in effect any section 
through the point /3. A plane section through a point /3 has 
at this point an invisible triple point, that is a point not in 
appearance differing from an ordinary point of the curve, 
but which by considering a consecutive position of the plane 
of section is seen to be equivalent to a double point and two 
cusps ; viz. the node is a point of intersection of the plane 
with the curve a?, the cusps are the two intersections with the 
curve wi, in the neighbourhood of the point fi. The line 
from )9 to the arbitrary point has thus with the torse a 
3-pointic intersection at J9. 

41. Similarly for the points 7j we take any section 
through the arbitrary point and 7; in effect any section 
through the point 7. The section through a point 7 has at 
this point a triple point, at which an ordinary branch passes 
through a cusp, and thus equivalent to a cusp + 2 nodes ; in 
fact, for a consecutive position of the cutting plane, the section 
has actually a cusp ana two nodes ; the cusp at the intersection 
of the plane with the curve m, the nodes at the two inter- 
sections of the plane with the curve x in the neighbourhood 
of the cusp 7. The line through the point 7 has thus a 
3-pointic intersection with the torse. 

42. For a point v I consider the section through the tan- 
gent t; ; this is made up of the tangent twice, and of a curve 
of the order r — 2 having with the tangent a 4-pointic inter- 
section at the point t;, and besides meeting it in (r— 6) points. 
Hence in the plane, a line through v, or through one of the 
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(r— 6) points has at such point a 3-pointic intersection with the 
curve. And thus the lines through the points v and t; (r — 6} 
respectively have a 3-pointic intersection with the torse. 

43. Similarly for a point o>, I consider the section through 
a tangent co; this is made up of the tangent twice, and 
of a curve of the order r — 2 having with the taneent a 
3-pointic intersection at each of the points co, and besides 
meeting it in r — 8 points. Hence in the plane a line through 
either of the points oi or through one of the r~8 points 
has with the curve a 3-pointic intersection, and thus the lines 
through the points 2ft) and a)(r — 8) respectively have a 
3-pointic intersection with the torse. 

44. For a point H I consider any section through the 
arbitrary point and H] in effect any section through ZT. 
There is at -ff a singularity = 6 nodes + 2 cusps. But a line 
through H in the plane of the section cuts the section in 
4points only; that is, the line from the arbitrary point to 
JET has with the curve a 4-pointic intersection at JS; and 
h fortiori it may be regarded as a line of 3-pointic inter- 
section. The lines to the points H have thus (a 4-pointic, 
that is, more than) 3-pointic intersection with the torse. 

45. For a point t I consider any section through the arbi- 
trary point and t] in effect any section through t] there is 
at ^ a triple point, and the line through t has thus a 3-pointic 
intersection at t. Hence a line through t has 3-pointic inter- 
sections with the torse. 

46. The several points above referred to lie on the curve 
m or on the curve ar, or on both of these curves; and each 
curve has at these points respectively a simple or multiple 
intersection with the polar surface r— 2, as^ shewn in the table. 



Points 






n 

9> 



Intersection of second polar r — 2 





with 


curve tn. 


curve X. 


n 




2 





«(r-4) 







1 


/9 




4 


2 


y 




1 


3 


V 




4 


4 


2a> 




2 


3 


v(r-6) 







3 


m{r-S) 







2 


H 




4 


12 


t 







3 
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where the figares 1, 2 &c. denote a simple intersection, 
2<-pointic intersection &c. of the curve and surface; de- 
notes of course that there is not any intersection, vis. that 
the curve does not pass through the point referred to. 

47. Several of the foregoing numbers are obtained with- 
out difficulty; thus we see that the points ft. n(r— 4} are 
ordinarv points on the second polar r — 2, the surface at 
each of tne points n touching the curve nt, but at each of 
the points n(r-4) simply cutting the curve x. So also 
the points ^, 7, v. 2a>, v (r - 6), « (r — 8) are ordinary points 
on tne second polar ; at a point fi the two half-branches of 
the curve m touch the surface in a special manner so as to 
give a 4-pointic intersection; whereas the curve x simply 
touches the surface. At 7 the curve m cuts the surface, 
but the two half-branches of x touch the surface. At v, 
each of the curves wi, x has a 4-pointic intersection with 
the surface ; at each of the two points 01, the curve m touches 
the surface, but the curve x has with it a 3-pointic intersection,, 
but at o) (r — 8) it simply touches the surface. 

48. The point B is in the nature of a biplanar point on 
the polar surface ; this appears, or is at least indicated, by the . 
circumstance that the hue to the arbitrary point has with 
the torse not a 3-pointic but a 4-pointic intersection ; the two 
branches of the curve m each simply cut the two coincident 
sheets of the polar surface, giving 2 x 2, »= 4 intersections ; 
but for the curve a;, the four partial branches each touch 
the two coincident sheets ; for a single sheet the number of 
intersections would be 6, but for the two coincident sheets 
it is twice this or =12. Finally, a point t is an ordinary 
point on the second polar, each of the three branches of 
X simply cuts the surface, or the number of intersections^ 

18=3. 

49. The last table gives at once 
ifi(r-2) = 2n + 4^ + 7 + 4i; + 2.2c» + 4£r, 

a;(r-2) = »(r-4) + 2)8 + 374 4i;+3.2a>+3i;(r-6)+2a)(r-8) 

+ 12H+ Sty 

which are the true theoretical forms of the equations for 
-911 (r — 2) and a;(r — 2), in which these were obtained by 
Cremona. 
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50. The a; (r — 2) (r — 3) points are those points in whick 
the CremoDa a: (r — 2) curve is met 2-pointicaUy by the Unc 
from the arbitrary point (I recall that taking the arbitiary 
point as the vertex of a cone through the curve x, this cone^ 
say the cone ar, meets the torse in the curve x twice, and in 
the a:(r- 2) curve in question); viz. these points are cither 
points of contact of tangents from the vertex to the jc (r— 2) 
curve ; or they are double points, or else cusps of the x ^r — 2) 
curve ; in which several cases respectively they count 1, 2 or 
3 times, among the a; (r — 2) (r - Z) points. 

51. The points of contact are the n(a: — 2r + 8) points 
of intersection of the line* n with the cone x. We have 
in fact a plane n through the vertex of the cone, and in 
this plane two consecutive lines of the system ; hen'% at 
each of the a;- 2r + 8 points the generating line of the cone 
meets the two consecutive lines of the system ; that is, there 
is with the curve a; (r — 2) a 2-pointic intersection, not arising 
out of any singularity of the curve, and consequently a 
contact of this curve with the generating line of the cone. 

52. The actual double points of the curve a;{r- 2) are 
first the 2k apparently coincident poiuts of the curve x, and 
secondly the « (x— 2r-|- 10) points on the lines «. For 
first if we consider through the vertex a line meeting the 
curve X in two points, say A^ B^ this meets the torse in 
these points each twice and in r — 4 other points. Now 
imagine a line from the vertex to the point P in the vicinity 
of A^ this meets the torse in the point P twice and in 
r — 2 points, which are points on the x (r — 2) curve ; hence 
as P travels through -4, 2 of the r- 2 points come together 
at By and again separate, that is B is an actual double point 
on the X (r — 2) curve ; and similarly A is an actual double 
point on the curve ; and we have thus the 2k double points. 
Secondly, since the line €t> is a nodal line on the torse, 
a generating line of the cone, in the neighbourhood of 
and considered as travelling through one of the x — 2r+10 
points, meets the torse in two points which come to concide 
and then again separate ; this is each of the x — 2r + 10 points 
is an actual double point on the curve x(r— 2); and the 
whole number of these is = w (x — 2r + 10). 

53. The stationary points of the curve x (r - 2) are first 
the points on the curve m which apparently coincide with 
the curve x; viz. the number of these, as was seen, is 
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«=nu;-a-3)9 -27-81; -4a)- Sfl"; secondly, the vtir-2r-f 9) 
points on the lines t;; thirdly, the points H eacn counting 
as 4 cusps. For first consider a generating line meeting 
the curve x \n B and the curve x in ^; if we imagine 
on the curve x a point Q which approaches and ultimately 
coincides with B^ the generating Ime through Q meets the 
torse in the neighbourhood of its cuspidal edge in two points 
which come ultimately to coincide with the point A^ and 
we thus see that -4 is a stationary point on the a: (r — 2) curve. 

54. Secondly, observing that the line t; is a cuspidal line 
on the torse, and considering in like manner a generating 
line of the x cone, which approaches and comes ultimately to 
coincide with one of theor— 2rH-9 points, we see that this 
is a stationary point on the a?(r — 2) curve. And thirdly, 
any line througn a point H meets the torse in this point 
counting 4 times, and in r — 4 other points. Hence con- 
sidering the generating line of the x cone, which travelling 
along any one of the four partial branches of the x curve 
comes ultimately to coincide with Hj 2 of the r — 2 points 
on such generating line come to coincide at the point H; 
and we have thus the point JjT as a singular point on the 
x(r — 2) curve; viz. it reckons as a stationary point once 
in respect of each of the four partial branches ot the curve 
X (it must be assumed that this is so. but a further proof 
is required), that is as 4 cusps on the a? (r — 2) curve. 

65. By what precedes we have 

aj(r-2)(r-3) = 

fi(a:-2r + 8) 

4 2{2A: + (»(a:-2r-f 10)} 

+ 3 {(ma;- a- 3)8- 27- 3i;-4a>-8fl')+v(a;-2r 4 9) + 4i7), 

which is the true theoretical form in which the equation for 
a;(r-2) (r — 3) was obtained by Cremona. 
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DEFORMATION OF AN ELASTIC SPHERE PRESSED 
BETWEEN TWO PARALLEL PLANES. 

By R. HoppB. 

TN the Philosophical Transactions of the Royal Society of 
London. VoL 153, Mr* (now Sir) W. Thomson has resolv^ 
the general iNToblem: A shell consisting of isotropic elastic 
material, ana bounded by two concentric sphericai surfaces 
being given^ and displacements beine arbitrarily produced 
or forces arbitrarily applied over its whole boundmg surface, 
to find the displacement of every ^oint of its substance. 

It is olmoui that the eondition concerning the surface 
does not include every possible case, since it requires that 
the displacements or forces are applied to the whole surface. 
What occurs most freqn^itly, is that a part of the surfiM^ 
is deformed in a given manner, and the effidct experienced 
by every particle of the substance is to be determined. 
As the most simple case of this sort, I propose to find the 
displacements of all points of a solid sphere pressed between 
two parallel planes of a g^ven distance, a litde smaller than 
the aiameter. The material is likewise supposed isotropic, 
the planes perfectly rigid and without friction. To realize 
the exact conditions, we may think an unlimited range of 
spheres, all of equal size, and pressed against each other ; 
each of them will be in the state to be supposed here. 
The given conditions for the surface are the following : 
The normal and tangential strains are in general zero, 
except for two small areas around tbe poles, where the normal 
strains are unknown, and instead of tnem the two planes are 
given, into which all points are transferred. 

It is, however, known beforehand that the displacement 
of any point is independent of its azimuth, and that any 
azimuth remains unvaried by the deformation. If, therefore, 
the oric^inal coordinates of an element, referring to tbe centre 
as origm and to the normal of the pressing planes as axis of Xj 

x^K cosX, y^K sinX, «, 

receive by the deformation the increments f , 17, f, we shall 
have 

f = AC cosX, 17 = ic ginX, 

and /r, ^ will not depend on X. 

Let now denote the increment of any unity of volume, 
and m the ratio of the transversal and longitudinal elasticity. 
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that means, that a cubical element longitudinally comprewed 
is diortened m times as much as it is stretched in either 
transversal direction. Then the conditions of internal eqai- 
lituium are 

df 

m J0 . cPfi . ^ .. ,, , 

0, 



m-2 dy'^ da?'^ dy'^dz* 



m d& d'td't «?•? 



m- 



+ 3f. + ;7^ + ;jr: = 0, 



•2 dz da? df dz* 



.(1). 



e^^ + ^ + '^f. 

dx dy dz* 

The equilibrium on the surface requires (1), that the 
tangential strains are throughout zero, ivhich is expressed by 
the equations 



-(^-3)=KM)-(l-S).l 



•(2), 



(2) that the normal strain normal to the surface vanishes 
at the free surface, which is expressed by the equation 

. (in-2)ii + e = 0; 

(3) that at the flattened parts of the surface, 

where c is the radius of the sphere, c - 7 the half distance 
of the planes. 

The eauations for internal equilibrium may be satisfied 
by the values 



dx 
dV. 



dx 



0={2(n-2)c-«(n-l)J}r^ 
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where V^ is an boraogeneoas ftinction of /c, and z aatiafying 
tbe equations 

cPV d*V d*V 

« -4- ■ 4. __!• — 

da? ^ dy" ^ dz* ' 



-nV^-.) F,= l, 



dz 

ax dy dz " 



.(3). 



Besides, if we put 



r=rV 



v^ will be a spberical function of one variable, completely 
determined bj tbe recurrent relation 

nv.-(2n + l)%.+ (ii + l)t?^, = (4). 

^Substituting those values in (1), we find 

n(n-l)J=|2(3n-5)-2H!^|c',(«>2), 



= -2(2n-3) '?!—?cF. 



m 



■-I) 



= -2j, 



(«>2), 
(«-2). 



On account of the symmetry of the figure each of the 
components of displacement is to change sign with the 
corresponding coordinate, while the two other components 
as well as remain unchanged. Hence, it follows that n 
can only have even values. Moreover, continuity at the 
centre requires that no negative power of r enters into tbe 
expressions, and for this reason 2 is the least value of 
ft. Collecting together all particular solutions and passing 
to meridional coordinates k^ «, we obtain the ibUowing 
expressions : 






= - 2i, - 2 -— "2 (2n - 3) c.r_ 



•(5), 



(6), 
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where a^, i,, e^ for odd values of n are zero, wbile all other 
a^ and c^ as well as \ remain arbitrary constants, and 

3n-5-2 

J.=- r-Si-^-) (''>2) (7). 

The superficial equations (2) reduced to meridional co- 
ordinates give 

<'-«*-(§-S)-('--*''(S-S)- 

Introducing the values (5^ expressed by spherical functionS| 
we find 

£ = T (»-l) {»(a.t..-}. i »„) + (»-»)«.•'.-,)»"•••(«). 

The latter equation admits of an immediate solution. 
Putting for brevity^ 

we may make each term of the first part of the series destroy the 
subsequent term of the second part, by establishmg the relation 

, 1 n + 2 - ,^^. 

<=2ijTri^-*.^ ^^^)- 

The equations (7), (9), (10) are sufficient to reduce all 
constant coefficients to 5,, c,, c^, c^}<.«« To simplify their 
expressions, let 

(n-l)(2n-l) . 



i^ = 



n"-3n4-3 + 



m 
VOL. XT. 
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then we have 

&.= 2?^(l-^)o.,{«>2) (11), 

''-{'^j^^y-' (^^). 

«.= 2(i-|j.,-{i4-^^::^}c^c-, («>2), 

]KoWy if ^ signifies longitudinal elasticity, and 

N^L^- -, 

m — 2 ' 

the normal pressure on unity of surface is 

^J!L^EK 
m+ 1 

Substitutbg the values (8), (6), we find 

+ („«_6n + 7)c.«^|c"-, 
or, according to (9), 

^=-^2 + ''« + "l[«(«-^)''-«- 
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and redacing the constants according to tbe formula (11) (12), 

For any point of the spherical surface let 

and let t=^h express the periphenr of the area, which is 
flattened by the aeformation: JV will be =^0 between < =3.^ 
and < = A; whence 

C Nvjlt=^j' Nvjlt^f NvJtf^^C Nvjlt. 

Any term of the series t>,, v^, v,% ... except v^, being substi- 
tuted for N. the integral on the left will vanish. Besides it 
is known, tnat 



/. 






'2n-f r 
Introducing, therefore, the expressions (13), we obtain 



/: 



-I ■''«+« 

Thus it follows that 

<',^'=-^ Jl Nv,dt (U). 

Likewise we find 



, _ 3 m-2 r 
»" 2m + li, 



Ndt. 



Within the limits of these integers, 1 — < is of the same 
order of smallness as the displacement of the poles (I - A) c. 
Therefore, according to the principles of the theory of elas- 
ticity we may consider Nj which is a function of ^, as a linear 
function of l^t. Because it is to vamsh for < = A, it must 
have the form 

JV=^(«-A), 

where ^ is an unknown constant. 

To effect the integration in (14), we have the formula 

(n+l)i),e?« = J(r,<-0 (15), 

y2 
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— r — 



^^j 



K^ - .-t-r 
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Substituting tbe expression indicated for a,, b^^ c^, we find 

The separated term, as a quantity of the second order, needs 
not to be brought into account. 
To collect together the results, let us put, for brevity, 

we shall have A = ^-^ , 

2<?c"-' ' 
applicable to even nomben n > 2 ; and 

3«-2 7(1 -A)* 
» 8»»+l G'c • 

To determine h we oaght to make ?= — 7 also for t=*h, 
which would give a transcendent equation. ^ But, since 7 
differs only in the second order from (l—h) c, it Is permitted 
to put 

and to use this condition as a control. 
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NOTE ON SIN 00 AND COSoo. 

By William Walton, M.A,, Fellow of Trinity Hall. 

yARious mathematical writers bave concluded tbat the 
values of sinoo and cos oo are both zero; others have 
objected to such a view. The state of the argument is 
well exhibited in an interesting article by Mr. Glaisher of 
Trinity College in the fifth volume of the Mathematical 
Messenger, p. 232^ where he has also shewn that the coex- 
istence ot the said paradoxical values of sinoo and cosoo 
requires the basis of certain definitions. 

The question may be viewed also, as I propose to shew^ 
under the light of a fundamental principle ot indices. It 
is a proposition in^ the theory of indices, as ordinarily stated 
in text books, that*a^ is equal to 1. This proposition appears 
to me to be erroneous, if be taken to represent infinitesimal 
magnitude. I shoula substitute the following^ proposition, 
viz. that ^^ 1 is the limiting value of a" when n is mdefinltely 
diminished." The limiting value of an expression cannot 
always, except in the final result of an operation, replace the 
expression itself.* In fact, denoting infijiitesimat magni- 
tuae, then, if m = n -f 0, 

-» =o =a : 
a 

m 

if m = n, then 1 = -^ = a"*^, 

where m — «n stands for nonentity and where a"*^ is an 
expression without intrinsic si^incation. If a^ were equal 
to ] , then 0. a quantity, should be equal to m — m^ a non- 
enti^. Sucn an expression as a"*^ may no doubt occur in 
algebraic researches, not as having signification in itself, 
but as standing in place of, what it should not strictly 
have displaced^ viz. 1 ; just as in the expansion of (a -I- xy 
by the Binomial theorem, the coefficient of the first term, 
as a case of the coefficient 0^^ of the r*** term, is 0^, a 
meaningless quantity, occupying the place of 1. 

* For example, denoting, in what follows, infinitesimal magnitude, 

1 



f"' 



1, when a s ; 
"^ dx- — a*«oo, when a « 0. 
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Note on sinao and coscc , 327 

Take one of the formulffi, of wbich Mr. Olaisfaer and 
others have made use in connection with the present ques- 
tion. viz. 

le"" sinorc&jss— ^ (cosx + a sinx) (1). 

Take, in accordaoce with Mr. Glaisher's view, the limits 
a\ -5: then, finally replacing a by 0, an infinitesimal 
magnitude, 



/; 



If, in the expression 



e^* smxdx^ 1. 



e"** sinxdx 



/:- 



we replace a hj nonentity, and then replace the meaningless 
expression e^ by 1, we should have to integrate sin a? etc 
from the square of nonentity to the reciprocal of the square 
of nonentity, that is, we should not be executing any real 
computation, but merely playing with algebraic symbols and 
arriving at results unconnected with logic. 
Mr. Giaisher's definition of cosoo , viz. 



cos 00 



= 1—1 e"** sinxdx (2), 



where a denotes infinitesimal magnitude, does not I think, 
from what I have said, agree with the strict theory of 
indices, although I agree with him in his conclusion that 
it is a definition essential to the supposition that cosoo =0. 
The left-hand member of the equation (2) is obtained by 
taking a to represent nonentity and integrating in form 
without the essential idea of integration; while on the right 
hand a is taken to denote infinitesimal magnitude.* The 
question as to sin 00 may be discussed in like manner. 

Finally, it appears to me that, under every aspect, the 
formulffi sin 00 =0 and cosoo =0 are grounded on no logical 
basis, since their demonstration can be effected only by 
pursuing algebraic processes which do not express ideas. 

* The necessity of ref^ardin^ a as a quantity on the right-hand side 
will be obvious from the investigation of the relation (1). 

July 25, 1871. 
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OS THE SUMMATION BY DEFINITE INTEGRALS OF 
GEOMETRICAL SERIES OF THE SECOND 
AND HIGHER ORDERS. 

By J. W. L Glaisheb, B.A., F.RA S. 

THE sammation of a series of terms, whose exponents 
form an arithmetical series of the second order, such as 
J -I- 5* + / + ^" + c . ., which may conveniently be called a 
geometrical series of the secoDd order, has been effected so 
as to exhibit the result in the form of a definite integ^ral 
in several different ways, by Cauchy, Jacobi, Knmmer, and 
Schlomilch. 

All these analysts have obtained their summations by 

means of the integral I e* co&2axdx= -^e* , with the ex- 

/o ... 

ception of Jacobi, who made use of the elliptic int^rals in 

the weU known results 

[Fundamenta Nova^ p. 184). 
The mtegrals 

r* a coabx J , ^ 1 r* ^ sin Ja: , , .^ 

are however also available for the purpose; and in some 
respects, admit of more general application to this class of 
series, as they afford a means of expressing the sums of a 
geometrical series of any order; but the results are so 
complicated as to be of very little interest when the order 
is higher than the fourth. I propose, after briefly noticing 
the results obtained by Kummer, Schlomilch, and Cauchy, 
to give the summations to which these integrals lead. ^ 
It will be convenient in what follows to write c"* == j 

(j being therefore less than unity), so that a=. /log — ; 

a will, however, frequently be retained for the sake of 
brevity. 
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The most obvious method of summing the series 

is by means of the integral I e^ co^2axdx as follows : 

•'0 • 

V^ Jo 

therefore 9*' = e"*^ = -r- / «"** QO%2naxdx ; 
^ V^ Jo 

therefore I + J + J* + 2*+... 
=:-y-- I e (l + cos2a;c + €Os4(M; + cos6aa; + ..0^*-**(l)- 

The difficnltj, however, at once presents itself that the 
sum of the series of cosines on the right-hand side most be 
indeterminate, as its usual analytical equivalent ^ is here 
clearly inadmissible. 

Eummer obtained the sum of the series from the integral, 
and was enabled to avoid the consideration of this difficulty 
by making use of the summation* 

cos2)8ax + t? cos2(i8- l)ajj + v* cos2 (^8- 2) aa?+... 

cos2ffaag — t? co s 2(ff + l)flj r 
1 — 2t; C082aa: + w* ^ 

whence ^ + t?j'/^''-l- tjY'^''+— 

2^ f * -«' cos2ffaa; - v cos2 (/8 4- 1 ) oa? , 

" V'^r j„ 1 — 2t? cos2aa; + t?* 

The general term of the series is v*^^^ = t;*^'*'** ""^ which 
becomes ^"j^**' oa taking z^vq"*^] thus we obtain the 
equation 

l+«g + «V4«V+— 

- 2g"^' r -*• cos2ffaa ; - zq'^ co82 (/8 4- 1) gar ^ 
" V^ Jo ^ l-2zj'''cos2aa? + «y* 

in which fi is arbitrary, subject only to the condition that 
V, = J8 J*/*, must be less than unity. Since yS = would give 

• Cr$U§'t Journal, t xvii., p. 220. 
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the case (1), Kummer puts )8 = |, so that, taking 2; = 1, 

Similadj, by patting is = — 1, the sam of the series 
1—^ + 5*—... is obtained. The series j + ^j' + ^'j* -I-..., 
^ + z^H-2^^V.4-... are also summed in the same manner. 

Schlomilch's method* is equally ingenious, we have 

re * +t^e « +r^e « +... 

2 r* 
= -7— I €"^(r cosox + r' cosSoap 4- r' co«5aa5 -+--.. i <ir, 

and the general term is rV""i~** = r*6"*^^*****^ which be- 
comes = ^"***, if we take r=^e'^ = q. 

The sum of the series of cosines can easily be shewn to 

, (1 - r) r cosox . ^ 

be :r^— — ^—r i , so that 

l-2rcos2aa;-|-r*' 

14-1 4+1 w^i 2 r* ^^ (1 — ^)^ cos«r;r . 

^ ^ ^ V'T j^ l-2^cos2ar4 J* ' 

and therefore 

cosaxdx 



2+2^ + 2'+...= ;^ (!-?)?» j"e-^j-. 



2^^ cos2ax-l-2* * 

Schlomilch also summed the series j — g*-|-... and 
l±i^* + i2'*±-«« in a similar manner. 

Cauchy applied his theory of the ^ principal value ' of an 
integral directly to (l)t. His results, which include (1) as 
a particular case, may be stated as follows : 

If /(a) = / <f){x) cosaxdx^ F{a) = | -^ (x) sinaxdjCj 

then f[0) + zf{a) + z'f [2a) +... 
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zF {a) ^'Z*F[2a) -{-... 

= 1 ^(a?) {z 8maaj + «* 8m2aaj4-...) dx 

Jo 

r, , . z Bin ax , ,^. 

ir{x) - — —I dz (3). 

Now if we put « = 1, the integrak (2) and (3) become 

I (a?) . i . cfo and ^ / '^ (a?) cot — Ar. 

Cauchy, therefore, investigated the limiting values to 
which the integrals (2) and (3) tend as z approaches unity, 
and found that (2) has for its limit the quantity 

^{w<o)+*ff)+*(^)+...}-l/<o), 

and that (3) becomes equal to | I '^ (x) cot -— dxj on the 

understanding that when the quantity under the integral 
si^n becomes infinite, the integral is supposed to have its 
principal value. Thus, by taking 

/(a) = A /-^ . 6~ « = I e' » co^axdxj 

in (2), we see that the equation to which (1) leads is 

a theorem to which reference will be made further on. 
From (3), since oe** =— I ex ?^m2axdx^ we have 

I /.CO 

fl' + 2<7*4-3a'+...= — 7— / xe^ coXaxdx. 
^ ^ ^ a»Jir }^ 

Cauchy's result, corresponding to that last written, is 

?"**?* + ?*+•••= "7" I e"*' cotoajcir, 
but this appears inaccurate,* as it is not true that 
6"^ = -7-- I C %\n2axdx. 

• The inteffrals (7) Table 263, and (7) Table 406 of Prof, de Haan's 
Nauvelies Tablet tTIntSgraies Definies are thus rendered incorrect; as 
well as (22) Table 280 in the fourth volume of the Amsterdam 
Dransactions, 
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It may be remarked that the method of summation by 
a series of cosines is not so general as at first sight it may 
appear; as it is necessary for the correctness of the integral 
that the quantity subject to the integral si^ should not be 
discontinuous, while discontinuity is the chief characteristic 
of a series of periodic functions. Thus, for instance, although 

= -^ 1 e"*V cos2(iaj-- -5 cos4a» + ^cos6aa: +...)€£», 

still we do not from this equation obtain a summation of 
the left-hand series as a definite integral, for it is clearly 

impossible to replace C082(ia: — r^ cos4aa; +... by its sum 

TT* ... . . TT 

—- - aV, since this is only true between the limits rr— and 
12 * -^ 2a 

— — - of a:. 
2a 

mi • X if** cosoic , :x r ^ sinoo; , -^ 

The mtegrals I ,, ^ ax and I -« — -^ ax can be 

applied to the summation of geometrical series as follows : 

^^2 r b cosax .. 

^ 'it J, b^ + a? "^ ^^^' 

, •• -«• 2 r* n* cosaa? , ,^. 

whence q =e ■ = — | ♦ . « «»- W, 

in which q^e^] that is, a and ; are related by the equation 

a = logJ (6). 

r J? sm OLX 
The integral (4), as also the mtegral | ,, , c2r, which 

ual to the same quantity, viz. e""^ requires that ab 
I be positive; thus, as only positive values will be 
led to J, ^ (which = e"') must be less than unity. In de- 
ig Rummer's and Scnlomilch's researches the relation 

en a and q was a = a /log - , so that a* = a. 

om (5) 

l-2'+..-=| [ (i^ + 2^?^ + 3^ +•••) '^'^^ 
r €*"""> -2e"''*'' aiuff V(2a;) - 1 coaaa , 
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[The sum of the series under the integral sign, viz. 

sr -T — 5 can be deduced from that of series Sf -z ; 

for we know that 



therefore 

^« «' 1 f 9r £ji_±f__j;L _ J_ 

"'• n« + /8*~2 ("rr+t* 2±t2[£! _::f+I^» 2/8'i 



v« i_ >. vx 



V2 



+ , i 



By expanding the imaginary factors bj De Moivre^s 

theorem, i.e. writing c"^ =cos^ + « sm-^, we obtain, 

after some deductions, 

« n' _ IT e^^^-e-^^^-2sin (7r/8V2) 
* n* + /8* "" 2)8 V2 e^0*^+e-*/*^-2 cos (9r)8 V2) ' 

and putting p^s/x and substituting for the series in the 
integral. (7) is obtained^. 
Similarly, from the mtegral 

sinax , ,^. 

dx (9), 



,"•— r" ^ sinaa 



* This can be proved in sereral ways, but moat aunply thus: 

11 1 1.1. 
cot air = — + + + + -5- +... 

1 2a 2m. 

therefore t cotaw » - + -= — - + -= — ^^ +..., 

put a = 8i and 

I 1 «- ^^ . 1 
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we find j+}*+^+... 

but I d[r = f>-, abdngpottthre, 80 that 

_ r ^^c»^ ^, 2e^^^ any v^(22r) - 1 Mnaa? 

for obtaining which resolt, the formula used is 

_1 v_ ^^^^,^-^^^4.2 «n(y)8 V2) _ J_ 

^ n* + /3*"2)3' V2 e*/^^+e-*^'^-2co8(ir)8V2) 2/8*' 

It will be noticed that in these expressions the hyperbolic 
sine and cosine enter STmmetricallj with the trigonometrical 
sine and cosine, so that it will be convenient to have a short 
notation to express the former. Let then, in accordance with 
Prof. Cayley's notation, 

sinh^= ^ {e* - e"*), 
cosh a; = ^ («* + e'')j 
and the sammatlons take the form 

T«^^' _ "w- sinh { nfi s/2) - 8in(irff V2) 

^' n* + /3^ " 2/9 V2 cosh (9r)8 ^J2) - cos(ir)8 v2) '"^ ^^ 

« _1 w^ sinh (7r)8 V2) 4- 8in(?r)8 V2) _ J^ 

^ w* + /8* "" 2/8' V2 cosh (tt/S V2) + cos(7r)8 V2) 2/8* 

(11), 

and die integralB become ' 

ff + j* + ?*+... 



fliph [ir >J[2x)]—wa{nT >J[2x)] cosoa; - . . 
cosh {it V(2a;)}-co8{7rV(2a;)} 7(2^ aa'-llz}, 



-i: 

r sinh [it V(2a;)} 4 sin {it V(2a;) } sinoo; , . . 
_ cosh [ir V(2aj)} -cosJtt V(2a?)} 7(2^ ^«-U3J. 

9 evident, from the two examples which have just been 
that we can always by means of either of the integrals 
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(5) or (9) express A^q + A^q* -^ A^^ -^ ... as a definite integral 
whenever we can sum the series 

and A_^^._f_l l_l 

The following are a few simple cases in which the series 
admit of summation : 

_i L_+_l 1 (,A\ 

I'+yS* 2''+)8' ^ S'+yS* '"" 2/8» 2fi anh (w^'"^^*'* 

I'+zy a'+zS" "^ SH/S" •••" 4 cosh (iTT/S) ^**^' 

^^ ' , L__ 



'4y8*V cosh(i»r/9)J ^^*)' 



1 1 1 

l»(l« + ^») ■'' 2'(2' + /8*) ■'' 3'(3*+y8*) ■*"••• 



^. J w cosh(9rff ) . 

6/3* "^ 2;8* 2i8" sinh (ir/8) ^ ^' 



1 ^ , ^ 



^^* 1 J<r 1 ' . . 

12/8" ~ 2^8* ■•" 2/8* smh (9r/9) " "• ^^"' 



these may be deduced from the series 

cosa; cos2a; cos 3a; w cosh {^9 (•»•- a;)} 1 

1' + /3* "^ 2' + /8' "^ 3'' + /8' ■•"•••" 2y8 Binh(ir/9) 2^' 

(which is obtained by Fourier's theorem) by differentiation 
and integration, but (17) and (18) may be obtained more 

umply by subtracting (8) and (14) fiwm 55 + r; +...(= Jn') 
11 12 

and p — oi +...(= tV"*) respectively. 
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The integral-Bommations to which (14). ..(18) lead, are 

r co6\i{iTiJ\x) gin(ffV^a!)— Bmh(trV^a;) co8('wV^g) coeaa . 
^ } , cosh [ir V(2x)} - cos^ir V(2a;) j V(2aj) 

, ^ (19), 

f co8h(^r-\/^a!) 8in(y Vjta;)+8iph(7rV| a!) coB(9rVJa') sinoa; , 
cosh [ir V(2a:)} - cosjir V(2»)} V(2^) 

(20), 

1 r co8h(|«- Via;) coa^Tr ^jx) 

2}, C08h(ir V4a;) + co8(«-Vi») <^"*'^ ^^^J' 

2 -32* + 52"-... 

- * r 8'Ph(iy Via;) Bm(|ir V|a) .„^^ , ^„„. 

_ 1 r" BJnh (fr Vja;) sin (jff Vja?) cosox , . . 

" 2 j, cosh (ir VJa;) +co8(9r VH ~^ ^ " 

lT-2 + 42*-i2"+- 

_ 1 f " cosh (jff Via;) cos (Itt Vjg) sinoa; , . . 

~3J, cosh (ir Via;) + cos (9r Via:) a; ^ ^' 

2 + i2* + i2*+— 

_r rsInh{7rV(2a;)}+siD(^V(2a;)} ^^ Ll cosoxA: 

j, Lco8h(irV(2a!)}-cos{9rV(2x)} xV{2*) Tra;*]*^"**" 

(25), 

f' «" f ff V(2x)] - sinh {v V(2x)} sin ax , . . 

[v V(2x)} - cosjw V(2x)} X V(2x) ^ -*» 

h (tt Via?) sin(7r Via;)+sinh (tt Via;) cos{7ry/^x) 1 
coslw V(2a;)} -cosh {ir V(2a;)} a:V(2a:) 



+ —5 cosoajeir (27), 
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_ r* sinh (tt Vi^j) co8(7r Vi^:) — cosh (?r V^a?) 8in(7r Vi^;) 
cosh {ir V(2a?) - cosfTT V(2«)l 



-r 



sinoo; 

a; \/(2a;) 



dx. 



.(28). 



Of these, (19) aad (20) follow from (14), (21) and (22) from 
(15), (23) and (24) from (16), (25) and (26) from (17), (27) 
and (28) from (18), by the aid of the Integrals (5) and (9). 

It IS unnecessary to give any details of the work by which 
these integrals are deduced, as it resembles in all the cases 
that indicated above for the series y-f ^*-l- 2*-l-.... The 
reductions were tedious and troublesome. The constant 
which occurs several times on the left-hand side enters into 

the equations through replacing 1 dx hj — ^ 

The series-summations (which are omitted for brevity) 
can easily be deduced from the integrals if required; thus, 
for example from (24)^ 

cosh(^7rV^a?) C08(^7rV ^a:) 1 . ±\ ^ ^:^^^ 
cosh (tt ^{x) + co8(7r Vji) 2^ ^ ^-'^ "" smorctx, 



ri- 



we see that 



l*+/3* 






IT 
'1 



11 ~«K2^2M^ 



^ 



^ --Q--G?) 



For the summation of geometrical series of the third order 
(such a8^+2^H-j"+...), the integral (9) is alone appropriate; 
for (5) gives 

?i' cosouz; , ^ .3 
dx^-q , 



r 



n* + a?« 



*iid -a — 7^ cannot be resolved into partial fractions of the 
form — , — ^ ; from (9), however, we have 



/: 



x smouc J IT n^ 



VOL. XI. 



Digitized by VjOOQ IC 



338 On the Summation by Definite Integrals cf 

and -^ — Tvi can be resolved into partial fractions of tlie 
required form, viz. 

1 _L f_i 1 i + tV3 

n* + /y*3^ n« + )8- 2^, ^ /I ^ tV3T 
_ 1 l-tV3 1 

whence from (8) 

TT I (V3 8iDh(7rff)-8lD(7rg V3)}-8inh(ir)8)-V3 8iD(7r/8 v/3) 1 

" 2^8 cosh (TTiS) - cos (TTiS V3) "* ^ » 

therefore 

_ _ w^ ainh (irff) + V3 sin (ttjS V3) J_ 
2/3 co8h(7r/3)-co8(ir/3V3) ■'■^' 

andsr ^^ 



_ ^ fcos h (ff/g) ainh (ff/g) + V3 8in(T r/ 9 V3) > _ 3 
~ 2/3 (sinh (ir/S) "'' cosh (wyS) - C08(7ri8 V3) J ^ » 

whence sr j^sq^^ 
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sinh (^TTjri) C08(^7ra;i \/3) 4 V3 cosh (^irxh) 8iD(^7ra?^ V3) ) 
cosh [wxi) — cos (ttx* V3) j 

sin ax , ,^^^ 

x-^^^ (2S>- 

In a similar manner by the aid of (14) we can prove that 

sinh (^TTj;^) cog(^7ra:l V3) -f V3 cosh (^Trari) sin(|7ng^ V3) ) 
cosh (Trari) — cos {ttxI \/3) j 

sinoa? , ,-^. 

^-^'^ (30)- 

From the formula (15) ... (18) we could, of course, obtain 
the sums of the series j- 32*' -h Sj*** — ... , J — i^+..., 
and 2±|2*+ •••• 

Both of the integrals (5) and (9) are available for the 
summation ef geometrical scries of the fourth order: aa 
indeed they are for any even order, (9) alone being available 
for odd orders. 

Since -5 — jgg. can always be resolved into r partial fhu> 

A 
tions of the form -tt-d 1 i* follows, that we can always by 

means of (5) effect an integral summation of the series 
-^^^i'" + A^ + -4,^ + . . ., whenever 

A, A A, 

l«4.^+2Mri8*"''3« + /3- ■*■••• 

n 
can be summed, and since -^ — 5= can be resolved into 

n •{- fy^ 

partial fractions of the required form when r is even, (9) 
also fi^ves an integral in this case. 

The results, however, (which I have obtained as far as the 
fourth order inclusive) become, as before remarked, so com- 
plicated, and their calculation and reduction is so tedious, 
that it does not seem worth while to work out any of the 
integrals for higher orders. 

z2 
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By the aid of the integral* 

£ «•«- coslasinftx) ^ = |e-* (31), 

we may derive the summations of an interesting class of s^es. 
Thus, potting ^ = j and e"* =p, f so that a = logy, h = log - j , 
bat retaining a and b under the integral sign for brevity, 

-J^ ^«»*-cos(asinftx)^r^=j^ (32). 

In (31) a may be any qnantity, bat b and c most be sach, 
that be is positive, therefore q may be what we please, but p 
mast be less than unity. 

Thns, for example, we have firom (14) 

froin(17)2'+i/'+i/'+... 

from (10) 5*+ ^' + »/+... 

r 8iDh{^V(2x)]-s m{7rV(2a:)| ^.„^^^, ^j J^^ _^ 
-j, cosh{^V(2x))-co8{^V(2x)}^ C08(a3.nto)^.,^j. 

It is annecessary to give any more applications of the 
integral (32) to summations, as irom what nas been said, it 
is clear that it enables as to express as a definite integ^nd 
the sum of any series whose n^ term is 

(q being, any quantity, p any quantity numerically less than 
unity, and n and r integers), if we know the sununation of 



r( 



, - fl* cos 2hx 

1 4 a cos (x 4- ~'y^ — + 



n' + Z?' 

rc COS hx 

)cdx V (. ^ o* ^^ ^ 
c» + j^ 2 I 1.2 ^•••/• 



• This integral can be deduced from | ^ X'l^S ^ ~ o '^^ » 'or 



but 1 -I- a cos^j; + — r-^ — +...« a*«»*' cos (a sin&r), and this is true 
without any discontinuity for all talues of x, whence the result follows. 
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When c is infiDite, (since p < 1) j' has unity for its limit, so 
that for the series to be convergent, the coefficients 4^, A^^ 
must converge. 
The integrals 

^wMkm (508 (^ sinia? + qx) -= = = — - e"**^"*** 

are also suitable for the summation of the same class of series. 
From the integral 



/■ 
f 



r 



«-^C0B2i«da! = ^e-*' (33), 



we can deduce in a manner similar to that in which (13) 
was obtained, that 



r 



^x«>aoo«te c0g (^ 8in26a?) {& = ^ e**"** , 



which is not of use for the summation of series. 

The integral I e"'*"^ dx = — e"** affords a means of 

summing a new class of series. 
For putting 4a* = a we have 






whence J e-^/(e*i^) dir= ^/(e'^ (34), 

f[x) being any function expansible in ascending powers 
of X* The integral (34) is worthy of notice, as there are 
but few definite integrals, admitting an arbitrary function 
imder the integral sign, that can be evaluated. 
From (34) we deduce at once 



'-r*r-r*--^r 



1-e ««• 

e^dx 



l + e*«*« 



±2"'-k"'±k^-...= ^£«-^iog(i±.-fi)(&. 



&C. = &C. 
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J being equal to e'*" ; so that if we can sum S* A^^ we 
can express S* A^if^ as a definite integral, the only case re- 
quiring care being when the sum of 27 Ajf is ambig^oous aa, 
e.^., when 

tan"*^6 to*=:6"te« — |e'*«' + ^e ««*—•.., 

in which the arc intermediate to and \ir must be taken. 
The inte^al may also be written by making an evident sub- 
stitutiou m the K)rm 



re''^'^dx— . I - . 



so that we can deduce Sf A^^ from 2* -4^^^*; and writing 
(33) in the form 

j e-^ cos2Ja:&; = - a/- «"^ (35), 

we see that 2f ^^ ^ can be expressed as a definite integral 
if 2|° A^ can be summed ; thus, for example, 

1,1, 2 /^ cos2&a;d!2c 



1,1, 2 /* C082J; 



where 2 = 6"** so that 8=*A/log-, 



The inte^al (35) leads us back to the consideration of 
the series which Ckuchj obtained from (1), viz. 

(36). 

This theorem Cauchj speaks of as haying appeared to Laplace 
of so much interest, that the latter Tcritied it numerically 
when a was small. Cauchy also remarks that Poisaon had 
obtained it also by considering the decomnosition of a 
definite integral into sin^lar integrals. Another investiga* 
tion of it is to be found m Schldmilch's Analytische S^dieny 
part II., p. 30. 

Uauchy proyed a more general theorem, yiz^ 

2V'7r f- . -^ 27raj . -tl* 4.irx ) ,^,, 

= \\-\-e a«cos +e o* cos + ...> (37). 

a { a a ) ^ ' 
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This result is also obtained by Sir W. Thomson in a far 
more natural manner, viz. from Fourier's theorem,* and 
another proof depending on elliptic functions, by Professor 
Cayley, is added. 

The integral j xe'^ coiaxdx^ diown in this paper to be 

equal to a slir S^ ne , has, I have since found, been evaluated 
by Prof, de Haan {NouveUes Tables (^, Table 362), who 
finds that it is eoual to - a »Jir 2* W6"^, a result identical 
in form, but of different sign from that given above. From 
the reference it is clear that Prof, de Haan obtained his 
evaluation by differentiating the integral 

r 6-^ log(sin*aar) t&=: Vir |- log2 + 2^ \e^"^\ 

with respect to a. 

This last integral was obtained by Schldmilch {AnalyUscke 
Studien^ part I., p. 159), in the form 

-^ r 6"^log(4sin*aa;)e£» = e-Vic"^ + ic-^+.... 

The error of sign is caused by 8chl5milch having taken 
the sum of the series 

r cos«+ Jr* cos2«+... to be ^ log(l-2r cos« + r^, 

instead of - ^ log(l- 2r cosis + r^^. The integral in the 
formula marked (6) in Schldmilch s work has aLo a wrong 
sign for the same reason. In the Tables, the two errors 
in (7) and (8), Table 467, are correctea in the errata: 
but the integrals {!&) and (16), Table S62^hich were deducea 
from them, have not been corrected. The values of these 
last two integrals should have their signs changed. The 
value of the integral (10), Table 467, has also a wrong sign. 

In the first edition of the Tables (Amsterdam Transact 
ttonsj vol. IV.), the corresponding integrals are (12), (13), (14)^ 
Table 439, and (20), (21), Table 388, all of which are wrong 
in sign ; in the last two the reference also is inaccurate. 

• Qimrtsrly Journal, vol. I., p. 316. 

July, 1871. 



Digitized by VjOOQIC 



( 344 ) 

ON A TUEOREM RELATING TO EIGHT POINTS 
ON A CONIC. 

By Professor Catlet. 

THE following is a known theorem: 

" In any octagon inscribed in a conic, the two sets of 
alternate sides intersect in the 8 points of the octagon and 
in 8 other points lying in a conic" 

In fact the two sets of sides are each of them a quartic 
curve, hence any quartic curve through 13 of the 8 + 8 points 
passes through the remaining 3 points: but the original 
conic together with a conic through 5 of the 8 new jK)int8 
form together such a quartic curve ; and hence the remaining 
3 of the new points (inasmuch as obviously they are not 
situate on the original conic) must be situate on the conic 
through the 5 new points, that is the 8 new points must 
lie on a conic 

We may without loss of generality take (a,*, ol, 1), 
(a,", a,, I), ...(a^", a^, 1), as the coordinates (a?, y, z) ot the 
8 |K>ints o£ the octagon ; and obtain hereby an h posteriori 
verification of the theorem, by finding the equation of the 
conic through the 8 new points: the result contains cylical 
expressions of an interesting form. 

Calling the points of the octagon 1, 2, 3, 4, 5, 6, 7, 8 the 
8 new pomts are 

12.45, 23.56, 34.67, 45.78, 56.81, 67.12, 78.23, 81.34, 

viz. 12.45 is the intersection of the lines 12 and 45; and 
so on. The 8 points lie on a conic, the equation of which 
is to be found. 

The equation of the line 12 is 

a:-(a, + a,)y + a,a,« = 0, 

or as it is convenient to write it 

a:-(l + 2)y+12.«, 

viz. I, 2, &c., are for shortness written in place of a,, a,, &c. 
respectively. 

The coordinates of the point 12.45 are consequent propor- 
tional to the terms of 

1, -(1+2), 12, 

1, -(4 + 5), 45, 
or say they are as 

12 (4 + 5) -45 (1+2) : 12-45: 1 + 2 -(4 + 5). 
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The equation of the line (12.45) (23.56) which joins the 
points 12.45 and 23.56 thus is 

^ J y ) « 

12 (4 + 5) -45 (1 + 2), 12+45, (l + 2)-(4 + 5) 
23 (5+ 6) -56 (2 + 3), 23-56, (2+.3)-(5 + 6) 

where the determinant vanishes identically if 2-5=0 (Oj-a^^O) ; 
it in fact thereby becomes 

2^1-4),' 2(1-4),' (1-4) 
2»(3-6), 3(3-6), (3-6) 

which is = ; the determinant divides therefore by 2 - 5 ; 
the coeflScicnt of x is easily found to be 

= (2 - 5) (12 - 23 + 34 - 45 + 56 - 61), 

and so for the other terms ; and omitting the factor 2-5 
the equation is 

X {12 -23 + 34-45+56-61} 

-y {12(4+ 5)-23(5+6)+34(6+l)-45(l+2)+56(2+3)-61(3+4)} 

+ z {1234 - 2345 + 3456 - 4561 + 5612 - 6123} = 0. 

Tliere is now not much diflSculty in forming the equation 
of the required conic ; viz. this is 

(2-8){a;-(6 + 7)y+67;?} 

r ir[12-23 + 34-45 + 56-61] \ 

|-2^[12(4+5)-23(5+6)+34(6+l)-45(l+2)+56(2+3)-61(3+4)]i 

l+«[1234-2345 + 3456-4561 + 5612 - 6123] J 

^.(6-8){a;-(l + 2)y + m} 

fir[23- 34 + 45-56 + 67- 72] -j 

-y[23(5+6)-34(6+7)+45(7+2)-56(2+3)+67(3+4)-72(4+5)]V 
+js[2345 - 3456 + 4567 - 5672 + 6723 - 7234] J 

= 0. 

In fact this equation written with an indeterminate co- 
efficient X, say for shortness, thus 

67 [(12.45) (23.56)] = X12. [(23.56) (34.67)] = 0, 

is the general equation of the conic through the 4 points 
12.67, 34.67, 12.45, and 23.56; and by making the conic 
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pass throngh 1 of the remaining 4 of the 8 points, I succeeded 

fi — ft 
in finding the value X = - — - , so that the conic in questiou 

passes through 5 of the 8 points, and is therefore by the 
theorem the conic through the 8 points. But as thus written 
down the equation contains the extraneous factor 2 - 6, as 
appears at once by the observation that the left-hand side on 
wnting therein 6 = 2 (a^ = a,) becomes identically = ; the 
value in fact is 

-(2-8)[a;-(2-f.7)y+27«](23-34+45-52)[x-(l+2)y + 12z] 

+ (2-8) [a;-(l-f2)y+ 12^2?] (23-34-f45-52)[a;-(2+7)y+27r] 

which is =0; there is consequentlv the factor 2 — 6 to be 
rejected, and throwing this out the eauation assumes a 
symmetrical form in regard to the 8 symbols 1, 2, 3, 4, 5, 6, 7, 8. 
The coefficient of ad^ is very easily found to be 

= (2 - 6) (12 - 23 + 34 - 45 + 56 - 67 + 78 - 8 1 ), 

and similarly that of z^ to be 

= (2 - 6) {123456 - 234567 + 345678 - 456781 + 567812 

- 678123 + 781234 - 812345], 

those of the other terms are somewhat more diflicult to 
calculate ; but the final result, throwing out the factor (2 — 6), 
and introducing an abbreviated notation 

212 = (12 -23 + 34 -45 + 56 -67 + 78 -81), 

and the like in other cases, is found to be 

iT*. 212 

+ 3^\ [212 (4 + 5) (6 + 7) - i21256] 

+ z* . 2123456 

- yz . 216 (234 + 235 + 245 + 345) 

-^-zz [21234 +i21256] 

-a?y. 212(4 + 5 + 6+7) =0, 

where it is to be observed that 21256 consists of 4 distiBct 
terms each twice repeated: ^21256 consists therefore of 
these 4 terms ; and in the coefficient of y* they destroy 4 of 
the 32 terms of 212 (4 + 5) (6 + 7) so that the coefficient of y* 
contains 32 — 4, = 28 terms. In the coefficient of ex there is 
no destruction, and this contains therefore 12 + 4, = 16 terms. 
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ON THE ANALOGUES IN THE THEORY OF QUADRIC& 

TO SOME KNOWN PROPERTIES IN THE 

THEORY OF CONICS. 

By R. TowNSEKD, M.A., F.R.S. 

1*. WHEN, in geometry of two dimensions^ two conies 
5, and 8^ have a common centre and axes, it is 
evident, from the symmetry in the four quadrants determined 
by the axes, that the eight tangents at their four common 
points touch a common conic Ey and that the eight points of 
contact of their four common tangents lie on a common conic 
F] the two associated conies E and F having the same 
common centre and axes with the two original conies 8^ and 8^, 

Hence at once, bv homographic transformation, for any 
two conies 5, and 8^ naving a common self-reciprocal triangle 
(that is for any two conies whatever)^ the eight tangents at 
their four common points touch a common conic J?, and the 
eight points of contact of their four common tangents lie 
on a common conic F; the two associated conies E and F 
having the same conmion self-reciprocal triangle with the 
two original conies 8, and 8,.* 

2**. Analogously, in geometry of three dimensions, when 
three quadrics 8^J iS,, 8^ have a common centre and axes, it 
is evident, from the symmetry in the eight octants deter- 
mined by the axes, that the twenty-four tangent planes at 
their eight common points touch a common quadnc Ey and 
that the twenty-four points of contact of their eight common 
tangent planes lie on a common quadric F] the two associated 
quadrics E and F having the same common centre and axes 
with the three original quadrics 5 , /S,, 8^, 

Hence at once, by homographic transformation, for any 
three quadrics /8,, o^j 5, having a common self-reciprocal 
tetrahedron^ the twenty-four tangent planes at their eight 
common points touch a common auadric J?, and the twenty- 
four points of contact of their eight common tangent planes 
lie on a common quadric F] the two associated quadrics E 

• See Salmon's Conic Sections, Edt. 5, Arts. 334 and 335. Where 
these properties (due originally to himself) are proved directly, and 
the equations of the two remarkable conies E and F{io the importance 
of which in the theory of two conies he was the first to direct attention), 
obtained in a very simple and instructive manner. 
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and F having the same common self-reciprocal tetrahedron 
with the three original quadrics S,, j8„ 8^. 

S". It is ag^in evident, from the same aforesaid symmetry 
In the eight octants determined by the three axes, that, for 
three qaadrics 8^^ 5,, 8^ having a common centre and axes, 
the twenty-four tangent lines to two of them at their eight 
common points tonch a common quadric H^ and the twenty- 
four tangent lines to two of them in their eight common 
tangent planes touch a common quadric K] the two associated 
quadrics H and K having, like the two E and Fj the same 
common centre and axes with the original three S^j /8 , 8^, 

Hence a^ain, by homographic transformation, tor any 
three quadncs /S,, 8^^ 8 bavmg a common self-reciprocal 
tetrahedron^ the twenty-four douole tangents at their eight 
common points touch a common quadric fi, and the twenty- 
four double tangents in their eight common tangent planes 
touch a common quadric K; the two associated quadrics H 
and K having, like the two E and F^ the same common self- 
reciprocal tetrahedron with the original three 8^j 8^^ 8^.^ 

4**. The equations, in point (or quadriplanar) coordinates, 
of the three original quaarics /S,, /S^, 8^ referred to the four 
faces of their common self-reciprocal tetrahedron,t being 

^a'' + i^-fc.7' + rf.S« = o[ (1), 

those, in similar coordinates to the same planes of reference, 
of the two associated quadrics E and F may be obtained 
immediately as follows. 

As regards the equation of E. The three tangent planes 
i,, Z,, L^ at any one of the eight points 0^78 common to 
Sj, fig, iSg, of which the equations are 

aji.x-}' J^.y + c«7.« + <?,S.M? = 0> (2), 

ajx.x + h^,y + c^'i-z + dj^.xo = oJ 

* It will appear in the sequel, that for the same system of three 
original quadrics S^^ S2, 8,^, there are four different quadncs S, and also 
four different quadrics K, touched by the two aforesaid systems of 
double tangents respectively; both quartets being related as aboye to 
the original triad. 

t Their equations in plane (or tangential) coordinates, referred to 
the four vertices of the tetrahedron, would be precisely of the same form 
and for all the purposes of the present paper as easily manageable as the 
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all touching tbe quadric E] if tbe equation of the latter be 

a.a;" + iy + c/ + rfy = (3), 

we have at once, by comparison of coefficients, the three 
relations 

a. b. c. d. 



h: 



«. *. c. d, 

b: 



a. b. c d 



•w, 



from which, equating the valnes of a* : /S" : 7* : S*, as given 
by them, with those given by the equations (1), it follows at 
ooce that 

• • • • • {Key:) ' (cxv) ■ (W*.*) ' («/vo 



(5), 



the several quantities within parentheses representing de- 
terminants. 

As regards the equation of F. The three points of con- 
tact P,, -r,, P, of any one of the eight tangent planes common 
to 5,, 8^j 8^^ the coordinates a,, &c., a^, &c., Cg, &c., of 
which, hj virtue of the evident relations «!«.=«,«, = Oaa,, 

K0, = ^A = *3^3) ^i7t = c»7« = Ca7s, ^|S^ = dA = ^Ai are given 
by the equations 






■(G), 



with two similar triads for a^^yA ^^^ ^a^^yJ^B^ ^^^ ^j'^^S ^^ 
the quadric F] if the equation of the latter oe 



a/X* + iyy* + c-fZ' -f dyw* = 



(7), 



then, from the three relations resulting from the substitution 
in it for a?' : y* : «" : w'^ of the values of a* : fi* : 7j* : S,", 

above. With the use of those employed, however, the general reader 
will probably be more familiar. 
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of a/ : /3/ : 7 * : S/, and of a^* : fi* : y* : S,*, as given by the 
three triads of equations (6), it follows at once that 

Ofih/iCfid/ 

(LLL) (111.) (±11) (11^) 

(iii\ ' (111)' (iLi\' fili^ 

V6, c, dj \c, rf, a,y W, o, 6,/ Vo, J, c,/ 

(8) 

the several qaantlties within parentheses, as before, repre- 
senting determinants.* 

The two quadrics E and F^ whose equations (3) and {7) 
are thus known from the proportions (5) and (8), will be 
indeterminate, the former, as appears fi*om (5), when the 
several determinants (ijC^rf,), (c,rf,a,), (d,a,ia), («,^,c,), suid the 
latter, as appears from (8), when the several determinaats 

ft k 1) ' ft. \ I) ' Ct; k \) ' {k \ D ' *" ""'^'*- 

Of this the reason is obvious, the three quaarics 5,, S,, iS, 
having a common curve of intersection, and therefore an 
infinite number of common points, in the former case, and 
a common developable of circumscription, and therefore aa 
infinite number of common tangent planes, in the latter case. 

ff*. The two triads of equations, which give by elimination 
the values of the several ratios a^ : i^ : c^ : o^ and a^ib^ic^i d^ 
for the two quadrics, or rather, as will presently appear, 
for the two quartets of quadrics, H and K^ may also be 
readily obtained as follows. 

As regards the triad for H. The three lines of inter- 
section Z, 7^, /j of the three pairs of tangent planes X, and Z^^ 
X3 and X/,, Xj and X, of the preceding article, whose pairs 

• For a triad of quadrics 8^, 62% 8^', whose coefficients a/, 6|', &c, 
are the reciprocals of those Oi, 61, &c., of 8^, 82, 8^ the coefficients 
aj, &c., and aj, &c,, for JE' and F' would, bv the above proportions 
(6) and (8), be the reciprocals of a^ &c,, and a«, &c., for F and S 
respectively. The reason of this is manifest, the three pairs oi quadrics 
^1 and 8^\ 8^ and 8^9 8^ and 1^3' being then reciprocal polars to each 
other with respect to the imaginary quadric 0*4/3*47*4^*^0, and the 
two pairs E and F', E' and jP being in consequence similarly related to 
each other. The same remark may, for the same reason, be applied 
generally to the seyeral equations connected with the two ^uadncs, or 
rather with the two quartets of quadrics, H and K^ as given in the 
succeeding articles, and might also, for a similar reason, l^ so applied, 
were the entire system of equations expressed in tangential instead 
of as above in quadriplanar coordinates. 
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of equations are those of their determining pairs of planes (2), 
all touching the quadric H^ if the equation of the latter be 

«A«*+*Ay*+v'+^X=^ W> 

then, eliminating between it and those of /,^ of /,, and of /,, 
successively, any two x and y of the four variables x^ y, Zy tOj 
eqnatine to nothing the discriminants of the three resulting 
quadratics for the ratios of the remaining two z and w^ and 
substituting in the three results the values of the several 
ratios of : jS* : y* : S* as given by equations (1), we get, to 
determine the ratios of any three of the four coefficients 
a^, bj^j c^, d^ to the fourth, the three equations 

+ (c,c?.a,) (a,i.cj (J.d^'.c,a, + Ka^iJ (i.c.rfj {c^a;)' .b,d^ 

+ K«.*J («iV.) M.)'-«A + (*,^A) M.«J («Ar •^'A = 0, 
(*M) («.V.) M.)"-**^* + M,«») ««A) (V.)* -^^^^ 

+ {cA^s) («A0 (M.r.<^A + (^M) (*/A) (^'.^.r -M. 

+ K«A) («iVJ M.)'-«A + A^J.^s) K<«J («Ar -c*^. - o, 
(*M) (^A^'s) («irf.)"- V* + (^.^'a) ««A) A^.)' -^iirf* 

+ (^,^,«J («.V.) (M.)'-<'A + ««,^) A^'A) (^a)' -M. 

+ K«A) («,*a) A^'.l'-^A + (*,c.^.) M,«.) («.*J' 'C,d, = 0, 

- (10), 

the elimination between which of any two of the three ratios 
leads to an equation of the fourth degree for the third ; thus 
diowing, as observed above, that there are four different 

auadrics II which nossess the property in question of touching 
ie eight triads of lines /, /•, /„ &c. 
As regards the triad for K. The three lines of connection 
J.J J^y Jl of Ae three pairs of points of contact P, and P^, 
P, and P^y Pj and P, ot the preying article, whose coordi- 
nates a,, &c., a^, &c., Oy, &c, as there shewn, are given by 
the three triads of equations (6), all touchbg the quadric K; 
if the equation of the latter be 

a^ + fty + c^* + «/^M?' = (II), 

then, substituting successively in it for Xy &c., a, -h X a,, &c., 
*8 + \*ij ^'1 ^ + \«i» &c, equating to nothing tne dis- 
criminants ot the three resulting quadratics for X,. X^, X^, 
and substituting in the three results the values of the three 
groups of ratios 
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as given by the three triads of equations (6), we get to 
determine the ratios of any three of the four coefficients 
a^, i^, c^, dj^ to the fourth, the three equations 

if A dik k -Xk fJ-'^'^^k k d(k i 'dik ^h"^*^' 
ik k -Xk k ^Xi c) -^''^^ik k ^Xk kcXkd'-"*'^' 
ikk d(k k^Xc}) '"'"^''ikkaXkkdivd) •^*'^ 

ikk 'dXk k «,)(«.^) -"'^'^(k i^XkfJXk ij-'*^*^^ 
{kkkXkkk)ikd'^'"*^^kkkXkkd(k3)-'''^' 
'S k 'dik k ^Xk a) •'^''^^ik k-Xk k ^X^}) '^*^* 
Kl. VdXk kkXk fh'*ikkk)ikidik ^J"^''*="' 

/ (12), 

the elimination between which of any two of the three ratios 
leads, as for the case of H^ to an equation of the fourth 
degree for the third ; thus shewing, as observed above, that 
there are also four different quadrics K which possess the 
property in question of touching the eight triaas of lines 
^ij ^ ^8» &c.* 

The two quartets of quadrics H and K^ whose equations 

(9) and (11) are those implicitly given by the two triads 

(10) and (12), will be indeterminate, as appears from the 
latter, under the same circumstances as the two E and F^ 

• Of the two different triads of equations (10) and (12), obtained 
above by distinct processes, either, by virtue of the general observation 
in the note to Art. 4°, might be written down at once from the other: 
the two associated quartets of quadrics JET and K', or A' and H', for 
two reciprocal triads of original quadrics Sy, S^, S^ and S^\ 8^% S^\ 
being manifestly reciprocal to each other. 
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the reason, see preceding article, being of course the same 
in both cases. 

6^ In Geometry of Two Dimensions, for any two conies 
/S„ 8^ having a common self-reciprocal triangle (that is for 
any two conies whatever), every line L whose chords of 
intersection with both cut each other harmonically touches 
tlieir associated conic E^ and every point P whose angles 
of subtense with both cut each other harmonically lies on 
their associated conic F. See Salmon's Conic Sections^ 
Edit 5, Arts. 334 and 335. 

Analogously, in Geometry of Three Dimensions, for any 
three auadrics iS„ S^y 8 having a common self-reciprocal 
tetrahedron, every line I whose chords of intersection with 
every two of them cut each other harmonically touches their 
associated quartet of quadrics H^ and every line J whose 
angles of subtense with every two of them cut each other 
harmonically touches their associated quartet of quadrics K. 

As regards the former property. If a'ffy'B' and a'ff^y'B'* 
be the coordinates of any two points P', P' on any one 
of the lines / in question ; then, m order that the line PP' 
or / should intersect 8^ and 8^, /S, and /S„ 8^ and S,, re- 
spectively, in pairs of chords cutting each other harmonically, 
we must have the three equations of condition* 

(V. + V.) (/3V' - /S'V)' + (a/. + a.rf.) (aT - oi'Sy 
4 K«. + c.«.) (7'«" - 7"«r + [b,d, + J.J.) (/S-S" - /S-S')" 

+ («A + «A) («'/3" - ""/s-)' + (cA + c.rf.) (y«" - i'sy = o, 
(V. + *.0 {^i' - /3'V)' + M. + «.<^J («'«" - «"«')• 

+ («/. + «.*.) («'V3" - ^'^r + («.''. + c.''.) (7'S" - 7"sr = 0, 

+ («.^+ «.*.) («'/3" - a'W + (o.'/. + c,rf,) (yS" - 7"S7 = 0, J 

(13), 

• See Salmon's Omic Seetiom, 6th edit., p. 295, note. Where the 
two conies U and K may evidently be replaced by two quadrics, and 
the two polar lines P and Q with respect to them by the two 
corresponaing polar planes with respect to the quadrics. 

VOL. XI. A A 
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and, in order that it should in addition teach a qoadric ii 
having the same common self-reciprocal tetrahedron with 
iSj, S^ 8^j if the equation of the latter be 

a„^ ■¥ bj* -{-cy -h d^to^ = (14), 

we must have the additional equation of condition 

*.<'J^7"-r7T+c«aj7'«"-7V)'+«A(«'/3"-«"/9')* ) 

+«A(a'«"- <^"^T+K'^^i^^"-^'^T+<:J^ (7'«" - 7"«T = 3 

(15), 

between these four equations of condition fl3) and (15) 
eliminating any three of the six variables {ffy — i3^'j)*j &c, 
which enter into them all linearly, and equating to nothing 
in the result the coefficients of the remaining three, we get 
three* equations of the same form as those (10) of the 
preceding article for the determination of the three ratios of 
any three of the four coefficients a^ i^, c^, d to the fourth ; 
thus shewing that there are four different quadrics M touched 
by the system of lines /, which (as will be presently shewn) 
are in fact no other than the four H that are touched by 
the eight triads of lines /,, /„ I^. &c., of the preceding article, 
the whole twenty-four of whicn are manifestly included in 
the system /. 

As regards the latter property. If v>qrs' and p"q"r"s" 
be the coefficients of any two planes i', L" through any 
one of the lines J in question ; then, in order that the line 
L'L" or J should subtend 8^ and /S„ 8 and 8^^ 8^ and /g„ 
respectively, in pairs of angles cutting eacn other harmonically, 
we must have the three equations of condition,t 



• Denoting by /,, wij, n„ p^^ y„ n ; /,, &c., the eighteen coefficients 
of the six variables (/S'Y'-'/S'Y/, &c., in equations (13), and by 
/^ f/t;p, n„ />,, ^jB, r, the six of the same in equation (15); the above 
three equations of connection between the entire twenty-four, as well as 
all the other triads which could be obtained by the same process, may 
evidently be exhibited together in the determinental form 



= 0. 



t These may either be obtained directly by Dr. Salmon's method, 
like the preceaing conditions (13), or they may be written down at 
once from the latter by substituting for the two planes L\ L' their 
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(4 ^ 4) "■'■ - '"'■'■ * fe ^ »^) <'■•' -"'•■'■ 

^ (^ ^ ss) ('>" - 'W -^ Gs * 5?.) tf •■ - «• ) 

116)> 

and^ in order that it should in addition touch a quadric N 
having the same common self-reciprocal tetrahedron with 
S,, 5,, 5„ if the equation of the latter be 

«.^' + *y + ^H«' + <«^' = (17), 

we must have the additional equation of condition 

jj^ (jv - 2"/)' 4 ^ [ry - »•>')' +^^ ^i^i'-fi? 



(18), 



two poles P', P", for the Hoe LL" its polar VV'\ and for the three 
quaorics Bxt S^ S^ their three reciprocals iS/, i^,'* ^s* ^i^^ respect 
to the imaginary' quadric a* 4 /3* + 7* + ^'^0. See Art. 4^ Note. 

AA2 
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terre^i tb»9e t.-zT e:^Li£:fi^ c* c»:ci!r>T: !•? ao^ IS' elhm- 
t-it'r^r any tir^j* c: tjt sx riHille* ^ r' — c V *. 4:c-, wfakiL, 
as izi tbi icrrr-^r ex?*?, ect-tr int:- tsem all Ihseariv, and 
ec^Litin^ to zi'j'':':rz i^ tl-e resclt tie co^dents of tbc re- 
Tnafr'^z tLrcc, we r^ tlr^^* fr^Tiaticns of the same form 
» thi-se 12 of tr-> prec^ilnr article iyr the detenninJb- 
tijc of iLe tlre« nti:e of anj trxee of the four ooefficienU 
«,, i^. r^, </^ to tie :::Lrrh; tL^*^ sbewia^ that there are 
foar dir erect c **iH:* -N' t:-c-H:^ bv the system of lines •/, 
wLich as wiii be p«v5e::tly shewn are in fiurt no otbo* 
than the fi-cr IT that are t "cLeJ by the eight triads rf lines 
«/., f/., -/^. 4c^ of the prece-ilnz artide, the whole twenty-4bar 
of wLlch are xnaniiestly icduieJ in the system /. 

T\ That the two qoartets of qoadrics M and K are in 
fact D^ other than the two H and K^ though erident 
indirect! J from the two systems of lines / and J inclod- 
ing", as they manifestly do respectively* the two systems 
/., /j, /, ic, and «/., J^^ J^^ &c^ of Art. 5' , may easily be 
shewn directly as follows : 

As regards the first identity. The three lines of intersec- 
tion /,, /,, / 'Art. 5'; of the three pairs of planes i, and Z , 
i, and Z,, i/, and Z, ;Art. 4^ all touching the qoadric /f, 
the eqoatlon of the cone which from their common origin 
OL^fi as vertex envelopes that quadric must consequently 
be of the form 

k^.L^L^-^l-^.L^L^-^^k^.L^L^^O (19). 

Substituting in this for Z,, Z , Z, from equations (2] Art. 4% 
aud identifying in the resmt the coefficients of the six 
products xy, &c., with those of the same in the known 
equation of the same cone, viz. : 

4- a^d^ (Sx- air)*+ h^d^ (Sy-i3tt?)'+ c^df^ {hz -7m?)*=o) 

we get, to determine the three multipliers k^^ k^^ A;,, and the 



• Denoting, as in the note to the preceding property, by /,, &c., the 
twentjr-four coefficientJi of the six variables {q'l^ - q'r'f, &c., in the four 
equations of condition ^16) and (18); the above three eqaations of 
connection between them, as well as all the other triads which could be 
obtained by the same process, may evidently be exhibited together in 
the same determinantal form there given. 
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three ratios of any three of the four coefficients a^, ft^, c^, d^ 
to the fourth, the six* equations 

*,(«.*. + «•*.) +*.(«•*. + «.*•) + ^(« A+ «A) = - ^^'A 

*,M. + M.) +*sMi + M.) + *.(c,rf, + Ml) = -2M,^ 

the elimination between which (in any of the fifteen different 
ways in which it may be effected by mere inspection) of the 
three multipliers gives a triad of equations of the same form 
with, and of course also equivalent to, the three (10) of 
Art. 5** for the determination of the three ratios. 

Multiplying now the three equations (13) and the equation 
(15) of the preceding article (6^*) by A,, k ^ A^, and 2, re- 
spectively^ adding the whole four so multiplied together, 
and equatmg to nothing in the result the coefficients of the 
six variables (/Sy — /8 7 )*, &c., we get precisely the same 
system of equations (21) for the determination of the three 
multipliers A,, k^ A,, and of the three ratios of any three 
of the four coefficients a , i^, c^, d^ to the fourth; thus 
establishing the identity of the two quadrics, or rather of the 
two quartets of quadrics, // and M. 

As regards the second identity. The three lines of con- 
nection Jj, e/,, J (Art. 5**) of the three pairs of points 
P, and P, P3 and P^^ P^ and P, (Art. 4') all touching the 
quadric A, the equation of the cone which envelopes that 

Suadric along its section by their plane must consequently 
e of the form 

KQ.QaKQ^Q.-^KQ.Q.^^ (22), 

where ^^ = 0, ^, = 0, ^^ = are those of the polar planes 
of Pj, P,, P, respectively with respect to it. bubstituting, 



• By virtue of these six the remaining four, got by identifying the 
coefficients of the four squares «•, &c. in the two equations of the cone, 
are easily seen to be satisfied identically. As, of course, ought to be 
the case, the assumptions leading apparently to ten equations for the 
determination of six magnitudes being, as already sbei n, conbisteut. 
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as above, in this for Q^J &c., a^a .a; + &c., aa^.x-k-Acj 
a^ag.aj + &c., and identifying, as before, in the* result the 
coeflScients of the six products xy^ &c., with those of the same 
in the known equation of the same cone, viz. 

+ a^d^iBx-awY-^ M*(Sy-/8w7)*+ c^d^ {Bz -7i/?)«= OJ" ' 

where 0^78 is the pole of P^PP^j we get, precisely as in the 
preceding case, to determine the three multipliers 4,, fc^, k^, 
and the three ratios of any three of the four coefficients 
a^, i^, c^, rfj to the fourth, the six* equations 

•Vc,«, c,a,/ •W.a, c,a,/ »Vc,a, c^aj cfi^ 

'\«A a,*,/ 'UA a,*,; "\aA a.J,/ aA 

'Vc,rf, c.<^,/ *Vc.rf, c.rf,/ 'Vc.i/. C^dJ f^^i 

(24), 

the elimination between which, as before, of the three 
multipliers gives a triad of equations of the same form 
with, and of course also equivalent to, the three (12) of 
Art. 5° for the determination of the three ratios. 

Multiplying now the three eauations (16) and the eqna- 
tion (18) of the preceding article (6**) by A,, 4^, i^, and 2, 
respectively, adding the whole four so multiplied together, 
and equating to nothing in the result the coefficients of the 
six variables {qr" — cf'r'Yy &c., we get precisely the same 
system of equations (24) for the determination of the three 
multipliers k^^ i^, k ^ and of the ratios of any three of the 
four coefficients a^, ^^, c^, d^ to the fourth ; thus establishing 

• See preceding note, which may in fact be repeated here. 
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the identity of the two quadrics, or rather of the two quartets 
of quadrics, K and N. 

8°. The relations connecting the four Quartets of co- 
efficients a^, &c., a„ &c., a^j &c., a^, &c., of four quadrics 
S J 8^y /S,, 8^^ having a common self-reciprocal tetrahedron, 
which, like the two reciprocal quartets 11 and K of the three 
preceding articles, are such that every line touching any 
three of them touches the fourth also, may he readily obtained 
as follows. 

The equations of the four quadrics being 






(25), 



...(26), 



if a iSyS' and a"fi"y"S" be the coordinates of any two arbi- 
trary points P' and P" on any line / touching any three of 
them, and therefore by hypothesis the fourth also, then, 
denoting by w. v, Wy a:, y^ z the six variables {/3y — yfi")y 
&c., of Art. 6 , we have, between them and the separate 
coefficients of the four quadrics, the four equations of condition 

b^c^ . u*+ c/z^ . vV aj}^ . w?*+ a^d^ . «*+ 1^ •y*+ c^^* • «* = . 

which, holding simultaneously for all values of the six varia- 
bles involved, give consequently, as the required relations 
between the whole sixteen coefficients, the system of fifteen 
equations 

*.c,j Ci«ij «i*i> «i^o *,^.> ^Aj 
Vs) Cs«t> «A> ^A> M») <^Ay 

^8) ^8«8? ^zhl ^Aj \^t1 ^8^8> 
*A) ^A» «A) «A) M4> ^X? 

any three of which, however, that contain between them the 



= 0. 



.(27), 
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T# exiilccr, as aur be diae m a Tvirtr of vmjA, any 
traii «f tfie aWre rqairiiwi «f cnifctWB in a 
togcdber tke fomt eqndoos of 
^ . frcA wkick tkej ha;«« beca obtaaed, imil- 
tjftuti ttaftcdrdr hw r.« t^ k^ h^ e q a atia g to Dodung in 
tke MB tfce Kpo^ate' eof&xBt^ «f the ax Tariabks a*, c% 
&c^ anil sclTiag Cbr tke ratiaa of tbc fisor DiihipCcrB, findy 
finiaa tke fear triadB mwiJiB iDg a fwmcw letter, and secondly 
frooi tke (our rrwiihil triai^ of tke six respiting equations, 
we get, finiaa tke tint quartet of triads, tke ioDowing symme- 
trical gronpsof piopo iti onsi 

(a,J,rJ : (a,VJ , 
(28), 



-^.= 


=M.: 


•^.: 


^A 


:>A 


= *A: 


'A 


:.A: 


:cA: 


''A 


.djc,: 


rf^: 






and from tbe aeocnd, the fffoieDt but abo ^nuoetrica) 
groope 

c,d,a^, : c,«/,a/r, : c/f,fl^, : c,«/,a^, 

= (j. a. rj ' H a, h) '' \d, a, b) ' (< a, 6.) 

V«, ft, c,/ Va, 6^ c,/ \o, J, cj \a, i, c,y 

(29), 

from which two groups, by division of corresponding membero,. 
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the four following symmetrical and separately independent 
triads of the required equations of condition 

«. 71 1 L\ «. Vl i 1^ «. 71 i l^i 
U. c, dj Kb, c, dj \h, c, dj 

"'«/7lll^ 
U, c. rf.J 

*. 711 ir *« 7iiM *» 'f---"! 

c/i^ {c,d,a,) 

"*. 71 1 1^ 

Vc, rf, a,; 

'<=. 7111^ ^. 7111^ ''» 71 11"! 

U, a. ij V</, a, ij U. a, bj 






U «. i.) 



?sV. (^.VJ. ^ ?,V. («Ac.) ^ ^.<'. («Ac.) 

''^ 71 11^ ''« 7-ii'i ''• '(---] 



flll\ 



.(30) 



are the immediate result. 

Any three 8^^ 8 y 8^ of the four quadrics (which, subject 
to the condition ot having a common self-reciprocal tetra- 
hedron, may be otherwise entirely arbitrary) being supposed 
eiven, the fourth 8^ of the quartet (which is then uniaue and 
implicitly given with them) is completely determined by any 
of the preceding triads of equations. Ihe elimination of any 
two of^its four coeflScients a^, i^, c^, d^ between the three equa- 
tions of the triad leading (as in Art. d"" for H and K) to an 
equation of the fourth degree for the ratio of the remaining 
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two. and three of the four resulting surfaces coinciding (as is 
eviaent from equations (26) or (27)) with the original three ; 
thus leaving but one, the associated fourth, distinct. 

When, for the three original surfaces S„ 5„ 5,, either 
of the two quartets of determinants, (6,0,^,), (^i^t^J? (^i^A)j 

{-M, or (i 1 i) , (i 1 i) , (1 i ^j , (i 1 i) , 

all vanish, the associated surface 8^y as is evident from 
equations (30), becomes indeterminate; as it ought, every 
quadric passing through their common curve of intersection 
in the former case, or inscribed to their common developable 
of circumscription in the latter case, then evidently satisfying 
the conditions that suffice in general to determine it. 

Trinity College, Dublin, 
Sept. 15. 1871. 



ON GAUSS' THEOREM OF THE MEASURE OF 
CURVATURE AT ANY POINT OF A SURFACE. 

By Benjamin Williamson, A.M. 

TN the following paper it is proposed to give an elementary 
investigation of Gauss' celebrated expression for the 

measure of curvature at any point on a curved surface (vide 

Disquiaitiones Oenerales circa Superficies Curvas). 

Adopting Gauss' notation, we suppose the coordinates 

Xj y, z of any point, P, on a surface to be expressed in terms 

of two independent variables, u and v : thus 

On differentiating, we have 

dx = adu + advj dy=^lda-\-h'dv^ dz = cdu + cdv; 

, elf , df , df J, 

where o, = 4-% «=-t-5 ^=ji &c« 

du ' dv ^ du ' 

5 and adding, we get 

= dx^ -V dy" ^- dz^ =- Edu^ •V2Fdudv ^' Gdv\ 

aVJ'+c^ F^aa'^hb'-^cc', G^ = a'" + J'* + c^ 
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On proceeding to second differentials, we have 

d*x = Of/a* 4 2adudv + a"dv*y 

d*y = ^du^ + 2ffdudv + I3"dv% 

d^z = ydu^ -h 2y dudv + yWt?'; 

, da , da ff 

where a = ^- , a = -r i &c. 

du^ dv^ 

Again, from the equation of the sor&ce we have, 

on sabstituting their values for dxj dy^ dz^ and observing that 
u and V are independent, we get 

Hence L^XA^ M=\By iV=X(7, 

a, i 



where -4 = ,? , 
\ o J c 



' c'.a' 



6'= 



a', J' 



l^ow supposing any normal section drawn tbroagb the point 
P, it is obvious from elementary geometry tbat the radius 

of curvature (p) of the section is represented by — , where 

p is the infinitely small perpendicular let fall on the tangent 
plane at P from the extremity of the elementary arc da. 
Moreover, the equation of the tangent plane is 

where x'j y\ z' are the current coordinates of the plane. 

The length of the perpendicular from any point (JT, F, Z) 
on thb plane is represented by 



2" 



On substituting x-\-dx+ <^- for X, and similar expression* 



for Y and Z^ we obtain 

_ Ld'xj^Md^yjjfdy __ Ad^ ±^y±^^ 

_ Ddu^ 4 2D^dudv + D^dv'' 
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where D= Oj bj c , JD,= a, i, c j D^^ a^ h, e . 
a, 6, c . a, 6, c a, 6, c , 

Abo, we bare 

and coiwequently, 

p " Edi^-^'lFdud^VGde ' 

This famishes an expression for the radios of cnrrature 
of any normal section. In order to find the principal radii of 
curvature, we shall investigate the maximum and minimnm 
values of the preceding fraction. 

On making du^^dvj and denoting is/[EG'' F^ by K^ 
we have 

p Ei' + 2F^-^G' 

or 2>r + 2Z>,f 4 i>, = - (^f + 22^+ G). 

Differentiating on the hypothesis that p is a maximum or a 
minimum, we obtain 

and it follows that the principal radii of curvature are the 
roots of the quadratic, 

■ \pD -KE^ pD^-KF 
IpD^^KF, pD^'-KG 

Hence denoting these roots by R and R^ we have 

JL _ ^A~A' 
RR' [EG-F'Y' 

which furnishes an expression for the measure of curvature 
at the point. 

It is easy to see that the numerator in the preceding 
fraction can be expressed in terms of E^ Fj G and their 
differentials. For from the expressions for Z>, 2>„ D^ given 



= 0. 
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before, we obtain, by the ordinary rule for tbe multiplication 
of determinants, 

DD^^ aoL +Ji8 H-C7, a' + i' + c", aa'4ii' + cc' 
a! a -^b'ff +cV, aa'-^bb'-^-cc'j a'^ + i'^ + c'* 

aV + i'yS' + oV, oa' + Ji' + cc', a'* + i'« + c'* 
Moreover, since 

we obtain 



aV + J'y8' 4 cV = i ^ , a'a" + 5')3" + c'V = 5 



1^ 
2 dv ' 



By aid of these equations, all tbe terras in the preceding 
determinants, except the leading term in each, can be 
expressed in terms of E, F, O and their differentials. 
Moreover, by differentiation, we have 

„ -_,, „ .doL ,,dff ,dy d'F 1 d'JS 

, . doi da! i, 

hence, since ;t- = ;f- , &c., we get 

It rkmi I, / »• ^^1 »^\ d^F 1 d^E \ d O 
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Notes on the Circle which cuts 



and, since the leading terras in the determinants are multi- 
plied by the same factor, we have obviously 

d^ld'E dF IdG 1 dG 
2 dv" ' dv 



dd^^d:^ 



dudv 
\dE 

2 ~du ' 

dF _\ dE 
du 2 dv ' 

1 d^G IdE 

2 rfM» ? 2 dv^ 



2 du ^ 2 dv 
E , F 

F , a 



1 d^ 

2 dv ' 
IdG 
2 du ' 






1 dG 

2 ef {£ 

G 



which establishes Gauss'* theorem, [See Salmon's Surfaces^ 
Art. 403-7]. 

Trinity College, Dublin, 
Sept. 21, 1871. 



NOTES ON THE CIRCLE WHICH CUTS THREE 
GIVEN CIRCLES AT GIVEN ANGLES. 

By John Griffiths. 

I. J** »*,? ^a) ^8 ^® *^^ radii, and 8^, S,, S, the distances 
between the centres of three given circles 

iS,=a;« + y'' + 2(7,aj + 2/y + c. = 0, i8;=...= 0, 5,=...= 0, 

we know that the quartic 

ii=(fio-i^«,...)(5.,s„fl'.r=o, 

or, say, G = (a, 5, c, 2/, 2<7, 2A) (5., 5„ fl-.)" = 0, 

whence a = BC-F*, &c., and 

A=r; ein'e^, 5=r,'8in'^„ (7=r,» sin'^,; 
2F= - (8/ - r* - r.' + 2r,r, cos ^, cos^J, 
2 fll = - (8/ - r/ - r,» + 2r,r, cos ^, cos ^,), 
2H= - {S; - r* - r," + 2r,r, cos (9, cosO,), 
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represeDts a pair of conjugate circles cutting 5,, iS,,, iS, at 
the angles tf,, 6^ 0^^ and their supplements 7r— ^,, '""—©,, 
7r — ^, respectively. (See a paper oy the present writer, 
publisned in the Procredings of the London Mathematical 
Society^ Vol. III. No. 37), 

This being so, I first propose to shew that the quartic Q, 
breaks up, in general, into two factors 

a8, + /35, + 7/S3 -f V(- A:A) .J, 

and aS, + ^8^ + 7/S, - V(- ^A) ./= 

where A is the discriminant of 

or A = ABC-AF' ^B(P- CE^ + 2F0U, 
a = aVj cos 6^ + AV ^ cos 6^ + /r, cos tf ,, 
P = A V, cos d, + I'r^ cos ^g +/ V3 cos 5,, 
y^g'r^ cobO^ -^-fr^ cobO^ + cV, cos^, ; 
a'^B'C'^F'^, &c., /'= 0'H'^A'F\ Sec; 

2i?" = -(V-r/-0, 

2^' = -(V-r.»-0, 

and (a', i', c', 2f\ 2g\ 2h') (5,, 5„ >SJ" = */* = is the equa- 
tion of the Jacobian e)'=a?*+y''+... of the given circles. 

The proof of this depends mainly upon the following facts 
(see the paper above reterred to), viz. : 

1\ There is a quadric relation between 8^^ S^j 8^ and J 
of the form 

2'. If the centre of the Jacobian be taken aa origin of 
coordinates, we may write 

-S, = a;' + / + 2^,x + 2/,y + p' = 0, 
fii = x' + /+2^,x+ 2/.y + /)' = 0, 
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.?=/r^, S^^J^tj. S^^J^±z, 
7j, TLc eqTLitloQ ot ^ In tenna of the foreg;>Ing x', 5', 2' is 

V.', Ay. c\ 5/, 2^', 5a; >', jr', z7 = o, 

where a' = ^ C - J' ^ and J = r^*, ... ±F' = - 6,*- r/- r,*:^ 

4*. 12 and / hare a pair of two-fold inteisectioDa, whkji 
arc the additional nodea of £L 

For, cxclad'mg the circular points at infeuty, the inter- 
»ectiori5 Q, and / are those of the conicj 

S' = y, l\ c\ 2/', 2g\ 2a; >, ^r^/ = 0, 

an J we liave to shew that these have double contact. 

Now it is evident tht recijrrocal conies 2 and 2' have 
double contact, since 

r - 2 = V, cos5,X + r, cos^^ + r, cos*//. 

Ilcncc V:c Dr. Silmon's Conic S-ctions^ p, S41, 4th edition) 
the equation of the conic S can be written in the form 

(0'-A')5'-n* = O, 

where n = (fir^ cos 5^ + Kr^ cos 0^ + gr^ eos6^ x -I- &c, 

e' = (a , y, c', 2/, 2/, 2A'/r. cos^,, r. cos<?., r, cos^.)*, 

It follows, then, in an analogous manner, that X2 = maj be 
written 

where A' - 0' = Zi, A being the discriminant of 

(yl, 7?, C^ ...) (X, /A, v}* and A=r* sin*^,, &c., 
2/^'= - (5,* - r/ - r,' + 2r, - r, cos^, cos^,), as before ; 
a = aV, cos ^, + AV, cos 0^ + ^r, cos^,, 
)8 = AV, cos 5, + h\ cos^, +/ V, cos^„ 
7 =^'r, cos6,+/V, cos 5, H- cVj cos^,, 
and {u',b;...)[S„8„S,Y = U^; 
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that 18 11 breaks up, in general, into the two factora 

where a, /8, 7 have the values given above, and 8 = V(— ^A)- 
(N.B. This result will not bo necessarily true when the 
given circles 5^, 5 , 8^ meet in a point, since, in that case, 
the quantities a , b , c , &c become indeterminate). 

Ex. If /S,, /Sj, 8^ be taken to be the circles described upon 
the sides of a triangle ABC as diameters, we may write for 
their respective equations in trilinear coordinates 

8^ = sin^l {a? oo^A —yz — zx cosO— ary cosf) = 0, 

iS, = sin5(y* cosB—yz cosO— «a; — iry cos-4) = 0, 

5, = sin (7 («' cos C -yz cos5— zx cos-4 — ay) = 0, 

and for that of the Jacobian 

/= a? sin A cos-4 4 y* sin5 co85+ «• sin C cos (7=0, 

where -4, 5, (7 are the angles of the triangle. 

Also A' ^B^ sinM -j F' = sin^ sin C co%A 
B'=^B^ sin*5 L (?' = sin (7 sin^ cos5 
C" = ^ sin* CJ i?' = siuil sin5 cos C 

where -B = radius of circle [ABC). Hence 

a'^R sinM sin«5 sin'(7 = i' = c' ; 

f ^B^ sinM sin5 sin C {cobB cos (7- cos-J), 
with similar values for g' and A'. And if 

0' = J?8inMsin'5sin«C 

X {S sin* -4 + 22 sin5 sin C{cosB cos (7- cos-4)}, 
the two expressions Involving 2 being written, for shortness, for 

sln*^ 4 sin*54 sln^C, &c. 
A' = i?sInMsIn'5sin''(7 

X (1 4 2 cos^ cos-B cos (7- cosM - co8*-B- cos* (7), 
and therefore 

0' - A' = AB!" cosM cos*J5 cos'C sinM 8in"J5 sin«a 

VOL. XI. BB 
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Three given Circles at given Angles. 371 

provided \r^ cos d, + /tr, cos 6^ + vr, cos ^3 = 0; that is, provided 
the circle in question passes through the pair of points 

S, ^ 8, 8, 

r, cos^j r, cos^, r, cos^, ' 

which must, therefore, be the limiting points of the system il. 

Hence we have the following proposition : 

The limiting points of the four pairs of circles which can 
be drawn to intersect three given cu"cles /8^ = a;*4 y'+,.,= 0, 
8^ = 0, iSj = 0, at the three given angles coincide with the 
four pairs of inverse points 

rj cos^j ± r, cos tf, ± r, cos^, ' 

It follows from this, that these points are the intersections of 
an infinite number of bicircular quartics represented by the 
equation Z/S/ + w5,' + niff,* = 0, where 7, tw, n satisfy the 
relation 

7rj' cos' dj + mr^* cos* 0^ + wr," cos' 0^ = 0. 

In particular, the limiting points in question all lie on a 
circular cubic passing through the radical centre of the 
given circles /8'„ /S,, iS,, viz. the circular cubic 

2(r3'cos»5,-r,»cos»^,)5,' = 0; 

for this evidently represents a cubic, since the coefficients 
of the highest powers of x and y vanish ; and the equation is 
satisfied by 8, = 8^=:8^. 

3. If U and V represent a pair of conjugate circles 
cutting /S, fi,, 8^ at given angles 0^^ ©,. 0^ the envelope of a 
circle X/»„ + /x^S, + vS, cutting U and V at an angle 0^ is 
another pair of circles coaxal with U and F. 

For, if we write for the equations of the circles Z7, 8^^ /S„ fi,, 

8, = x*'^f-^2g^x + 2f^y-\-IP-2Rr^cos0, = O, 

5, = ic' + / + 2(7,x + 2/y + i?-2i?r,cos5, = 0, 

i?3 = aj' + y'+2(7^ + 2/3y + ii'-2i?r,cose, = 0, 

it may be shewn that the circle X5, +/a/S,H- vfl!, will intersect 
C/'at an angle ^^, provided 

AX" + B'fi' -I- CV + 2F'fiv + 2 G'y\ + 2ir\fi 

= (rj cos^jX + r, cos0^fA + r, cos^jv)' sec' 5, ; 
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[where, as before, ^'=:r*, ... 22^' = - (S.'-r.'-r,*)...], or 
provided, saj, that 

A'\^ + 5 V + C^ V + 2F"fiv + 2 (?"vX + 2^%* = 0. 

Similarly, the circle in question will intersect V at the same 
angle when X, /t, f satisfy the relation jost written. 

The envelope, then, of the circle X5, + /a5, + fS, subject 
to this condition is given bj 

n" = (5"C"-i^"«, ...) (5„ 5„ >8i)' = 0; 

which, evidently, represents a pair of circles coaxal with the 
pair ii^U.V^ smce 12 meets the Jacobian t/(5„ 8^ 5J in 
the same two-fold points as Q^ 

4. It may be observed that if 5, = ^ = ^ , then the limiting 
points of the system U^ V are given by tne equations 



r.' 



in which case their position is independent of the equal angle 
at which IT and F intersect the given circles 5„ /S,, &. 

If the limiting points of U^ V lie on the Jacobian 
^i^ij ^v ^i)j ^^ ^^ evident that they become coincident; or, 
in other words, that Z7and V touch each other. 

Ilence the condition that the circles Z7and V shall touch, is 

(a', &', c', 2/, 2(7', 2h') (r, cos^., r, cos5„ r, cos^,)« = 0, 
where a' = 5'C' - i^*, J' = ... &c., 

and ^' = '-A ^' = ^*, C7'=..., 

2ir'«-(S^«.^^««^^^)^ 2t?'=..., 2ir=..., as before. 
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ON A PAIE OF DEFINITE INTEGRALS. 
By WiLUAM Walton, M.A., Fellow of Trinity Hall. 
AN investigation of the values of the definite integrab 

USX I e^x^^ co^hxdxj v=i e^x"^^ sinbxdxj 

J n Jo 

where h is an indeterminate constant, and a, n, any real 
positive constants, has been inserted in the ninth volume of 
the Journal de VEcole Polytechmqxie^ by Poisson, who says, 
"Ces formules sent dues k Euler,* qui les a trouv^es par 
une sorte d' induction fondle sur le passage des quantit^» 
rdelles aux imaginaires ; induction qu' on peut bien employer 
comme un moyen de decouverte, mais dont les resultats 
Ont besoin d'etre confirm6s par des m(Sthode3 directes et 
rigoureuses." 

The following investigation is similar to Poisson's, but 
more simple, inasmuch as in his analysis he has recourse 
tO" differential equations of the secoud order, while mine 
involves equations of only the first order. Although the 
objection to the evaluation of these and other integrals by 
passing from real to imaginary quantities, has, I suppose, 
Deen ODviated by the researches of Canchy,t still the follow- 
ing modification of Poisson's evaluation may have at least, 
in virtue of his name, some historical interest. 

We have lk~~ I e^'x" Binbxdx] 

but je^ sinbxdx = — , ,„ . (a sin Ja? + b cos fee) ; 
hence, integrating by parts, we see that, between the limits, 

yf = -jTit (« sinix-h J cosbx)- nrrr« / «"**^*'*(« smJa;+ J codfx)dx 

n r* 
= — 5 — 7s I e^'x*'^ (o sin Jo: + b cos Ja:) dx 

=-^f^.(«»+H (0. 

* Tome IV. de $on Oalcul, Iniegrcdf p. 337, et suivantes. 
t See Moigno, CaktU Differentiel et CakuL InteyraL Tome ix. 
p. 302. 
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Again ^~ / e"*'i»" cosJaicir: 

r e^ . 

but \e^' coshxdx = -^ — j^{b sm&x— a cosbx) ; 

hence, integrating by parts, we have, between the limits, 

dv e^Q^ 

TT = -^ — ^ (& sin Jrc — a cos Ja?) 

Ho a '\'0 ^ ' 

— 5 — 7j /e"*'aj"'* (i sin&c - a cosbx) dx 

n r 

= % — j^ I e^'x**"^ {b sin Jx — a cos Ja;) dx 

= -^(^''-''") (^^- 

From the equations (1) and (2), we have 

du dv . w' + v* 

n 
whence w* + r* = 



.«k"5 



(a'^ + iV 

where (7 is independent of b : but, when J = 0, it is evident 
that, the value of u being F (n), that of v is zero. Hence 

"+^=(aH6') ^^^* 

Again, from (1) and (2\ we see that 
dv du w' + v' 

6? /i;\ 



</6 \uj na 



1 + 



tan '- = C-f « tan ' 
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and therefore, since - = when J = 0, 

^=tan(ntan-^) (4). 

The equations (3) and (4) shew that 

r (fi) cos in tan"* -J T [n) sin in tan"* - j 

Jtt/y20,1871. 



REVIEW. 

Tables de Logarithmes vulgaires h dix decimalea construifes 

d^apr^ un nouveau mode par S- PiNETO, approuvfees 

par 1' Academic des Sciences de S. Petersbourg. S. 
Petersbourg, 1871. 

THE tables occupy 56 pages — the principal one bein^ a 
table in 44 pa^es, the 22 left-band pages containing 
the 10 figure loganthms of the numbers from 1,000,000 to 
1,010,999, and the 22 right-hand pages the proportional 
parts •01,-02,...-99 of the diflFerences. A like table 100,000 
to 999,999 would occupy 3600 pages. By means of an 
auxiliary table of 3 pages, and of a slight increase of the 
numerical calculation, the table of 44 pages does (he work of 
the table of SQOO pages. To explain how this is : the auxiliary 
table gives for any number A the initial four digits of which 
are equal to or exceed 1011, a multiplier 3/, such that in 
the product MA the initial four digits are between 1000 and 
1011 ; this multiplier M contains only 1, 2 or 3 figures, and 
when there are 3 figures, then in general either the middle 
figure is 0, or two of the figures are equal ; the table gives 

also log -TV to 12 decimals; and there Is a third column as 

will be explained. Hence A being as above, the auxiliary 
table gives if, we form the product MA^ obtain the logarithm 

thereof from the principal table, and adding thereto log-j^, 

we have the required log^. Conversely, when there is 
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given a logarithm B the first five digits in the mantissa of 
which . are not included between 00000 and 00474 (being the 
limits of the first five digits of the logarithms in the principal 
table), the auxiliary table by means of its third column gives 

M] adding log -Tr to -B, we have a logarithm included in the 
limits of the principal table, and seeking for the correspond- 
ing number, this is = -7> number having B for its logarithm : 

that is, the required number is = Jf times the number obtained 
as above. Ot course as regards the principal Table, the 
proportional parts are employed in the usual manner; the 
tabulation of them to hundredths (instead of tenths) facilitates 
the interpolation ; for better secunng the accuracy of the last 
figure, airections are given in regard to the 11th and 12th 
figures. An example of the determination of a logarithm 
is as follows : 

7r= 314159 26536 
3f=32 

M7T= 100.53096 49152 
log 4> = 8-49485 00216.80- 10 



log = 2-00229 95705.75 
04 2764.80 

91 39.31 

52 22 



2) = 4320 



log7r = 0-49714 98726.88 
(correct value of last two figures =94). 

The labour saved by the small bulk of the Tables goes 
far to balance that occasioned by the additional steps in the 
calculation. 



THE END OF VOL. XI. 
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